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ABSTRACT: In this research paper, the researchers present an indispensable and adequate condition for
the existence of W-bounded solution for the linear non- homogeneous Lyapunov matrix differential system
on R. Besides, it is given a result in connection with the asymptotic behaviour of the ¥- bounded solutions
of a linear non- homogeneous Lyapunov matrix differential equation.

1. INTRODUCTION

Differential equations provide a common description of experimental evalu- ation
phenomena and in most of the cases, mathematical models are analyzed with regard to
differential equations. In fact, the boundedness of solutions is strongly related to the
examination of numerical discretization for the differ- ential equations. In this paper, we
define ¥ - bounded solution for the matrix differential equation and establish a required
indispensable and adequate con- dition for the existence of ¥ - bounded solutions of
matrix differential systemfor the linear Lyapunov system on R of the form

(1.0 Z(7) = A(r)Z(z) + Z(z)B(z) + R?(z) + F(v)

This paper investigates the existence of at least one W - bounded solution for the linear
matrix differential equation on R of the form

Z(z) = A(x)Z(z) + R¥(z) + F(z)

2010 Mathematics Subject Classification. 34D05, 34C11.
Key words and phrases. W-boundedness, Lyapunov system,asymptotic behaviour,¥-
integrablefunction.

and then using vectorization operator and Kronecker product of matrices, we try to give
the solution to the same problems for the linear Lyapunov matrix differential systems on R of
the form (1.1)and has at least one ¥ - bounded solution on R for every continuous and ¥ -
integrable matrix function F on R. where A,B are an (h X n) matrices and Z is a column
vectors of orders (n x 1) respectively.

This paper is organized as follows: In section 2, we can provide some basic definitions,
notations, hypothesis and results that are useful and we present the general solution of (1.1).
Section 3 presents a criteria for the existence of atleast one ¥ - bounded solutions of a
linear non-homogeneous Lyapunov matrix differential equation(1.1)

Kronecker product of linear systems and its applications in two-point bound- ary value
problems were first introduced by Murty and Fausett [12] in 2002. Many results followed
after this basic paper in control theory and in systems analysis in [11]. Recently, the
indispensable of at least one ¥-bounded solu- tion of equation (1.1) on R for distinct types of
functions have been studied in [2],[3].[4].[5].[6].[71.[8][9]. In [7-9], Kasi Viswanadh
V.Kanuri etl., present the novel concept of W-boundedness of solutions, ¥ being a
continuous matrix- valued function, allows a better identification of various types of
asymptotic behavior of the solutions on R. Kasi Viswanadh V. Kanuri, R. Suryanarayana
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and

K. N. Murty [7] provide sufficient conditions for the existence and uniquenessof at least
one ¥ - bounded solution for the linear differential systems on time scales. Recently Kasi
Viswanadh V Kanuri, Y. Wu, K.N. Murty [8] present a crite- rion for the existence of
(®®Y) bounded solution of linear first order Kronecker product of system of differential
equations.

Thus, the results can be attained, analyzed and extended the recent results concerning the
boundedness of solutions of the equation (1.1). The methodused in our research paper is
prominently based on the technique and processof Kronecker product of matrices (it has
been effectively applied in similar prob- lems [4]-[8]) and on a decomposition of the
underlying space at the initial moment [4]-[9] for finite- dimensional spaces and in general
case of Banach spaces).

2. PRELIMINARIES

In this section, we present some basic definitions, notations, hypothesis and results which
are useful.

Definition 2.1. Any set of n-linearly independent solutions p1, p, ...pn Of

p(z) = A(2)p(z)

is called a fundamental set of solutions and the matrix with p1, p2, ..., pn as its columns is
called a fundamental matrix for the equation (1.2) and is denoted by ® . The fundamental
matrix @ is non-singular.

Let R" be the Euclidean n- space. For p = (p1, p2, p3, ..., pn)" € R, let Ipl =

max{|p, [p2], [p3], . - -, |on|} be the norm of p.
Let Kmxn be the linear space of all m x n matrices with real entries.
For a n xn real matrix A = (ajj), we define the norm |A| = supj,j<1 14pl.

It is well-known that |A| = maxi<i<n {=" /.=1|aij I}
Let ¥i : R — (-0, ), i = 1,2,...n, be continuous functions and

Y = diag[‘Pl, le, . .an].
Let the vector space R" be represented as a direct sum of three sub spaces Q-, Qo, Q-+

such that a solution #(z) of (1.1) is W-bounded on R if and only ify(0) € o and ¥-
bounded on R if and only if #(0) € Q- @ Qo. Also, let &, &, & denote the corresponding

projection of RN onto Q-, Qo, Q. respectively.

Definition 2.2. A function f : R — R™" is said to be ¥- bounded on R if ¥(z)f(7)
is bounded on Ri.e.,
Sup-er I P(2)f (1) I< +oo

Extend this definition for matrix functions.

Definition 2.3. A matrix function K : R — Knxn is said to be ¥- bounded on R ifthe
matrix function WK is bounded on R

i.e.,sup=o I ¥(z)K(z) I< +oo

Definition 2.4. A matrix function K : R — Knxp is said to be ¥- bounded on R ifthe
matrix function W(z)K(z) is bounded on R,
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i.e., there exists
m >0 such that | W(z)K(z) I< m, for all z €R

Definition 2.5. A function f : R — R™" is said to be Lebesgue ¥ integrable on Rif f is
measurable and W(z)f(r) is Lebesgue integrable on R
i.e.,
[
1P ()f(z) ldr < o
0
Extend this definition for matrix functions.

Definition 2.6. A function K : R — R"™" is said to be Lebesgue ¥ integrable onR if K is
measurable and ¥(z)K(z) is Lebesgue integrable on R

ie.,
I
I'P(r)K(z) Idt <
0
Definition 2.7. The vectorization operator V ec : Knxn — R™, defined by

V ecA = (a1, azi,....... am1, 812, 822, ..uee... amn)*
where A = ajj € Knxn, is called the vectorization operator.

Lemma 2.1. The vectorization operator V ec : K nx — R™ is a linear and one to

n
one operator. In addition, Vec and V ec™! are continuous operators.

Proof. The fact that the vectorization operator is linear and one to one oper-ator. Now,
for A = (aij) € Knxn , We have | Vec(A) I= maXi<i=n|aij |

X laij | =| A |. Thus, the vectorization operator is continu-
< maxi<i<n _

ous and | Vec I< 1. In addition, for A = I, 3ye Qave I'Vec(ln) I=| In |
and then | Vec I= 1. We have | Vec (u) I= maXi<in ,_*0|un,,-+i | <
n.maxi<izn2| Ui | = n.u. Thus, IV ec™® I is a continuous operator =

Q

Theorem 2.1. Let A € R be an n x n matrix-valued function on R and suppose that f: R —
R" is continuous. Let 7o € R and no € R". Then the initial value problem

n'(z) = A()n(z) + £(z), n(z0) = 7o
has a unique solution  : R — R" . Moreover, this solution is given by

J- T
n(t) = Qa(t, o)no +  Da(g, s)f(s)ds

To
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where ®a(z, 7o) is a fundamental matrix.

Theorem 2.2. Let P (z) and Q(z) be fundamental matrices for the dynamical sys-tems
(2.1) Z'(r) = A(r)Z(z)

(2.2) Z'(z) = Z(z)B(z)

T € T, respectively. Then the matrix W (z) = (Q*(zr) ® P (z)) is a fundamentalmatrix for
the system

(2.3) Z(z) = (In @ A(z) + B*(z) ® 10)Z(z)
In addition ,P (0) = I, and Q(0) = I, then W (0) = I.2.

Proof. Using the above properties of the Kronecker product

Wi(z) = (Q*(r) ® P (7))’
=(Q)(r) ®P(z) + Q«(r) ® P(V)
= (Q)(7) ®P () + Q*(r) ® P'(x))
= ((Q(7)B(7))"(r) ® P (7) + Q*(r) ® A(z)P (7))
= (B (@)Q(r) ®P(r) + Q*(r) ®A(x)P (7))
= (B*(z) & )(Q*(r) ® P (7)) + (In ® A(x))(Q*(r) ® P (7))
= (B*(z) @ In) + (In ® A(x))(Q*(r) ®P (7))
Therefore, W (z) = (B*(z) & In) + (In @ A(z))W (7),
for all r eR.
On the other hand, the matrix Z(z) is an invertible matrix for all = > 0, since
P (z) and Q(z) are non singular matrices. Thus the matrix W is a fundumentalmatrix of R.
AlsoW(0)=P(0) ®QM0) =1h QI = 1,2
Then, the matrix (P (z) ® Q(z)) is an invertible matrix for all = € R. Thus
(P (z) ® Q(z)) is the fundamental matrix of (1.1). Also W(0) = P(0) ® Q(0) =
h @l = 1,2
Q

Theorem 2.3. The matrix function P (z) is a solution of (1.1) if and only if thevector
valued function p(z) = V ec(P (7)) is a solution of the differential system

(2.4) P() = (Ih @ A(z) + B*(z) & In)x(z) + R*(z) + (7).

where f(z) = V ec(F (z)). The above system (2.1) is the corresponding kroneckerproduct
system associated with (1.1).

Proof. similar

Q

Theorem 2.4. The matrix function Z(z) is a solution on R of (1.1) if and only ifthe
vector valued function z(z) = V ec(Z(z)) is a solution of the differential system

(2.5) 2(z) = (In @ A(z) + B(z) ® 1)z(z) + R¥(z) + f(z).

where f(z) = V ec(F (r)) and R?(z) = V ecR%(z), on the same interval R. Theabove
system (2.2) is the corresponding kronecker product system associated with (1.1).

Proof. Using Kronecker product notation, the vectorization operator Vec and the above
properties, we can rewrite the equality(1.1) in the equivalent form
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VecZ(z) = (In @ A(z) + B(z) R 1)V ecZ(z) + V ecR?(z) + V ecf(z),

for all z >0.
If we denote VecZ(r) = z(z),VecF(z) = f(r) and V ecR?(zr) = R?%(z) andthen,
the above equality becomes

2(z) = (Ih @ A(z) + B*(r) & ln)z(r) + R*(z) + f(2),

for almost all  >0.
The proof is now complete. Q

Theorem 2.5. The matrix function Z(z) is ¥ - bounded on R of (1.1) if and onlyif the
vector function V ec(Z(z)) is (In @ ¥) - bounded on R.

Proof. similar

Q
Theorem 2.6. If A is a continuous n x n real matrix on R then, the systemp’(z) =
A(z )p(z ) + R¥z) + f (z) has at least one ¥ bounded solution on R for every continuous

and W- bounded function f on R if and only if for the fundamental matrix Q(z ) of the system P
(t) = A(z )P (t) there exists a positive constant o such that, for ¢ >0,

|
L 0@ Qt ©P (RNS) +F(S)ds+
J'i

o0

26 Qa6 ORE + )
0

J oo
¥(2)Q()E Q¥ HS)(RY(S) + F(5)lds < op.

T

Here &, & and & are supplementary projections for the system Z'(z) = A(z)Z(z).

Proof. We prove this theorem by means of Banach fixed point theorem. Consider
Sy ={Z : R — Kuxn, Z is continuous and ¥ - bounded on R
Sy is Banach space with respect to the norm | Z | = sup.er | ¥(z)Z(z) I.Let S, = {Z
€Sy | Z [vw<p}. For Z € Sy,

Now, J
0 .
P @EP T HORAS) + F(s))ds+
.
‘ —1
(P ()P ~(S)(R*(s) + f(s))lds+
0
J oo
(P ()" P L(s)(R¥(s) + f(s))|ds.

From hypotheses, T exists and is continuous differentiable on R. For Z €S,
and ¢ € R, we have
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|
° P()(P()EP ~Lsyw— OFENC(S) +T(s))ds+
= 1

o0

¥(2)(P (z)HP
0

Joo
()P (2)§" P H(s)F () W(s)(C(s) + f(s))lds.
implies T

J () I'P(s)(C(s) + F(s))lds+

_1 —
0 ) (¥

¥(z)(P (z)EP

sy~ OFE)C(s) +1(s))lds+
1

oo Lisyw™ (5) | F(S)(C(s) + F(s))lds+
W()(P ()P L
0

oo

[F@)(P ()¢ PSP Hs) 'F(S)(C(s) + (5))ds.

T
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<op

Theorem 2.7. Suppose that:
1. The fundamental matrix P (z) of the system Z'(z) = A(z)Z(z) satisfies the

condition(2.6)for all t >0,
2. The continuous and ¥ bounded function f : R — R" is such that

lime — 1'¥(z)p(z) 1= 0.

Then , every W bounded solution p of the system p’(z) = A(z)p(z) + f(z) is suchthat
lim.—. ' ¥(z)p(z) I= 0.

3. EXISTENCE OF ¥ - BOUNDED SOLUTIONS FOR THE NON-
HOMOGENEOUS

LYAPUNOQOV SYSTEMS

In this section we present the existence of ¥ bounded solutions for the non-
homogeneous Lyapunov matrix differential equation(1.1).

Theorem 3.1. Let A(z ) and B(z ) be continuous n x n real matrix function on R and let P
and Q be the fundamental matrices of the homogeneous linear equations (2.1) and (2.2)
respectively for which P(0) = Q(0) = I.. Then, the equation (1.1) has at least one ¥
bounded solution on R for every continuous and ¥ bounded matrix function F : R — Rnxn
if and only if there exists supplementary projections &, &, & € Knxn @nd a positive constant
o such that, for all = >0,

[

. l@@ewEpmE(a) ©1er 49 ) lds+
G " lame W(r)P (c)éof(@") 1 T en)lds+

(s)w
0 (s)® (P
I oo
(Q*(2) @ (¥()P ()€ ((Q7) *(s) ® (P X (s)¥ (s)))lds <o

T
Proof. First, we prove the “only if” part. suppose that the system (1.1) hasat least
one ‘P_-bounded solution on R for every continuous ¥ bounded matrix
function F : R — K nx _ Letf: R — R”2 be a continuous and I Y -

n

bounded function on R. From theorem (2.5),it follows that the matrix function

2004



Turkish Journal of Computer and Mathematics Education Vol.12 No.11 (2021), 1998-2009

Research Article

F(r) = Vec}(f(z)) is continuous and bounded on R. From the hypothesis, theequation
Z' = A(7)Z(z) + Z(z)B(z) + V ec (f (7))

has at least one ¥ bounded solution Z(t) on R.

From theorem (2.4) and (2.5),it follows that the vector valued function z(z) =V ec(z(z))
is a I\®Y - bounded solution on R of the differential system(2.5).Thus, this system has at
least one I, @ ¥ bounded solution on R for every continuous and I, @ ¥ bounded function f
on R. From the Theorem (2.6) , there is a positive constant K such that the fundamental
matrix W(t) of the equation (2.6) satisfies the condition

0 ‘w1 ds|+
(I @PE)W (@)EW  ~1(s)(In @ S|
= P(s)) !

o0
T

1
I, Q¥)WE)HW  )(Ih &
( @OW (2)D P

ds|+

(1 QP()W ()EW L(s)(I, ®¥(s)) *ds|<k

forallz >0. *
By theorem (2.2), we have W (z) = Q*(r) ® P (7).
Now the above equation becomes

I
(1n ® W(D))(Q (r) ® P(NE(QTs) @ P(s)  N1n @ W) s+
I Aok —1 —1
(10 ® W(D))(Q (7) ® P(T))E(Q (5) ® P(s)) (In ® W(s)) ds|+
0
I o

®W¥(s)) ds|<o
(1" @ P(2))(Q*(z) ®P ()¢ (1Q*(S) QP (s)) (I

n
forall  >0. N .
[ o 1
|(Q*(l') ® W(t)P(1))é-(Q) 5) ® P Y)W Xs)ds|+
J- T N * -1 —1

(Q (t) @ W(r)P(T))&tQ ) (s)® P
(s)W (s)ds+
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I'oo
(Q(2) ® ¥()P ()£ (Q) (s) ®P ()% (s)ds| <0
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The above equation can be written as
0

@ @(@Y), (5)® WP ENEP Y (s)asl+

oo (s)w (s)ds|+
.f T * ~n -1 -1
l(Q ()@ (s) ® (W(T)P(T))EP

0

[o

* N _1 _1
(@ (t)(Q)1

(s) ® (W(T)P(T))E2P ()W (s)ds| <o

T

Now, we prove the "if" part. Suppose that equation(2.6) holds for some ¢ > 0
and for all t >0.

Let F : R — Knxn is continuous and ¥ - bounded matrix function on R.
From theorem (2.5), it follows that the vector valued function f(z) = V ec(F (z))is
continuous and I, @ ¥ bounded function on R. From this, equation(2.6), it follows
that the differential system (3.1) has at least one I, @ ¥ bounded solution on R . Let z(z)
be the solution. From theorem(2.4) and theorem(2.5),
it follows that the matrix function Z(zr) = Vec*(z(zr)) is a bounded solution on of the
equation (1.1) (because F () = V ec(f (z))). Thus, the differential equation (1.1) has at
least one bounded solution on for every continuous and bounded solution F on R . The
proof is now complete.

Q
Theorem 3.2. Suppose that:

1) The fundamental matrices P (z) and Q(z) of (2.1) and (2.2) respectively
(P (0) = Q(0) = I,) satisfy the condition (3.1) for some ¢ >0 and for all z >0 .

2) The continuous matrix function F : R — Knxn @ continuous and W- bounded
matrix function on R satisfies the condition

lim HKT)F(T)’= 0.

T —>00

Then, every W- bounded solution Z(z) of (1.1) satisfies the condition

lim rP(t)Z(r) F 0.
t—o0o

Proof. Let Z(z ) be a Y- bounded solution of (1.1). From theorem(2.4)and the- orem(2.5), it
follows that the function X(z ) = V ec(X(z)) is a In @ ¥ - bounded solution on R of the
differential system

(3.2) () = (In @ A(z) + B*(r) ® In)z(z) + f (7).
where f(z) = V ec(F (7)) .
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Also, from the proof of theorem(2.7), we have

(3.3) I (In ® ¥(7).f(z)) Irn2< ¥ (2)F (z)], = =0.
then
lim I (In @ ¥(z).z(z)) Irn2= 0.
T
q
0.8}
Now, from the proof of theorem(2.7) again, we have
(3.4) P(z)Z(z)|<n I (In ® ¥(r).2(z)) Irn2,7 =0
and then
lim |‘P(T)Z(r) F 0.
T —>00
The proof is now complete. Q
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