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Abstract: In this paper we introduce Bdg separation axioms and study their basic properties.

We also studied the relations between these axioms and Bdg closed sets and Bdg open sets We give necessary and sufficient
condition for a singleton sub set of closed set to be Bdg-T_0 space. Also we have given the equivalent condition for a space
X to be a Bdg-T 1 space. A space X is Bog-T_2 space if and only if for each pair of distinct points x,y€X, there exists a Bg-
clopen set containing one of them but not the other.
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1. Introduction

The relationships among the several separation axioms such as B&g-To, B6g T1, B6g -To, - are explored in the
framework of topological spaces. Separation axioms [1, 2, 3, 4, 5] in topological spaces are primarily formulated
so as to identify non-homeomorphic topological spaces. If X and Y are two topological spaces such that X
satisfies a separation axiom while Y does not satisfy it, then X and Y are not homeomorphic. These are
fundamental constructs and permeates everywhere in the study of topological spaces and their applications. The
structure and properties of some of these are explored in recent years in generalized topological spaces [1, 2, 3, 4,
5].

1.Preliminaries
Definition 1.1: A space X is said to be:

(i) & — T, space, if for each pair of distinct points X, there exists a § — open set containing one of them but
not the other.

(ify & — T, space, if for each pair of distinct points x and y in X, there exists two & — open sets U and V
containing x and y respectively, such that x ¢ V.and y ¢ U.

(iii) & — T, space, if for each pair of distinct points x and y in X, there exists two disjoint § — open sets U and
Vsuchthatx e Uandy € V.

Definition 1.2: A space X is said to be:

(iv) B&g — T, space, if for each pair of distinct points X, there exists a B§g — open set containing one of
them but not the other.

(v) Bd&g — T, space, if for each pair of distinct points x and y in X, there exists two B§g — open sets U and
V containing x and y respectively, suchthat x ¢ V. andy ¢ U.

(vi) B&g — T, space, if for each pair of distinct points x and y in X, there exists two disjoint B6g — open sets
UandV suchthatx e Uandy e V.

Remark 1.3: From the above definitions it is clear that every § — T; space is B6g — T; space, fori =0,1,2,
since every § —open set is B6g — open.

Definition 1.4: Let X be a space and let x € X, then a subset A of X is said to be B§g — neighborhood (briefly,
Bé&gnbd) of x if there exists B§g — open set U in X such that x € U < A.

Definition 1.5: The union of all B§g — open sets which are contained in A is called the B6g — interior of A
and it is denoted by B§gint(A).

Definition 1.6: B&g — closure of a subset A of a space X is the intersection of all BSg — closed sets
containing A and it is denoted by B6g — cl(A4)

Theorem 1.7: Let X be a space and A,B € X. If A € B, then B§g — cl(A) € B6g — cl(B)
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Lemma 1.8: The set A is B§g —open in the space X if and only if for each x € A4, there exists a B§g —open set
B suchthatx € B € A.

Lemma 1.9: For any subset A of a space X,B6g — cl(A) = AU B5g — D(A), where B&g — D(A) stands for
the set of all B6g — limit points of 4 in X.

Theorem 1.10: Let Y be a regular closed subset of X. If A isa B§g —open subset of Y, then A is B6g —open in
X.

Theorem 1.11: Let f: X — Y be a homeomorphism. If A is a B6g —open set in X, then f(A) is a B6g —open
setinY.

Theorem 1.12: A function f: X — Y is B§g —continuous if and only if for every open subset 0 of Y, f~1(0)
is B6g —open in X.

Theorem 1.13: Let f: X — Y be continuous and open function, then f~1(B) is BSg —open in X for any B is
B&g —openinY.

2. B8g — Separation Axioms
Theorem 2.1:

A space X is BSg — T, space if and only if BSg —closure of distinct points are distinct.
Proof:

Let X be a B6g — T, space and x,y € X such thatx # y.

Since x # y and X is a Bdg — T, space, there exists a B6g —open set G contains one of them, say x, and not
the other. Then X\G is Bg —closed set in X contains y but not x, but B6gcl({y}) € X\G and since x ¢ X\G
implies that x € B&gcl({y}), so B6gcl({x}) = Bégcl({y}).

Conversely, let x, y € X such that x # y.

By hypothesis, B6gcl({x}) # Bdgcl({y}), then there exists at least one point p of X which belongs to one of
them, say Bdgcl({x}) and does not belongs to Bégcl({y}).

If x € BSgcl({x}), then {x} € B&gcl({y}). This implies that by Theorem 1.7, BSgcl({x}) € BSgcl({y})
which is a contradiction to the fact that p ¢ B&gcl({y}) but p € BSgcl({x}), so x & Bsgcl({x}).

Hence, x € X\BSgcl({y}) and X\BSgcl({y}) is B6g —open set containing x but not y. Thus, X isa B6g — T,
space.

Lemma 2.2: A subset of a space X is B6g —open set if and only if it is a B6gnbd of each of its points.
Proof:

This follows immediately from the definition of B6gnbd and the property of a topology that the union of a
collection of open sets is again open.

Theorem 2.3:

A space X is BSg — T; space if and only if every singleton subset of X is B§g —closed.
Proof:

Let X bea Bdg — T, space and x € X. Let y € X\{x} implies that y # x.

Since X is B6g — T; space, there exists two Bdg —open sets U and V such thatx e U, y¢ Uandx € V,y €
V. Thisimplies that y € V € X\{x} so that by Lemma 1.8, X\{x} isa BSg —open set.

Hence, {x} is B6g —closed.

Conversely, let x,y € X such that x # y, implies that {x}, {y} are two B§g —closed sets in X. Then X\{x} and
X\{y} are two Bdg —open sets and X\{x} contains y but not x, also X\{y} contains x but not y. Therefore, X is
Bég — T, space.

Theorem 2.4:

For any space X, the following statements are equivalent:
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(i) XisaBdsg — T, space
(if) Each subset of X is the intersection of all B§g —open sets containing it.
(iii) The intersection of all B6g —open sets containing the point x € X is the set {x}.

Proof:
(i) = (ii): Let X bea Bég — T, spaceand A € X.

Then for each y & A, there exists a set X\{y} such that A € X\{y} and by Theorem 2.3, the set X\{y} is
B&g —open for every y. This implies that A =n {X\{y}:y € X\A}, so the intersection of all B§g —open sets
containing A is A itself.

(i) = (iii): Let x € X, then {x} < X so by (ii), the intersection of all B6g —open sets containing {x} is {x}
itself. Hence, the intersection of all B6g —open sets containing x is {x}.

(iii) = (i): Let x,y € X such that x # y implies that by (iii), the intersection of all B6g —open sets
containing x and y are {x} and {y} respectively, then for each x € X there exists a B§g —open set G, such that
X € G, and y & G,. Similarly for y € X there exists a such thaty € G, and x & G,, this implies that X is a B6g —
T, space.

Theorem 2.5:

A space X isa B6g — T, space if and only if B6§gD({x}) = @ for each x € X.
Proof:

Let X bea B6g — T, space and x € X.

If possible suppose that B6gD({x}) # @ implies that there exists y € B6gD({x}) and y # x and since X is
B&g — T, space, so there exists a B6g —open set U in X such that y € U and x ¢ U implies that {x} n U = 9,
then y € B6gD({x}) which is a contradiction. Thus B6gD({x}) = @ for each x € X.

Conversely, let B6gD({x}) =@ for each x € X. Then by Lemma 1.9, BSgcl({x}) = {x} which is
Bé&g —closed set in X. This implies that each singleton set in X is BSg —closed. Thus by Theorem 2.3, X is a
Bég — T, space.

Lemma 2.6:
If every finite subset of a space X is B§g —closed, then X is B6g — T, space.
Proof:

Let x,y € X such that x # y. Then by hypothesis, {x} and {y} are B§g —closed sets which implies that X\{x}
and X\{y} are B6g —open sets such that x € X\{y}and y € X\{x}. Hence X is B§g — T, space.

Theorem 2.7:

If X is B6g — T, space, then BSgint(BSgcl({x})) n BSgint(BSgcl({y})) = @ for each pair of distinct points
xandyinX.

Proof:

Let X be a B&g — T, space and x,y € X such that x # y. Then there exists a B6g —open set G containing one
of the point, say x, and not the other implies that x € G and y & G, then y € X\G and X\G is B6g —closed.

Now B&gint({y}) € BSgint(Bsgcl({y})) < X\G this implies that G n BSgint(BSgcl({y})) = @, then G <
X\B8gint(Bsgcl({y})).

But x € G € X\B3gint(Bsgcl({y})), then B&gcl({x}) € X\BSgint(Bsgcl({y})) this implies that
Bé&gint(Bgcl({x})) < BSgcl({x}) € X\BSgint(Bsgcl({y})). Therefore, Bé&gint(Bsgcl({x})) n
Bé&gint(Bsgcl({y})) = 0.

Theorem 2.8:

If for each x € X, there exists a regular closed set U containing x such that U is B6g — T, subspace of X, then
the space X is B6g — Ty
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Proof:

Letx,y € X and x # y. Then by hypothesis, there exists regular closed sets U and V such thatx e U,y € V
and U,V are Bdg — T, subspaces. Now, if y & U then the proof is complete. But if y € U and since U is B6g — T,
subspace, so there exists a B6g —open set W in U such that y € W and x ¢ W and since U is regular closed set so
by Theorem 1.10, W is a B6g — open set in X containing y but not x. Thus, X is B6g — Ty,.

Theorem 2.9:

If for each x € X, there exists a regular closed set U containing x such that U is B6g — T; subspace of X, then
the space X is B6g — T;.

Proof:

Let x,y € X and x # y. Then by hypothesis, there exists regular closed sets U and V such thatx e U,y € V
and U,V are BSg — T, subspaces.

Now, if y & U, x ¢ V then the proof is complete.

But if y € U and since U is B6g — T, subspace, so there exists a B§g —open set W in U such that y € W, and
x & W, and since U is regular closed set so by theorem 1.10, W, is a B6g — open set in X containing y but not x.

Similarly, if x € V and since V is B6g — T, subspace, so there exists a B6g —open set W, in U such that x €
W, and y € W, and since U is regular closed set so by theorem 1.10, W is a B6g — open set in X containing x but
not y.

Thus, X is B6g — T;.
Theorem 2.10:
For a space X the following statements are equivalent:

(i) XisaBdsg — T, space
(i) If x € X, then for each y # x there exists a B6gnbd N of x such that y € BSgcl(N).
(iii) Foreachx € X, n {B&gcl(N): N isa B6gnbd of x} = {x}.

Proof:

(i) = (ii): Let X be a B6g — T, space and let x,y € X, then for each y # x there exists two disjoint BSg —
open sets U and V such that x € U and y € V. This implies that x € U € X\V, so by Definition 1.4, X\V is a
B&gnbd N of x which is B§g —closed set in X and x € X\V implies that y € BSgcl(X\V).

(ii) = (i): let x,y € X such that x # y, then by hypothesis, there exists a B6gnbd N of x such that y ¢
B8 gcl(N) implies that y € X\B&gcl(N) and x & X\BSgcl(N). But X\B&gcl(N) is B6g —open set also since N
is Bdgnbd of x, then there exist B6g —open set G of X such that x € G © N this implies that G n (X\
B&gcl(N)) = @. Hence X is B6g — T, space.

(i) = (iii): Let x € X. If n {BSgcl(N): N is B6gnbd of x} # {x}, then there exists y €n {BSgcl(N): N is
Bdgnbd of x} such that y # x so by (ii), there exists a BSgnbd M of x such that y ¢ B&gcl(M) which is
contradiction to the fact that y en {BSgcl(N): N is BSgnbd of x}. Thus, n {Bdgcl(N): N is a B6gnbd of x} =

{x}.
(ili) = (ii): Let x € X, so by hypothesis, we have n {BSgcl(N): N is a Bgnbd of x} = {x}.

Now if x € X and y # x, then y €n {BSgcl(N): N is a B6gnbd of x} = {x} and hence there exists a B6gnbd
M of x such thaty ¢ B&gcl(M).

Lemma 2.11:
Let Y be a regular closed subset of the space X, then any BSgnbd of the point x in Y isa B6gnbd of x in X.
Proof:

Let N be any Bdgnbd of x € X this implies that by Definition 1.4, there exists a B6g —open set G in Y such
that x € G © N. Since Y is regular closed set in X, so by Theorem 1.10, G is a B6g —open set in X which implies
that N is a B6gnbd of x in X.
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Lemma 2.12:
Let Y be a regular closed subset of the space X and A €'Y, then Bégcl(A) € Bdgcl,(A).
Proof:

Let x ¢ Bogcl,(A) implies that there exists a B6g —open set U in Y containing x such that U n A = @. Since
Y is regular closed set in X, by Theorem 1.10, U is BSg —open set in X implies that x & BSgcl(A), so
Bégcl(A) € Bégcly(A).

Theorem 2.13:

If for each point x of a space X there exists a regular closed subset A containing x and A is B6g — T, subspace
of X, then X is BSg — T, space.

Proof:

Let x € X, then by hypothesis, there exists a regular closed set A containing x and A4 is B§g — T, subspace.
Hence, by theorem 2.10, we have n {B&gcl,(N): N is B6gnbd of x in A} = {x} and since A is regular closed set
in X, so by Lemma 2.12, Bgcl(N) € B&gcl,(N) and by Lemma 2.11, N is B6gnbd of x in X} = {x}. Therefore,
by theorem 2.10, X is B6g — T, space.

Theorem 2.14:

A space X is B6g — T, space if and only if for each pair of distinct points x, y € X, there exists a B6g —clopen
set containing one of them but not the other.

Proof:

Let X be a BSg — T, space and x, y € X such that x # y implies that there exists two disjoint B6g —open sets
UandV suchthatx € Uandy € V.Nowsince U NV = @ and V is B§g —open set implies that x € U < X\V and
X\V is B6g —closed set, since X is B6g — T, space so for each x € X\V there exists a B6g —open set U, such
that x € U, € X\V, then by Lemma 1.8, X\V is B§g —open set. Thus X\V is B&g —clopen set.

Conversely, let for each pair of distinct points x, y € X, there exists a B§g —clopen set containing x but not y
implies that X\U is also B6g —open set and y € X\U, since U n (X\U) = @ so X is B6g — T, space.

Theorem 2.15:

A space X is Bdg — T, space if for any pair of distinct points x,y € X, there exists a B§g — continuous
function f of X into a T, —space Y such that f(x) # f(y).

Proof:

Let x and y be any two distinct points in X. Then by hypothesis, there exists a B6g —continuous function f of
X into a T, —space Y such that f(x) # f(y).But f(x), f(y) €Y and since Y is a T, —space so there exists two
disjoint open sets U, and V,, such that f(x) € U, and f(y) € V, implies that x € f~*(U,) and y € f‘l(Vy) and
since f is B&g —continuous function, so by Theorem 1.12, f~1(U,) and f‘l(Vy) are B6g —open sets and
71U n f71(V,) = @. This implies that X is B6g — T, space.

Theorem 2.16:
For a space X the following statements are equivalent:

(i) XisBé&g — T, space

(if) The intersection of all B6g —clopen sets of each point in X is singleton.

(iif) For a finite number of distinct points x; (1 < i < n), there exists a B6g —open set G; such that G; (1 <
i < n) are pairwise disjoint.

Proof:
(i) = (ii): Let X bea Bdg — T, space and x € X.
Toshow: N {G : G is B6g —clopen setand x € G} = {x}.

If Nn{G:GisB&g —clopen set and x € G} = {x,y} where x # y. Then since X is B6g — T, space so there
exists two disjoint B§g —open sets U and V such that x € U and y € V, implies that x € U € X\V so by Lemma
1.8, X\V is B6g —open set and also it is B6g —closed set this implies that X\V is BSg —clopen containing x but
not y which is a contradiction. Thus the intersection of all B6g —clopen sets containing x is {x}.
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(i) = (iii): Let {x;, x5, x3, ..., X, } be a finite number of distinct points of X, then by (ii), {x;} =N {F : F is
B&g —clopen set and x; € F} for i = 1,2,...,n. Since x; & {x;} for i,j = 1,2,...,n and i # j, so there exists a
Bé&g —clopen set Fy, such that x; € Fp and x; & F, fori # j, (1 < i,j <n) implies that x; € X\Fy, where X\F, is
also Bg —clopen set and F, N (X\F,) = @. Therefore, X\F, is B6g —open set containing x;, that is for each i
there exist pairwise disjoint B6g —open sets N; for x; (1 < i < n).

(ili) = (i): Obvious
Theorem 2.17:

If f and g are strongly § —continuous functions on a space X into a B6g — T, space Y, then the set of all point
x in X such that f(x) = g(x) is closed set in X.

Proof:
LetA={xeX:f(x) =g}

It is enough to show that X\A is an open set in X. So let a € X\A4, then f(a) # g(a) and f(a), g(a) €Y, but
Y is B6g — T, space, hence, there exist two disjoint B6g —open sets U and V in Y such that f(a) € U and g(a) €
V. Since f and g are strongly 6 —continuous functions and U and V are §g — open sets, so by Definition 1.3, we
obtain that £~1(U) and g~(V) are open sets containing a. This implies that a € f~2(U) n g~ (V) and f~1(U) n
g~ x(V) is an open set.

Now let G = f~1(U) n g~1(V).

To show that G € X\A. If possible, suppose that there exists one point b € G but b & X\A, then b € A.
Therefore, f(a) = f(b) and since b € E, then b € f~*(U) and b € g~*(V). This implies that f(b) € U and
g) eV, but f(b) =g(b) so UNV = @ which is contradiction. Thus, a € G € X\A implies that X\A4 is a
neighborhood of each of its points, so X\ A is open set. Thus, A is closed set in X.

Corollary 2.18:

If f and g are strongly & —continuous functions on a space X into a B6g — T, space Y and the set of all point
x in X such that f(x) = g(x) isdense in X, then f = g.

Proof:

By Theorem 2.17, the set A = {x € X: f(x) = g(x)}is closed in X, that is A = cl(A) and from the hypothesis
A is dense implies that A = cl(4) = X. Therefore, fx) = g(x) for all x € X. Hence, f = g.
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