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Abstract: The study aimed to determine the conditions for the congruence of convex polygons by using direct proof,
specifically the two-column proof under Euclidean geometry. Patterns of the existing postulates and theorems on triangles and
convex quadrilaterals were discovered. Moreover, another proof of the theorems on the congruence of convex quadrilaterals
were formulated by establishing Nth Angle Theorem. Furthermore, since the patterns on the congruence of triangles and
convex quadrilaterals are perfectly correlated, conjectures were derived from these arrays. That is, two convex n-gons are
congruent if and only if their corresponding: n-2 consecutive sides and n-1 angles are respectively congruent; n-1 sides and n-2
included angles are respectively congruent; and n sides and n-3 angles are respectively congruent. In addition, to verify the
conjectures theorems on the congruence of convex pentagons and convex hexagons were proven. Since there is strong
evidence that holds for the conjectures of the congruence of convex polygons, it opens portal for other researchers to exactly
predict and prove the congruence of other convex n-gons, where n >6.
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1. Introduction

If there is a one-to-one correspondence among the vertices of two convex polygons such that all pairs of
correspondent angles and all pairs of correspondent sides are congruent, and consecutive vertices correspond to
consecutive vertices, then the two polygons are said to be congruent (Anatriello, Laudano, & Vincenz, 2018).
Nevertheless, it does not need to measure all the corresponding parts to conclude that the two polygons are
congruent. At least how many corresponding parts are needed to justify that the two polygons are congruent?

The congruencies of some polygons have been analyzed by some mathematicians beginning thousand years
ago. Moise and Downs (1975), and Rich and Thomas (2009), for instance, compiled postulates and theorem on the
congruence of triangles, such as ASA, SSS, SAS and SAA. Vance (1982), Lee (2013), Laudano and Vincenzi
(2017) accumulated theorems for the quadrilateral congruence, which include: ASASA, AASAS, AAASS,
SASAS, and SSSSA.

However, a simple and shorter proof of the theorems on the congruence of convex quadrilaterals is
necessary for convenience. In this regard, new theorem could be utilized to minimize the number of steps, as
lesser as possible.

In addition, there were undiscovered patterns based on the corresponding parts needed for the congruence of
triangles and convex quadrilaterals. Hence, conjectures for the congruence of convex polygons could be drawn
from the patterns. To verify the conjectures, theorem on the congruence of convex pentagons and hexagons would
be formulated.

2.Methodology

The method used in proving the theorems on the congruence of convex polygons is direct proof,
specifically the two-column proof. A new theorem was constructed prior to the congruence of convex polygons
for convenience. Such theorem is called Nth Angle Theorem, which is an extension from Third Angle Theorem.
In proving the Nth Angle Theorem, a paragraph proof was utilized.

3.Results And Discussions

The postulates and theorems on the congruence of convex polygons such as triangles, and quadrilaterals were
categorized as shown below.

Table 1. Patterns of the Given Parts for the Congruence of Convex Polygons such as Triangles and
Quadrilaterals
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Triangle Congruence Convex Quadrilateral
Congruence

S-2A 2S-3A

(i.e. SAA and ASA) (i.e. ASASA, AASAS, and
AAASS)

2S-A 3S-2A

(i.e. SAS) (i.e. SASAS)

Note: the angle is included Note: the two angles are

by the two sides. included by the three sides.
3S 4S-A
(i.e. SSS) (i.e. SSSSA)

3.1.Another Proof of the Theorems on the Congruence of Convex Quadrilaterals

In providing another proof of the theorems on the congruence of quadrilaterals, a new theorem is established.
Such theorem is called Nth Angle Theorem.

3.2.Nth Angle Theorem

If the n — 1 angles of one n-gon are congruent respectively to the corresponding n — 1 angles of another
n-gon, then the corresponding nth angle of two n-gons, with the same number of sides, are congruent.

Note: This theorem is an extension from Third Angle Theorem. This is applicable to all polygons, not
only triangles, with the same number of sides.

Proof:

Let ay, 0, 3,04, ... ,0q_1 an and By, B2,B3,B4,..,Bn-1, Bn be the angles of the two polygons
respectively. To prove a,, = f3,, .

Since the n — 1 number of corresponding angles of the two polygons are congruent respectively, then
a =P, ay =By, a3 = Pa, Ay = Py, w0y = Puog

Since the sum of the measures of the interior angles of a polygon is (n — 2) 180°, then

a, +a, taz ta, + o+ ap g +a, = (n— 2)180°,

and

IR

,81 + ,82 +B3 +B4_ + + Bn_]_ +‘8n (n - 2)1800
By transitivity,
a,+ a, +azta, + o+ ap ta, =01+ By +B3 Ly + ot B+ B
By subtraction property of equality,
a, = B,.
QED
3.3.25-3A Convex Quadrilateral Congruence Theorem

Two convex quadrilaterals are congruent if and only if their corresponding two consecutive sides and
three angles are respectively congruent.

Note: This is based on ASASA, AASAS, and AAASS Theorems of Vance (1982) and Lee (2013).
Proof:

(=) If two convex quadrilaterals are congruent, then their corresponding two consecutive sides and three
angles are respectively congruent, by CPCQC.

(&) If the corresponding two consecutive sides and three angles of two convex quadrilaterals are respectively
congruent, then the two convex quadrilaterals are congruent as shown in the following.
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Figure 1. 0 DUNX = O D'U'N'X’ by 2S-3A Convex Quadrilateral Congruence Theorem
Given: XD = X'D’, DU = D'U’, «DUN = 2D’'U'N’, 2ZUNX = 2U'N’X’,and 2NXD = 2 N'’X'D’
Prove: O DUNX = O D'U'N'X’
Plan: Prove UN = U'N’, XN = X'N’,and 2XDU = £X'D'U’

Table 2. Proof of 2S-3A Convex Quadrilateral Congruence Theorem

Statements Reasons

1. «DUN = «D'U'N’, 2zUNX = 2U'N'X/, and 1. Given
2NXD = «N'X'D’

2. £XDU = £X'D'U’ 2. Nth Angle Theorem

3. XD =X'D,and DU = D'U’ 3.  Given

4. XU and X'U’are line segments. 4. Two distinct points determine a line.

5. ADUX = AD'U'X 5. Steps 2, 3, and SAS Congruence Postulate

6 XU = XU’ 6 CPCTC

7 2DUX + £XUN = «DUN, and 7 Angle Addition Postulate

2D'U'X' + £X'UN' = «D'U'N’

8. «DUX+ £XUN = 2D'U'X' + £X'U'N’ 8.  Steps 1, 7, and Substitution

9. «DUX = 4D'UX’ 9. Step5,and CPCTC

10. «XUN = £X'U'N’ 10. Steps 8, 9, and Subtraction Property

11. AXUN = AX'U'N’ 11. Steps 1, 6, 10, and SAA Congruence
Theorem

12. UN = U'N’, and XN = X'N’ 12. CPCTC

13. ODUNX = OD'UNX 13. Steps 1, 2, 3, 12, and Definition of
Congruent Polygons

QED

3.4.35-2A Convex Quadrilateral Congruence Theorem

Two convex quadrilaterals are congruent if and only if their corresponding three sides and two included angles
are respectively congruent.

Note: This is based on the SASAS Theorem of Vance (1982) and Lee (2013).
Proof:

(=) If two convex quadrilaterals are congruent, then their corresponding three sides and two included angles
are respectively congruent, by CPCQC.

(<) If the corresponding three sides and two included angles of two convex quadrilaterals are respectively
congruent, then the two convex quadrilaterals are congruent as shown in the following.
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Figure 2. O DUNX = O D'U'N'X’ by 3S-2A Convex Quadrilateral Congruence Theorem
Given: XD = X'D’,DU = D'U’, UN = U'N’, zXDU = £X'D'U’,and «DUN = «D'U'N’
Prove: O DUNX = OD'U'N'X
Plan: Prove XN = X'N’, ZUNX = 2U'N'X’,and ZNXD = 2 N'X'D’

Table 3. Proof of 3S-2A Convex Quadrilateral Congruence Theorem

Statements Reasons

1. XU and X'U’are line segments. 1.  Two distinct points determine a line.

2. XD =X'D',and DU = D'U’ 2. Given

3. «XDU = £X'D'U’ 3. Given

4. AXDU = AX'D'U’ 4.  SAS Congruence Postulate

5 XU = X'U’ 5 CPCTC

6. «DUN = £«D'U'N’ 6. Given

7. 2DUX+ £XUN = £DUN, and 7. Angle Addition Postulate

2D'U'X' + £X'UN' = «D'U'N’

8. «DUX+ £XUN = 2D'U'X' + £X'U'N 8.  Steps 6, 7, and Substitution

9. «DUX = «D'UX’ 9. Step4,and CPCTC

10. «XUN = £X'U'N’ 10. Steps 8, 9, and Subtraction Property

11. UN=z=UN 11. Given

12. AXUN = AX'U'N’ 12. Steps 5, 10, 11, and SAS Congruence
Postulate

13. £ZUNX=z=zU'N'X’ 13. CPCTC

14. 2«NXD =2 N'X'D’ 14. Steps 3, 6, 13, and Nth Angle Theorem

15. XN = X'N’ 15. Step 12, and CPCTC

16. ODUNX =0OD'UN'X 16. Steps 2, 3, 6, 11, 13, 14, 15, and Definition
of Congruent Polygons

QED

3.5.4S-A Convex Quadrilateral Congruence Theorem

Two convex quadrilaterals are congruent if and only if their corresponding four sides and one angle are
respectively congruent.

Note: This is based on SSSSA Theorem of Vance (1982) and Lee (2013).
Proof:

(=) If two convex quadrilaterals are congruent, then their corresponding four sides and one angle are
respectively congruent, by CPCQC.

(<) If the corresponding four sides and one angle of two convex quadrilaterals are respectively congruent, then
the two convex quadrilaterals are congruent as shown in the following.
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Figure 3. 0 DUNX = O D'U'N'X’ by 4S-A Convex Quadrilateral Congruence Theorem

Given: DU = D'U’, UN = U'N’,NX = N'X,XD = X'D’,and 2XDU = £X'D'U’

Prove: O DUNX = O D'U'N'X’

Plan: Prove 2DUN = «D'U'N’, 2ZUNX = 2U'N’X’,and 2NXD = ~«N'X'D’

Table 4. Proof of 4S-A Convex Quadrilateral Congruence Theorem

Statements Reasons

1. XU and X'U’ are line segments. 1.  Two distinct points determine a line.

2. DU=DU,and XD = X'D’ 2. Given

3. «XDU = £X'D'U’ 3. Given

4.  AXDU = AX'D'U’ 4.  SAS Congruence Postulate

5. XU=XU 5. CPCTC

6. UN=UN,andNX = N'X’ 6. Given

7. AUNX = AU'N'X’ 7.  Steps 5, 6, and SSS Congruence Postulate
8. «NXU = «N'X'U’ 8. CPCTC

9. «UXD = £U'X'D’ 9. Step4,and CPCTC

10. «NXU + 2UXD = zN'X'U’ + £U'X'D’ 10. Steps 8, 9, and Addition Property

11. «NXU + 2£UXD = £NXD, and 11. Angle Addition Postulate

(N'X'U' + 2U'X'D' = £N'X'D’

12. «NXD = «N'X'D’ 12. Steps 10, 11, and Substitution

13. 2UNX = £U'NX 13. Step 7, and CPCTC

14. «DUN = 2D’U'N’ 14. Steps 3, 12, 13, and Nth Angle Theorem

15. ODUNX = OD'UN’X' 15. Steps 2, 3, 6, 12, 13, 14, and Definition of

Congruent Polygons

QED

Table 7. Congruency of Convex n-gons

Triangle Convex Convex n-gon Congruence
Congruence Quadrilateral Conjecture
Congruence 1
S-2A 2S-3A [(n-2)S] - [(n-1)A]
2S-A 3S-2A [(n-1)S] - [(n-2)A]
Note: the n-2 angles should be
included by the n-1 sides.
3S 4S - A [(MS] - [(n-3)A]

Note: the conjectures for the congruence of the convex n-gons above do not mean that these are only true for

convex polygons. These may or may not be true to non-convex polygons.

3117



Turkish Journal of Computer and Mathematics Education Vol.12 No. 11 (2021), 3013- 3125
Research Article

(@). [(n-2)S] - [(n-1)A] Convex Polygon Congruence Conjecture

Two convex n-gons are congruent if and only if their corresponding (n-2) consecutive sides and (n -1)
angles are respectively congruent.

(b). [(n-1)S] - [(n-2)A] Convex Polygon Congruence Conjecture

Two convex n-gons are congruent if and only if their corresponding (n-1) sides and (n-2) included angles are
respectively congruent.

(©). [(n)S] - [(n-3)A] Convex Polygon Congruence Conjecture

Two convex n-gons are congruent if and only if their corresponding n sides and (n-3) angles are respectively
congruent.

3.6.Theorems on the Congruence of Convex Pentagons and Convex Hexagons

3.6.1.Congruence of Convex Pentagons
In symbols, pen ABCDE = pen VWXYZ, if pentagon ABCDE is congruent to pentagon VWXYZ.
Corresponding Parts of Congruent Pentagons are Congruent (CPCPC)

Specifically, if two pentagons are congruent, then their corresponding parts, angles and sides are
congruent.

3.7.35-4A Convex Pentagon Congruence Theorem

Two convex pentagons are congruent if and only if their corresponding three consecutive sides and four angles
are respectively congruent.

Proof:

(=) If two convex pentagons are congruent, then their corresponding three consecutive sides and four angles
are respectively congruent, by CPCPC.

(<) If the corresponding three consecutive sides and four angles of two convex pentagons are respectively
congruent, then the two convex pentagons are congruent as shown in the following.

Figure 4. pen CRAIG = pen C'R'A'l'G’ by 3S-4A Convex Pentagon Congruence Theorem

Given: RA=RA’, Al=AT,IG=TG’,2CRA = 2C'R'A’, zRAI = R'A'l’, 2AIG = 2A'T'G’, and 2IGC =
21'G'C’

Prove: pen CRAIG = pen C'R'A'T'G’
Plan: Prove GC = G’C’, CR = C'R’,and 2GCR = 2G'C'R’

Table 5. Proof of 3S-4A Convex Pentagon Congruence Theorem

Statements Reasons

1. «CRA = £C'R'A’, zRAI = £R'A'T, 1. Given
2AIG = 2A'T'G', and 2IGC = 2I'G'C’
2.  £GCR = 2«G'C'R’

Nth Angle Theorem

GR and G'R’ are line segments. Two distinct points determine a line.

2]

2
3

=~ R'A, Al = AT,andIG = I'G’ 4.  Given
5

3
4,
5. ORAIG =OR'ATG Steps 1, 4, and 3S-2A Convex Quadrilateral
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Congruence Theorem

6. GR = G'R’

6. CPCQC

7. +£CRG+ 4GRA = «CRA,and
2C'R'G'+ 2G'R'A’ = £C'R'A’

7. Angle Addition Postulate

8. «CRG+ 2GRA = «C'R'G' + 2G'R'A’

8.  Steps 1, 7, and Substitution

9. 2£GRA = £G'R'A’

9. Step 5, and CPCQC

10. «CRG = «C'R'G’

10. Steps 8, 9, and Subtraction Property

11. ACRG = AC'R'G

11. Steps 2, 6, 10, and SAA Congruence
Theorem

12. GC = G'C’,andCR = C'R’

12. CPCTC

13. pen CRAIG = pen C'R'A'T'G’

13. Steps 1, 2, 4, 12, and Definition of

Congruent Polygons

3.8.5S-2A Convex Pentagon Congruence Theorem

QED

Two convex pentagons are congruent if and only if their corresponding five sides and two angles are

respectively congruent.

Proof:

(=) If two convex pentagons are congruent, then their corresponding five sides and two angles are respectively

congruent, by CPCPC.

(<) If the corresponding five sides and two angles of two convex pentagons are respectively congruent, then
the two convex pentagons are congruent as shown in the following.

Statements Reasons
1.  GRand G'R’ are line segments. 1.  Two distinct points determine a line.
2. CR = C'R, and GC = G'C’ 2. Given
3. 4GCR = £G'C'R’ 3. Given
4.  AGCR = AG'C'R’ 4. SAS Congruence Postulate
5. GR = GR 5. CPCTC
6. RA = R'A’, Al = AT, andIG = I'G’ 6. Given
7.  £RAI = £R'AT 7. Given
8. O GRAI = OGRAT 8. Steps 5, 6, 7, and 4S-A Convex Quadrilateral
Congruence Theorem
9. £AIG = £ATG 9. CPCQC
10. 2«GRA = «G'R'A’ 10. CPCQC

11. 2«CRG = 2C'R'G’

11. Step 4,and CPCTC

12. «CRG+ «2GRA = «C'R'G’' + 2G'R'A’

12. Steps 10, 11, and Addition Property

13. «CRG + 2GRA = «CRA,and
2C'R'G' + 2G'R'A" = 2C'R'A’

13. Angle Addition Postulate

14. £CRA = £C'R'A’

14. Steps 12, 13, and Substitution

15. zIGC = 2I'G'C’

15. Steps 3, 7, 9 14, and Nth Angle Theorem

16. pen CRAIG = pen C'R'A'T'G’

16. Steps 2, 3, 6, 7, 9, 14, 15, and Definition of
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Congruent Polygons

CI

|
Figure 5. pen CRAIG = pen C'R'A'T'G’' by 5S-2A Convex Pentagon Congruence Theorem

Given: CR = C'R,RA = R'A’, A= AT, IG=T1'G',GC = G'C’, 2GCR = £G'C'R’,and £RAI = £R'A’T

Prove: pen CRAIG = pen C'R'A'T'G’
Plan: Prove £CRA = £C'R'A’, £AIG = £A'T'G’,and 2IGC = £I'G'C’
Table 6. Proof of 5S-2A Convex Pentagon Congruence Theorem
QED

From the above conjectures, another theorem could be established for the congruence of convex pentagons,
and theorems for congruence of convex hexagons. Such theorems are: 4S-3A Convex Pentagon Congruence
Theorem; and 4S-5A, 5S-4A, and 6S-3A Convex Hexagon Congruence Theorems.

3.9.4S-3A Convex Pentagon Congruence Theorem

Two convex pentagons are congruent if and only if their corresponding four sides and three included angles are
respectively congruent.

Proof:

(=) If two convex pentagons are congruent, then their corresponding four sides and three included angles are
respectively congruent, by CPCPC.

(<) If the corresponding four sides and three included angles of two convex pentagons are respectively
congruent, then the two convex pentagons are congruent as shown in the following.

Figure 6. pen CRAIG = pen C'R'A'l'G’ by 4S-3A Convex Pentagon Congruence Theorem

C'R’, RA=R'A’, Al = AT, IG=TG’, 2CRA = £C'R'A’, £RAI = R'A'l", and £AIG =

Given: C
2A'TG

IR

Prove: pen CRAIG = pen C'R'A'T'G’
Plan: Prove GC = G'C’, 2GCR = £G'C'R’,and 2IGC = 2I'G'C’

Table 8. Proof of 4S-3A Convex Pentagon Congruence Theorem

Statements Reasons

1. ICandI'C’ are line segments. 1. Two distinct points determine a line.
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2. CR=CR,RA=RA,and Al = AT 2. Given

3.  «CRA = £C'R'A’,and «RAI = R'AT 3. Given

4, OCRAI =OCRAT 4. 3S-2A Convex Quadrilateral Congruence
Theorem

5. IC=1C 5. CPCQC

6. <£AIG = A'TG 6. Given

7.  £AIC+ £CIG = £AIG, and 7. Angle Addition Postulate

(A'TC + £CTG = AT

8. £AICH+ «CIG = £A'T'C' + «CTGE 8.  Steps 6, 7, and Substitution

9. £AIC = £A'T'C 9. Step 4, and CPCQC

10. «CIG = C'T'G 10. Steps 8, 9, and Subtraction Property

11. G = I'G’ 11. Given

12. ACIG = AC'T'G' 12. Steps 5, 10, 11, and SAS Congruence
Postulate

13. zIGC = £I'G'C’ 13. CPCTC

14. 2GCR = «G'C'R’ 14. Steps 3, 6, 13, and Nth Angle Theorem

15. GC = G'C’ 15. Step 12, CPCTC

16. pen CRAIG = pen C'R'A'T'G’ 16. Steps 2, 3, 6, 11, 13, 14, 15, and Definition
of Congruent Polygons

QED

3.10.Congruence of Convex Hexagons
In symbols, hex ABCDEF = hex UVWXYZ, if hexagon ABCDEF is congruent to hexagon UVWXYZ.
Corresponding Parts of Congruent Hexagons are Congruent (CPCHC)

Specifically, if two hexagons are congruent, then their corresponding parts, angles and sides, are
congruent.

3.11.4S-5A Convex Hexagon Congruence Theorem

Two convex hexagons are congruent if and only if their corresponding four consecutive sides and five angles
are respectively congruent.

Proof:

(=) If two convex hexagons are congruent, then their corresponding four consecutive sides and five angles are
respectively congruent, by CPCHC.

(<) If the corresponding four consecutive sides and five angles of two convex hexagons are respectively
congruent, then the two convex hexagons are congruent as shown in the following.

Figure 7. hex COLINA = hex C'O'L'I'N'A’ by 4S-5A Convex Hexagon Congruence Theorem
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Given: CO = C'0’,0L = O'L/, LT = L'T", AC = A'C’, £ACO = £A'C'0’, .COL = «C'0O'L,

2INA = 2I'N'A’, and 2ZNAC = 2N'A'C’
Prove: hex COLINA = hex C'O'L'I'N'A’

Research Article
<0LI = 20'L'l’,

Plan: Prove IN = I'N’,NA = N’A’,and £LIN = 2L'I'N’
Table 9. Proof of 4S-5A Convex Hexagon Congruence Theorem
Statements Reasons
1. £ACO = £A'C'0',£COL = «C'0'L, 1. Given
£0LI = £0'L'T’, £INA = £ZI'N'A’, and 4«NAC =
«N'A'C’

2. ¢£LIN = 2L'I'N’ 2. Nth Angle Theorem

3. Aland A'l’ are line segments. 3. Two distinct points determine a line.

4, (0 =C0,0L=0T,II =LT,and 4. Given

AC=A'C

5. pen ACOLI = pen A'C'O'L'T 5. Steps 1, 4, and 4S-3A Convex Pentagon
Congruence Theorem

6. Al = AT 6. CPCPC

7.  2«NAI + zIAC = £NAC, and 7. Angle Addition Postulate

(N'A'T + £I'A'C’ = £N'A'C’

8.  «NAI + £IAC = 2N'A'T" + £I'A'C’ 8.  Steps 1, 7, and Substitution

9. zIAC = £I'A'C’ 9. Step 5, and CPCPC

10. 4«NAI = 2N'A'T 10. Steps 8, 9, and Subtraction Property

11. AINA = AI'N'A’ 11. Steps 1, 6, 10, and SAA Congruence
Theorem

12. IN =TN’, and NA = N'A’ 12. CPCTC

13. hex COLINA = hex C'O'L'T'N'A’ 13. Steps 1, 2, 4, 12, and Definition of
Congruent Polygons

3.12.5S-4A Convex Hexagon Congruence Theorem

QED

Two convex hexagons are congruent if and only if their corresponding five sides and four included angles are

respectively congruent.

Proof:

(=) If two convex hexagons are congruent, then their corresponding five sides and four included angles are

respectively congruent, by CPCHC.

(&) If the corresponding five sides and four included angles of two convex hexagons are respectively
congruent, then the two convex hexagons are congruent as shown in the following.

N |

c'

rri
AR

Figure 8. hex COLINA = hex C'O'L'I'N’A’ by 5S-4A Convex Hexagon Congruence Theorem
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I'N’,NA = N'A’, .COL = £C'0'L/, 2OLI = £0'L'l’, £LIN =

IR

Given: CO=C'0’,0L=0'L,LI =LT,IN
2L'T'N’,and 2INA = 2£I'N'A’

Prove: hex COLINA = hex C'O'L'I'N'A’
Plan: Prove AC = A’C’, 2ACO = £A'C’'0’,and ZNAC = «N'A'C’

Table 10. Proof of 5S-4A Convex Hexagon Congruence Theorem

Statements Reasons

1.  AOandA'O’ are line segments. 1. Two distinct points determine a line.

2. OL=OT,LI =LT,IN=TN, and 2. Given

NA = N'A’

3. 4£OLI = £0'L'l’', £LIN = £L'I'N’,and 3.  Given

/INA = 2I'N'A’

4.  pen OLINA = pen O'L'I'N'A’ 4.  4S-3A  Convex Pentagon Congruence
Theorem

5. A0O= A0 5. CPCPC

6. CO=C0O 6. Given

7. +£COA + £AOL = «£COL, and 7. Angle Addition Postulate

2C'0'A"+ £A'0'L" = 2C'0O'L’

8. «COL= «C'OL 8. Given

9. £COA + £AOL = 2C'0'A" + £A'Q'L' 9. Steps 7,8, and Substitution

10. £AOL = £A'0'L’ 10. Step 4, and CPCPC

11. £COA = «C'0'A’ 11. Steps 8, 9, and Subtraction Property

12. ACOA = AC'O'A’ 12. Steps 5, 6, 11, and SAS Congruence
Postulate

13. £ACO = £A'C'O’ 13. CPCTC

14. £ZNAC = 2N'A'C’ 14. Steps 3, 8, 13, and Nth Angle Theorem

15. AC=A'C’ 15. Step 12, and CPCTC

16. hex COLINA = hex C'O'L'I'N'A’ 16. Steps 2, 3, 6, 8, 13, 14, 15, and Definition of
Congruent Polygons

QED

3.13.6S-3A Convex Hexagon Congruence Theorem

Two convex hexagons are congruent if and only if their corresponding six sides and three angles are
respectively congruent.

Proof:

(=) If two convex hexagons are congruent, then their corresponding six sides and three angles are respectively
congruent, by CPCHC.

(<) If the corresponding six sides and three angles of two convex hexagons are respectively congruent, then
the two convex hexagons are congruent as shown in the following.

c O
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Figure 9. hex COLINA = hex C'O’L'I'N’A’ by 6S-3A Convex Hexagon Congruence Theorem

Given :CO0=C0,0L=0L,LT =LT,IN
20'L'l’, and 2INA = 2I'N'A’

Prove: hex COLINA = hex C'O'L'T'N’A’

Plan: Prove 2COL = «C'O’L/, 2LIN = 2L'I'N’,and 2NAC = zN'A'C’

I'N’, N

N’A’,AC = A'C’, £ACO = £A'C'0’, £OLI =

IR
IR

Table 11. Proof of 6S-3A Convex Hexagon Congruence Theorem

Statements Reasons

1.  AOandA'O’ are line segments. 1. Two distinct points determine a line.

2. CO=C0,andAC = A'C 2. Given

3. ZACO= «A'C'O’ 3.  Given

4. AACO = AA'C'O’ 4.  SAS Congruence Postulate

5. A0 =A0 5 CPCTC

6. OL=OL,LI =LT,IN=TN, and 6 Given

NA = N'A’

7. <0OLI = £0'L'l', and 2INA = 2I'N'A’ 7. Given

8. pen OLINA = pen O'L'T'N'A’ 8. Steps 5, 6, 7, and 55-2A Convex Pentagon
Congruence Theorem

9. zLIN = £L'I'N’ 9. CPCPC

10. #NAO = zN'A'0’ 10. CPCPC

11. £0AC = £0'A'C’ 11. Step 4, and CPCTC

12. #«NAO + £0AC = £N'A'0’ + £0'A'C’ 12. Steps 10, 11, and Addition Property

13. #£NAO + £0AC = £NAC, and 13.  Angle Addition Postulate

«N'A'0" + £0'A'C' = «N'A'C’

14. «ZNAC = 2N'A'C’ 14. Steps 12, 13, and Substitution

15. «COL = «C'0O'L 15. Steps 3,7, 9, 14, and Nth Angle Theorem

16. hex COLINA = hex C'O'L''N'A’ 16. Steps 2, 3, 6, 7, 9, 14, 15, and Definition of
Congruent Polygons

QED
4.Conclusions

The additional theorem for the congruence of convex pentagons and the congruence of convex hexagons,
aligned with the conjectures obtained from the congruence of triangles and convex quadrilaterals. Therefore,
there is a strong evidence that the two convex n-gons are congruent if and only if their corresponding:

a. (n-2) consecutive sides and (n -1) angles are respectively congruent;

b. (n-1) sides and (n-2) included angles are respectively congruent; and

c. n sides and (n-3) angles are respectively congruent.
5.Recommendations

Since there is strong evidence that holds for the conjectures of the congruence of convex polygons, this gives a
gateway for future researchers to prove the congruence of other convex n-gons, where n > 6, using the
established conjectures.
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