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Abstract: There exist many well known parametric and non-parametric measures with their properties and application on the
basis of literature survey of fuzzy information measure. For characterization and quantification of fuzzy uncertainty and
vagueness, fuzzy entropy measure is used very frequently. For this we propose a new parametric exponential entropy
measure on fuzzy set. After showing the validity of proposed entropy measure some properties are also given.
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1. Introduction:

Fuzzy uncertainty and mathematical ambiguity was major problem for mathematician in the starting of 19"
century. Shannon [1] introduced the entropy to measure the uncertainty of a probability distribution. The
information contained in any experiment having probability distribution P =(p1, S AR o PR . pn) of

discrete random variable X is given by
H(P)=-2_p;log p,
i=1

which is the well known Shannon [1] entropy. Fuzzy entropy is used to express the mathematical value of the
fuzziness of fuzzy set. The amount of probabilistic uncertainty removed in an experiment is called measure of
information and the amount of measure of vagueness and ambiguity of uncertainty is measure of fuzziness. The
degree of uncertainty is usually used in different areas e.g. image processing, pattern recognition, statistical
mechanics, finance, decision making, clustering etc. The basic subject of information theory, entropy is firstly
used by Zadeh [2]. The degree of fuzziness in fuzzy set is used as rule of logic in examination of system
containing ambiguity and vagueness. Shannon’s [1] entropy give direction to De Luca and Termini [3] to
introduced a framework of axioms of fuzzy entropy measure. Using these axioms many researcher develop new
entropy measure on fuzzy set. De Luca and Termini [3] changed the Shannon’s variable into membership degree
of element and proposed fuzzy entropy measure. Kaufmann [4] proposed a fuzzy entropy measure by a metric
distance between its membership function and the characteristic function of its nearest crisp set. Bhandari and Pal
[5] presented two fuzzy entropy measures, out of which one is exponential entropy. Kapur [6], Verma and Sharma
[7], Hooda [8] and Fan and Ma [9] defined some new fuzzy entropy measure corresponding to probabilistic
measure. Tomar and Anshu [10-13] proposed some entropy measure on fuzzy set. Using the concept of above
defined entropies we propose an exponential entropy measure on fuzzy set. Some properties are given to show
that defined measure is valid.

2. Preliminaries
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In this section we present some basic concepts of fuzzy set and fuzzy entropy.

Defination 1.

Let X = (Xl’ X2, ............ ) Xn) be a discrete universe of discourse. A fuzzy set Ais given as

A={<X;, pa(X) > 1% € X}

where, £4,(%): X —[0,1] is the membership function of A . The membership value £, (X;) describes the
degree of belongingness of xi eX.

Definition 2.

Let K be a real function defined on family of fuzzy set (FS(X ))such that K : FS(X)— R* and if K satisfies
following properties then it is called entropy measure on fuzzy set

(B,) K(A)=0if A isacrisp set
B,) K(A) assumes a unique maximum iff z,(x )=0.5

( (A
8, K(a ) ), where A" is the sharpened version of A
( (A

De Luca and Termini [3] proposed an entropy measure on fuzzy set using the concept of same degree of fuzziness
of 41,(%)and 1 1,(x;) as

Z [/IA Iog /UA ) (1 ~Ha (Xi )) log (1 — Ha (Xi ))] 1)

Later on Bhandari and Pal [5] introduced two entropy measures on fuzzy set as

H, (A)= 7 llog () + 011, @

A):ﬁizl;[m(xi e 40 (L g (x, ) 1] ©

After this Kapur [6] defined entropy measure on fuzzy set as
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1-ai3
(W)= s Dl ) - o)+ 2 0) () 2]
HZ(A)= 5 2 ik 00+ 0 ) )~ )

Later on exponential entropy for fuzzy set is also proposed by Verma and Sharma [7] as

1 \ I-pg (% 1-(-pa (%))
e T @

3. New proposed exponential entropy measure

On the survey of above concepts we propose exponential fuzzy entropy measure as

n Nal-#a (%) 1— Nel-C-ualx))
Bt % pa(x e ’ ﬂ(;( pa(x)e oy |@20.550
n(e —€ )i=1 — 11 (% )R — (L= g ()

()

Theorem1: The measure defines Be(A) is a valid entropy measure on fuzzy set A.

Proof. We have to satisfy four properties B, to B, for validity of measure Be(A) .B, (Sharpness ) To prove

B,(A)=0 iff 1,(x)=00r u,(x)=1

First we suppose that B_(A)=0

n Nal-#a (%) 1— Nal--ualx))”
N 27111 - z ,UA(Xu)e +( :UA(Xu))e ~0

e =€ e A 1y o e ]
= ) g, 1 D = 1, 3 ) (1 g, o
This is true if zz,(x,)=0 or u,(x)=1.
Conversely: Now we assume that zz,(x,)=0 or z,(x)=1
= 10,660 1 (L (0 )0 0

— ,UA(Xi )el-uf{(xi) 4 (1_ IUA(Xi ))elf(lf,uA(xi))/’ ~0
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= B,(A)=0.
Hence we can say that B,(A)=0 iff u,(x)=0or u,(x)=1.

B,(Maximality): To prove B,(A) is maximum at z,(x )=0.5

Now
e
aBE('A\) — Zn: 1-(1-pa (%)) e1 28 (x +,B,u ( )el—yf(x,
a:uA(Xi) ne (e - )l:l A p
,B(l ﬂA( ))/’7 el (T-pa(%)Y +e S EACY);
Case — 1: Let 0< z,(x,)<0.5 then, we have sB E':\)) >0 forall 0<a and 0< f
HalXi

this give that B, (A) is increasing function.

Case—2: Let 0.5< z,(x,)<1 then, we have

)<O forall 0<a and 0< S

this give that B,(A) is decreasing function.

Case - 3: Let ,uA(xi): 0.5 then, we have _GBegA)

=0 forall 0<a and 0< S8
Ol

This clearly shows that Be(A) is a concave function as shown in graphl.1 which has a global maximum at
1,(%)=05. Hence B,(A) is maximum iff Ais the most fuzzy set.B,(Resolution): To prove
B (A*)< B,(A) where A" is sharpened version of A. On the basis of previous axioms we know that B,(A) is

increasing function for 0 < z,(x )< 0.5 and decreasing function for 0.5 < z,(x,)<1. So using above concept,
we have

= B, (A*)S B, (A)in both cases.

B4(Symmetly): Let ACis the compliment of Aso we can take ,uA(xi):l—,uA(xi) due to membership
function. Then clearly = B, (A°)=B,(A).
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This shows that B, (A) is valid entropy measure on fuzzy set.

Limiting and Particular Cases:

It can be seen, from the proposed measure of order ¢ and /£ that some existing measure can deduce from it as

follows:

M If B — 0 then our proposed entropy measure reduces to Verma and Sharma [7] exponential entropy
measure.

(m If «—>1 6 —0 then our proposed entropy measure reduces to Bhandari and Pal [5] exponential

entropy measure.

iy 1f a—0,8—0 then our proposed entropy measure reduces to De Luca and Termini [3] logarithmic
entropy measure.

4. Some properties of entropy measure

Definition 4.1: Assume that the family of all fuzzy set of universe X, is denote by FS(X) and
P,Q,R e FS(X) is given

P=[<x,up(x)~/xe X]
Q=|< X 1o ()1 xe X]
R=[< % uu(x)~/xe X]

then some set operation can be defined as follows:
a. PUQ =< x, max(u (x), 4 (x))=/xe X |

b PnQ=|<x min(up(x), (X))~ /xe X|

e (PUQ)UR=|<x, maximax(, (x), g ()} s 00}/ x < X
d. (PAQ)R =] x, minfmin(a, () o (O sse (X)f- 1x € X
e, PC=|xx g (X)=1-pp(¥)- Ix e X]

The exponential entropy measure has some important properties as follows:

Theorem 2. For fuzzy set P,Q e FS(X )prove that
(1) B.(PuQ)+B,(PnQ)=B,(P)+B.(Q)
() B.(PUQ)UR)=B,(PUQUR))
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() B,(P~Q)"R)=B,(PN(QNR))
(Iv) B,(P)=B,(P~P°)=B,(PUP®)=B,(P°)
V) B.(PnQ)=B.(P°uUQS)
V1) B,(PUQ)=B,(P°nQ°f
Proof: We suppose that
X, = lXi % € XHUP(Xi)ZluQ(Xi)Z:uR(Xi)J

Xy :|_Xi Ix € X!/uP(Xi)</uQ(Xi)</uR(Xi)J

where (Xi ) Hq (Xi) be the fuzzy membership functions of P and Q respectively.

(1) We know that B,(PuUQ)= L Zn:
e

= B,(PUQ)=

1 %=X,

Adding (6) & (7) we obtain

Y= Hp g (Xi )eliﬂguo(Xi)

Hp (Xi )61—;@(
1 =Xo| = HUp (Xi )el_#g(xi) - (1_ Hp (Xi ))eli(lfﬂp(xi ¥
n(el—O.S"” _gltos” ) {UQ (Xi )el—ué‘ ) (1_ 14 (Xi )klf(l—uo(xi ¥ ]
+ 2
X —Xg

g (x4 (1 1, (x e |

Hpig (Xi )el_ﬂguq )

+ (1_ /uPuQ (Xi )kl‘(l—ﬂpuo(xi ))ﬂ

- (1_ Hpog (Xi )klﬁ(liﬂpw()(i ¥ ]

W (1= (%, )t 0 ] _

_ Z ['UQ (Xi )el_yg(x') + (1— Hq (Xi ))el_(l_#Q(X' 4 ] _

— Hq (Xi )elfug () _ (l— m (Xi )klf(l—,uQ(xi )4

=X

o| — Hp (Xi )el_/‘g(xi) _ (1_ o (Xi ))el—(l—yp(xi D&
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(6)

(")
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_ . {/JP (x ) %) (1= gz, (x, )t ere ) } -

S| = g (% B0 (1= (x, g e )Y
[yA&k“ﬁm+aﬂ4ﬁmuuawa}
— 1o (X, )el—ﬂg(xi) —(1- g (x, ))el,(l,ﬂp(xi )

Ho (% )el“‘g(x') n (1_ 1o (%, ))el—(l—uq(xi )Y

L 14 (x )el—yé (x) _(1_ u, (x ))el(luo(x.))"]

{Mﬁﬂk1%“)+@—uQ&Jk1@%WW }

~ o (% )elwg(Xi) - (1_ 1o (X ))el_(l_#(‘)(xi ¥ |

+ 2,

Xi =Xy

= B,(PUQ)+B,(PnQ)=

2

X =Xg

+ 2

X =Xy

= B,(PLQ)+B,(PnQ)=B,(P)+B,(Q).

Hence first property is satisfied.

o [ O (e
%=Xo | — Up (Xi )el’”g(xi) _ (1_ U (Xi ))el—(l—ﬂp(xi )Y

n(el—o,sfu _ e170.5*/’ ) ) z [’UQ (Xi )elfys(xi) + (1_ 1 (Xi )kl,(l,%(xi & }
— (% )el—ﬂé’ (4) _ (1_ 1, (% ))el—(l-yQ(xi )Y |

(1) B,(PUQ)=

Xi =Xy

_ u, (Xi )el—yg(xi) n (1_ Lo (Xi ))elf(lfﬂp(xi )

1 N=Xo| ~ Mp (Xi )eliﬂg(Xi) - (1_ Hp (Xi ))el_(l_ﬂp )

”@Lﬁsa—ebmﬂ)_kzz 2 (X B0 (1 gy (x, et
L= e (% )40 — (1 g (x, )t O

X =X

(8)

Now,

[Mxi A0 4 (1 3 } ‘
5 =X | = g (Xi )el‘/’g(xi) _ (1_ Ho (Xi )kl_(l_ﬂQ(X| )Y

11 (%) _ _ 1-(1-pr (%))
gt

LT Hr (Xi )eliyg()(i - (1_ Hg (Xi ))el_(l‘”R (%))’

B.(QUR)

P

-05¢ -
n(e1 057 _ o105
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b [upm )40y o ] |
L e - e o
nfe0s —et0s” ) s [ 11 (%, ) 4 (L= g (x, ) Jg ) }

— g (% )R (L g (x, e el

B.(PU(QUR))=

%=Xy

By equation (8) & (9) we can easily show that
B.(PUQ)UR)=B,(PU(QUR)).

(111) Using above result we can easily show that
B,(PNQ)nR)=B,(Pn(QNR)).

(1V') We know that

> [ﬂp<xi>elﬂg<xl>+<1up<xi>>e“1M ]

1 e | = pap (6 o0 — (1 (x, g0
n(elfos’“ _gtos” ) ) Z » (Xi )el—ﬂ‘;c (%) + (1_ﬂpc (Xi )kl—(lfﬂpc ()
. /jc (Xi —\=u_c (X
% =Xg ~ e (Xi )el H )_(1—/JPC (Xi )kl (1 4, ( ))6 |

e

B,(PUPC)=

(10)
Or
|:ﬂPC (Xi )el—#sc (%) n (1_ ,Llpc (Xi )kl—(l—/lpc (% ))a :|—‘
Non ule(6) (o 1—(1—,upc (x)f
B. (P U Pe ): 1-057 . 1-057 - Hpe (Xi )e (1 Hpe (Xi ))9
“(e S e ) 5 110 (% 60 4 (1= g (x, e e 0
+
Xi=Xg| — Hp (Xi )el—#,’f(xi) — (l_ Hp (Xi ))elf(l’ﬂp(xi ))ﬁ J
(11)

After solving both equation (10) & (11) we obtain same result as:
B,(P)=B,(PuUP®)
Using above result we can show that

B.(P)=B,(P~P°)=B,(PUP®)=B,(P°)
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(V') We know that

1 X'
B, (PC > QC ): n(elfos’“ _ o5’ )
1
B, (PC ~ QC )C - n(elfos’“ _gtos” )
=B,(PnQ)

Hence the result.

(V1) By above result clearly B,(P U Q)=

5. Conclusion

+ 2

B.(P° ~Q° ).

1% (%) - 1- c(xi)a
s (0 g ()

1

=X, —/uQC (Xi )el—,uﬂ e (%) (1 ﬂQc XI %
e (% )6 (L e () )e“”c

ol = e (6 )5 1= g1, () ot

kl 11 (X
(1
o (x; et

Hq (Xi )el i) (1 ,UQ
X'ZX:" — Hg (Xi )el b (
L5 | el (
ZX: ~ pp (%, )e1 (1

C

(X ))el (L-up (%))’
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In this article we introduce an exponential parametric entropy measure on fuzzy set. The proposed entropy
measure is important and valid which reduce to the existing entropy measure after substituting the suitable value
of parameters. Some interesting and important properties of these entropy measures have also been studied. Thus,
we can say that the defined entropy measure is more flexible measure from the application point of view.
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