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Abstract

A generalised definition of HVG[4] say m HVG is considered with the vertex sets 1},[4]. To analyse graph
theoretic properties of m HVG for any value of m it is very much necessary to find the position of each and
every point of the vertex set V;,. For this we have derived some fruitful results which help us to find out the
position of each and every vertex set 1, and those results also help us to generate any vertex set V,, of period 2"
without knowing V,,_; . Some graph theoretic properties of mHVG is discussed in this paper.
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Introduction

Horizontal visibility graph algorithm plays an important role for network analysing time series.Zhong et
al.[6]have developed a novel multiscale limited penetrable horizontal visibility graph to analyse non linear time
series from the perspective of multiscale and complex network analysis.Martin et al.[2] investigated the
characteristic of node degree distribution constructed bu using HVG for time series corresponding to 28 chaotic
maps, 2 chaotic flows and 3 different stochastic processes.Wang et al.[3] have discussed topological properties
of independent and identically distributed random series using horizontal visibility graph.Lacasaet al.[1] have
proposed a method to measure a real valued time seies irreversibility by combining two different tools and
horizontal visibility algorithm was one of them.

Dutta et al.[4] have considered the period doubling bifurcation points of logistic map and considering the
relative positions they have obtained a mathematical modell}, .The mathematical model have the property that
one can say the position of the periodic points of V, (say) without calculating them. They have taken the
elements of V;, and defined horizontal visibility graph.Some properties of the vertices set have been derived by
them and by those properties they have derived the degree of some vertices of the Horizontal visibility graph.

To get the degree of all the points of 17,[4] Dutta et al.[ 5] have partitioned the sets 1, in to n sets and defined
level sets.They have derived the important property that each element of a level set is incident with maximum
two elements from each partitioned set which have been used to find the total degree of the vertex set.

2. Main Results :

Definition 2.1

Gn,m = (Vn: En,m)

A horizontal visibility graph say G, ,, is constructed with the vertices sets of V;, [4] and the edge set is defined
as the following:

E, = {((ny, 1), (2, )| N((ny, 1), (ny,))) < mywhereN((ny, i), (n,,j)) represents the number of elements of
the form (k, k,) such that k; > i or j and n, < k < n, and m is a non negative integer.

Theorem 2.2:(2% , 2" — 1) exists for a fixed ninV,, n > 2and k = 1,2,3,....n— 1
Proof : Clearly the result is true for n = 2. Let the result be true for n = pi.e in Vp(z", 2P~k — 1) exists. To
prove in V., , (2F,2P*17K — 1) exists fork = 1,2,3,..p..
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InV,,, by the definition of V,, ; we have (2.2%,2P7F — 1)= (2k+1 2Pk — 1) = (2k*1 2(p+D)-(k+D) _ 1y =
(2t,2P*17t — 1) exists for t = 2,3, ..., p Where k + 1 = texists.

When t = 1 the element (2,2"1) exists [4].50 we can say that the element (2%, 2"7k) exists and hence the
theorem.

Theorem 2.3:1f (x,y) € V, suchthat y < 2"% —1 = (x + 2k=1,277k*+1 — 1 — y) exist in V,where 2 < k <
(n—-1).

Proof: We prove the theorem by induction in ¥}, .Clearly the result is true for n = 1,2,3. Let the result be true in
Vn_1 .

Let (x,y) €V, such that > 2. Since y < 2"7* — 1 s there exist (> ,y) inV,_; such that (2% ,y) €V,
Nowfor k>2,(%,y) €Vyy andy < 27 -1

Sofory < 2m7F —1, (S +2K2, 2774 — 1 — y) exists in V, 4

2 (22422872, 207k — 1 — yyexists in 1,

Hence the theorem.

Theorem 2.4:(a,b) € E, ©(a—1,2"—-1—-b) € 0, where E, ={(a,b)€V,|aiseven} and O, =
{(a,b)|a is odd}

Proof: We prove this result by induction. Clearly the result is true in V; . Let the result be true in V,,_; i.e
(a,b) €EE,_, © (a—1,2""1—-1-b) € 0,_,. We have to prove the resuly is true in V, i.e (a,b) EE, ©
(a—1,2"-1-b)€E 0,.

If (a, b) € E,, then three cases arise

Case 1

a = 2kfor some integer k, k is even . Since k is even then (k,b) € V,_;i.e € E,,_; . So by induction (k —
1,2"1—1—-b) € 0,_, . So by the construction of V, ,we have[2(k —1)+1,2" ' +2" 1 —1—-b]€ V,
ie[2k—1,2"—-1-b)€EV,=(a—1,2"-1-b) € V,.

Case 2

There exist (k,b) € V,,_, , k is odd such that a = 2k + 4. Since k isodd so (k,b) € 0,,_;, . Nowk =k +1—-1
and k + 1 is even. So by induction (k + 1,21 — 1 — b) € E,_; .Also by Vn/_4 we have [2.(k + 1) + 1,21 +
2"1—1-b)eV, ie(2k+3,2"—1-b)eV,ie(a—12"—-1—-b) eVie(a—12"—1—b) €O, .
Case 3

If a = 2 then (2,271 — 1) exist in ;. Then we know that (1,2""1) € I, [4]

Also 2™ — 1 — 2™ 1 + 1 = 2™ 1 and hence the theorem.

Theorem 25:0f (x,y) €V,,0<y<2"P—-1 and 1<p<nthen (x +1+2+22+--+2P72 2014
272 44 207PHL 4 y) existin 1, .

Proof:Let (x,y) €V, ,0 <y <2"P —1.Then (’2—‘ ,y) €V,_1,0 <y <2™P —1 .also by using theorem 2.3 it
can be said that the element (’2—C+ 2p=2 pnp+l 1 —yyexistinV,_, for2 <p < (n—2).

Now by theorem 2.4 we have

(G+2P72—1, 271 — 12" 4 1 4 yexistin V,_,

= (g +2P72 —1,2M 1 — 2nPHL o yexistin Vg .

Now ,

2(34+2072 = 1) 1,201 42771 = 20 PH L yexistin

= (x +2P71 —1,2" = 2"7P* 4 yexistin V.

= (x +2P~1 — 1,27+ (1 — ) — 2Mexistin V.

2P
= (x +2P71 —1,2" — 2 PtDexist in V,.
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x+14+242%+ - +2P72

2nml g pn2 4 4 onPil gy

= 2n+1 _ 2n+1—p

Whenp =2

0 <y <2"?2—1andtoshow (x,y) €V, = (x + 1,2t +y) € V, which follows from the definition of 17,.
And hence the theorem.

Theorem 2.6:If (a,x) € V, such that a is even and a = 2%t + 2*2 + ... + 2*twhere x; > x, > x5 ... > xthen
x=(2"* —1)— (2" *t-1 — 1) + o H(=1D)F2 2 F2 — 1) + (=D — 1))

Proof: Let (a,x) € V, such that a is even
Let = 2%1 4 2%2 4 ... 4 2% ‘wherex; > x, > -+ > x;
First we show that if = 2* + 2*2 | x; > x, then (2%t 4 2%z, (2"*2 — 1) — (2"* — 1)) existin V/,.

Using theorem 2.3 we get (2*:,2"*1 — 1), (2%2,2" %2 —-1), (2%, 2" " —-1),........ ,(2%, 2 — 1)
existin V,.
Now.

X1 > Xy

>x2x,+1
>n—x;<n—x,—1
= 2nX1 1 < 2n—x2—1 -1
Now by using theorem 2.4 we get (2%t + 2%z, 20 %=1+l _ 1 _ (27~%1 _ 1)) je (2% + 2%, (2"*2 — 1) —
(2% — 1)) existin 1f,.
Similarly we can show that if a = 2% + 2%2 4 2*3 then (2%t + 2% 2%, (2" % —1) — (2" %2 —-1) +
(2" — 1)) existin 17,.
Thusif a = 2*1 4 2%2 4 ... 4 2%t where x; > x, > - > x;
Then
x= (2" % —1) — 2" %t-1 — 1) + o (D)2 — 1) + (1D — 1))

Theorem 2.7: If (x,y) € V,such that 2k=1 <y < 2% — 1 then x = 2" *m for some odd values of m, k < (n —

1).

Proof: We know (2%, 2" — 1) exist. So putting k = n — 1 it can be said that (2"~1,1) exist.
Let A; = {(0,0), (2" ', 1)} and 4;, = {(x,y) € V, such that 2*"* <y <2k -1}
We have to show thatx = 2" *m , m is odd.

We show it by induction.

Let A,_; = {(x,y) € V, such that 2¥7? <y < 2K1—1}and x = 2" **1m

We know that if 0 < y < 2% — 1 then (x + 2%71,2"7F+1 — 1 — y) exists.
Puttingk=n—-k+1

0 <y < 2F71 — 1then(x + 2n7k+1-1 2n-(—k+D+1 _ 1 _ y) exists.

= (x + 27,2k — 1 — y)existsvx such that (x,y) € U1 A4,_,

= (x+2"F,2F—1—yexistsif 0 <y < 2k -1

andx + 2™7* is an odd multiple of 2%
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and2¥ —1—-2k14+1 <2k—-1-y <2k-1
Thus 4, = {(x,y) € V,|2¥"1 — 1 < y < 2% — 1} then x is odd multiple of 2"7*
NOTE: By theorem 2.4,2.5,2.6 we can find position of any element of a vertex set V/,.

Corollary 2.8:The elements {(a,b)|a < (x — 2 —2m)} and {(c,d)| c = (x + 2 + 2m)} can not be incident
with the element (x, y) where (x,y) € G, ., (s, E;,.1) and x is even.

Proof :Let (x,y) € Gy (Vy, Enm) - The elements {(a, b)|a < (x — 2 — 2m)} can not be incident with (x,y)
because there are minimum m + 1 odd elements between a and x and position of odd elements in 1}, are
greater than even elements.

Corollary 2.9:

The elements {(a,b)|a < (x —1 — 2m)} and {(c,d)| ¢ = (x + 1 + 2m)} can not be incident with the element
(x,y) where (x,y) € Gppm(Vy, Ey ) and x is odd.

Proof:Since between x and x — 1 — 2m there are m + 1 odd elements so the result follows.

Corollary 2.10: The elements {(a,b)|a = (x — 1 —m)} and {(c,d)| ¢ < (x + 1 + m)}are incident with the
element (x,y) where (x,y) € G, = (V, Ey1n) and x is odd.

Theorem 2.11: Let (x,j) be in G, = (V, Enm)Where x is odd. Let 0 = {(p,q) |pis evenand p <
xand p = (x — 1 —m)}. Letr = 2ks = maximum {y|(x —1—-2m) <y < (x —1—m)} suchthat (m—
n(h) — Y 7: ) > 0, where 1, is the number of elements of the form (2tu, q) in Oand n(h) gives the number
of odd elements from x — 1 to r then (r, v) for some v will be adjacent to (x, j).

Proof: Let (x,j) be in Gy, = (Vi Epn)where x is odd. Let0 = {(p,q)|p isevenand p < xand > (x — 1 —
m)} . In other words we can say that the elements of O are incident with (x,j) . Clearly if x >p>(x—-1—-
m)then (p,q) € 0. Also whenever p < (x —1 — 2m) then (p,q) € O .Further if We form another set D =
{(a,b)|(x—1—-2m)<a<(x—1—m)andaiseven.} then we find the possible condition such that the
elements of D will be an element of 0.

Let (r,s) € D such that r is the largest element. Let h be the number of odd elements between x — 1to r. Let
k be the greatest positive integer such that = 2¥s where s is odd and let r, be the number of elements of the
form (2tu, q) in Owhere < k . Then if (m —n — Y.<, 1 ) > Oimplies (r,s) € O .

The condition (m — n(h) — X<, 1+ ) > 0is taken because between (x, j) and (r, v) if there are m + 1 elements
whose positions are greater than j or v then they will not be adjacent. Since we know that odd elements occupy
higher position than even elements so here n(h) is subtracted because n(h) is the number of odd elements from
x — 1 to r and by theorem 2.7 it can be said that Y, 72 = Yr<x 25ugives the sum of those elements which may
occupy higher position than v. Thus if (im — n(h) — Y.<, 1: ) > 0 that means we are sure that there does not
exist m + 1 elements which occupy greater position than v and hence (r, v) will be adjacent with (x, j). Hence
the theorem.

The above condition is sufficient but not necessary i.e if (m —n(h) — X<, 7:) < 0 we are not sure

whether the element (r, v) will be adjacent with (x, j).At that time we may take help of theorem 2.2, 2.4, 2.6,
2.7
However if D = {y|(x — 1 —2m) <y < (x — 1 —m) } after getting (r, v) we can add the element in the set O
and a new set O can be formed and again r will be taken from the set D. Thus we can continue the process.
Theorem 2.12:
Let (x,j) beinG,,, = (Vn, En‘m), where x isodd. Let O ={(p,q) |pisevenandp >xandp < (x +1+
m)}. .Let r = 2ks = minimum {y|(x + 1+ m) <y < (x+1+2m)} suchthat (m—n(h) — Y1) >
0, where r, is the number of elements of the form (2w, q)in 0. and n(h) gives the number of odd elements
from x + 1 to r then (r, v) for some v will be adjacent to (x, ).
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Proof:Let (x,j)be in Gy, = (V, Emn ), Wherex is odd.Let

0 ={({p,q)|pisevenand p > xand p < (x + 1 +m)}. In other words we can say that

0 ={(p,q) |p isevenand p > x and (p, q)is incident with (x, j) }then if x<p<(x+1+m) then
(p,q) € 0. Also whenever p > (x + 1 + 2m)then (p, q) € O . Further if We form another set D = {(a, b)|(x +
1+m)<a<(x+1+2m)andaiseven.} then we find the possible conditions such that the elements of D
will be an element of 0.

Let (r,s) € D such that r is the smallest integer. Let n(h) be the number of odd elements between x + 1 tor .
Let k be the greatest positive integer such that » = 2¥m . Let r, be the number of elements of the form
2'm,q)in . Thenif (m —n — Y.<, 1: ) > Oimplies (r,s) € 0 .

If (m—n—X.1:) <0 we are not sure whether the element (r, v) will be adjacent with (x,j). At that time
we may take help of theorem 2.2, 2.4, 2.6, 2.7.

Corollary 2.13:Let (a,b) € Gy = (V4 Eny) and be an element of levelg set of G,. let ={(a—
2P ,d),t =1,35..(m+ 1),(m + 3),..(2m + 1)} . The elements of O belongs to level pset[2] where p <
q.

Corollary 2.14:Let (a,b) € Gy = (Vy, Eny) and be an element of level g set of V,. Let ={(a—
2Pt ,d,), t = 2,4,6,...2m} . The elements of O belongs to level > p set where p < g.

Theorem2.15:Let(a, b) € G,y = (Vo Eny) and be an element of level g set of V,For p<gq , letO =
{(a—2P"1t,d),t =13,5..(m+ 1)} .Let r = maximum {a —2P"'t,t =m+3,m+35,..,2m + 1}such
that (m—n(h) — Yr 1) > 0, where 7, is the number of elements of the form 2fm + (1 + 2+ 22 + -+ +
2P72) in 0 and t < kand if h = {(a — 2P"'t,d,),t = 2,4,6,...7} then n(h) gives the cardinality of the set
h.Then (r, s) will be adjacent with (a, b) and m is even.

Proof:Let (a,b) € G, ,, = (Vy, E;1) and be an element of levelg set of I, .let0 =

{(a—2P"1t,d,),t =1,3,5...(m + 1)} and m is even.We claim that elements of O are adjacent with (a, b)
because if we consider the elements (a —2P~1t,d,) where ¢ = 1,2, ...m then since m is even so among these
m/2 elements are in level > p and ? are in level p .But (a —2P"*(m + 1),d,,41) is in level p set. So

elements of O are adjacent with (a, b).
Now (a — 2P~1(m + 2),d,,4>) is in level > p set.So the element (a —2P~*(m + 3), b;) which is in level p set
is to be decided whether it is adjacent with (a, b) or not . The following two sets are obtained when m is even.
0={(@-2"",d),t=135..(m+1D}and D = {(a — 2?71t ,d,),t =m+3,m+5,..2m+ 1}
We find the condition under which elements of D will be adjacent with (a, b).

Let (r,s) € D such that r is the largest integer. Let n(h) be the number of elements belonging to level >
p between a— 2P~ to r . Let k be the greatest positive integer such that r = 2km + (1 + 2+ 22 + -+ +
2P=2) | Let r, be the number of elements of the form (2¢m + (1 + 2 + 22 + --- + 2P72),d;) in Oand < k . Then
if m—n—Y.r:)>0 implies (r,s) € 0 .The condition (m —n(h) — Y.< 1: ) > Ois taken because
between (a, b) and (r, s) if there are m + 1 elements whose positions are greater than b or s then they will not
be adjacent. Since n(h) gives the number of elements belonging to level > p so n(h) is the sum of those
elements which occupy higher position than s. Y.<, r:gives the sum of those elements which may occupy higher
position than s because r, is the number of elements of the form (2'm + 1+ 2 +22+---+2P72,d)) in O.
Since the elements of O are belonging to level p set and any element of level p set can be expressed as (2P q +
(1+2+2%2+--+2P7%) d,[5] so it simplified to 2'm + (1 +2 + 2% +---+2P~2) . As t increases their
position decreases in level p set which can be said with the help of theorem 2.5 and 2.7. Thus if (m — n(h) —
Y.<k T: ) > 0 that means we are sure that there does not exist m + 1 elements which occupy greater position
than s and hence (r, s) will be adjacent with (a, b)
if (m—n(h) — Y1) < 0 we are not sure whether the element (r, s) will be adjacent with (a, b).At that
time we may take help of theorem 2.2, 2.4, 2.5,2.6, 2.7. Hence the theorem.
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However if D = {(a—2P71t,d,),t =m+3,m+5,...,.2m + 1}thenafter getting (r,s) we can add the
element in the set O and a new set O can be formed and again r will be taken from the set D. Thus we can
continue the process. An algorithm based on this can be generated in the computer .

Theorem 2.16:Let (a,b) € G, ,,, = (V,, E, 1) and be an element of level g[Dutta 1] set of V, . For < g , let
0={(a+2P%%,d),t=135..(m+1)} .Let r=minimum {a+2P"t,t=m+3,m+5,..,2m+
1}such that (m —n(h) — Y.<r 7 ) > 0, where r, is the number of elements of the form 2'm + (1 +2 + 22 +
«+4+2P72)in0and t < kand let h = {(a + 2P71t,d,), t = 2,4,6, ...} and n(h) is the cardinality of the set h
then (7, s) will be adjacent with (a, b) and m is even.

Proof: Exactly in a similar way like theorem 9we can say that the elements of 0 = {(a + 2P71t,d,),t =
1,3,5..(m+ 1)} are adjacent with (r,s) and we form the set D ={(a—2P7't,d),t=m+3,m+
5 ...2m+ 1}

Let (r,s) € D such that r is the smallest integer. Let n(h) be the number of elements belonging to level >
p between a+2P7! to r . Let k be the greatest positive integer such that r = 2km + (1 + 2+ 22 + -+ +
2P72) | Let 1, be the number of elements of the form (2'm + (1 +2 + 22 + .-+ 2P72),d,) in Oand < k . Then
if (m—n—Y,< 1) > 0implies (r,s) € 0.
If (n—n—Y,<1:) <0 Atthat time we may take help of theorem 2.2, 2.4, 2.5, 2.6, 2.7

Theorem 2.17:Let (a,b) € G,y = (V, En ) Where m is an odd integer. and (a, b)be an element of level g
set of V,For p<gq , let 0 ={(a—2P"t,d,),t =1,3,5..m} .Let r = maximum {a —2P"t, t=m+
2,m+4,..,2m+ 1} suchthat (m —n(h) — Y.<, 7: ) > 0, where 1, is the number of elements of the form
2'm+ (1 +2+2%24+-+2P2)in0 and t <k and let h = {(a — 2P"'t,d,),t = 2,4,6,...s}and n(h) gives
the cardinality of the set hwhere a — 2P~1s = r then (, s) will be adjacent with (a, b) and m is odd.

Proof: Let (a,b) € Gym = (Vo Enmn) and be an element of levelg set of Vj, .let0 = {(a — 2Pt ,d,),t =

1,3,5...m} and m is odd. We claim that elements of O are adjacent with (a, b) because m is odd implies mT“

elements are in level p set and 7"7_1 elements are in level > p. But a — 2P~*(m + 1) is in level greater than p

set. S0 a — 2P~1 (m + 2) isin level p set. But a — 2?1 (m + 1) is in level > p. So when m is odd and x <
a — 2P71(m + 2) then (x, 1) may or may not be adjacent with (a, b) .When m is odd the following two sets we
are getting

0 ={(a—2""1t,d,),t =13,5,..m)}JandD = {(a — 2P 't,d), t=m+2,m+4,..2m+ 1}

The elements of O are adjacent with (a, b)but the elements of D are to be checked whether they are adjacent
with (a, b) or not.

Exactly in a similar way we can say the possible condition is (m —n — Y, 1 ) > 0.

Theorem 2.18:

Let (a,b) € Gy = (Vy, Eny) Where m is an odd integer and(a, b)be an element of level g set of 1, . For
p <qlet={(a+2P%,d),t=135..m}.Let r =maximum {a—2P"t,t=m+2,m+4,..,2m+ 1}
such that (m —n(h) — X< 7: ) > 0, Where 1, is the number of elements of the form 2'm + (1 +2 + 22 +
«+4+2P72)in0 and t < k and let & = {(a + 2P7t,d,), t = 2,4,6, ...7} then (r,s) will be adjacent with (a, b)
and m is odd.

Proof:Same as theorem 2.16.
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