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Abstract : This paper presents the solution of coupled equations which are of fractional order using differential
transform method. In this paper we extend the scope of differential transform method to system of fractional
differential equations so that we get the analytical solutions. The coupled fractional differential equations of a
physical system, namely, coupled fractional oscillator with some applications is given via differential transform
method. Here we introduce the solution of coupled oscillation of equal fractional order which can be enhanced to
unequal fractional order.
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1. Introduction
In this paper we have considered systemFDE’s
D%x, (t) = fi(ty, %1, %3 0 Xy)
D®x, (t) = fo(t1, %1, Xz o Xp) e
Dixy (t) = fulty, %1, %5 . 2)(1)
Where D&is derivative of xiin the sense of Caputo 0 < a; < 1 subject to initial conditions.

The differential equationsof fractional order have been studied from many years due to their tremendous number
applications not only in fluid mechanics and physics but in biology and engineering as well. Application of FDE of
nonlinear in nature has been concluded in [1-6].

The DTM first came into existence in engineering domain which has been fully evaluated in [7]. There is a
comparison between DTM and ADM for solving FDE as discussed in [8].

The Riemann- Liouvillefractional integration of order  is given by

JZ5f(x) = %fx’;(x — )1 f()dt,p> 0,x > 0 (2) Given blow are the next two
equations of Riemann- Liouville and Caputo fractional derivative of order 3 respectively:
aP
DY F@) = = UPPF(0]E)
_gy dP
DEFO) = PP f(0)] (4)

Wherep—1 < B < pandpeN

In the formation of problem on initial and boundary conditions,Caputo fractional derivative has been chosen, and the
two operators coincide for homogeneous initial conditions.
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2. Fractional differential transform method.
Theinitial development of FDTMin [8] is as follows:

Thefractional differentiation of Riemann- Liouville sense is defined by

DLF@) = o i L sy dt ] ®)

Forp—1 < y < pandpez*,x > x,. We can expressit in power series as follows:
k

f(x) = Xgo F(k)(x — x0)F(6)

Where B is order of the fraction and F(K) is fractional differential transform off(x).

Avoiding initial and boundary condition of fractional order, we define derivate in Caputo sense. Relation between
operators of Riemann- Liouville and Caputo is given as

DL f(0) = DLIf(x) = Shoy (x = x0)*f*(x0) 1.(7)

Settingf(x) = f(x) — Y2722 (x — x0)*f*(x,) in Eq. 5 and using Eq. 7 we obtain Caputo sense as

k Okl
) = 1 dr ff(t) - X ok,(t—xo)"f (xo)
Dixof (x I['(p—71)dx? (x —t)1+7-p dt]
X0
Applying initial conditions to interger order derivatives,
k
if% A .kL [dﬁ f,(cx)l
F(k) = @ wk |, ©
ok +
lfB &7 0
We can obtain below mentioned theorems from 5 and 6, for proof and details see [8].
Theorem 1. If h(x) = u(x) t s(x)impliesH(k) = U(k) + S(k)
Theorem 2. If h(x) = u(x)s(x), impliesH(k) = Yk, UDSk —1)
Theorem 3. If h(x) = uy(x)uy(x) oo oo oo . up(x) then
kn-1  kn-z kn-1 ks k2
He) = Z Y e D D U (kU ey = ) e U = Ky
kp_1=0 Ky_p=0 kp_3=0 kp_j=0 k2=0k; =0

Theorem 4.1f h(x) = (x — xy)™then H(k) = @(k — fm)

(1 ifk=0
o) = {o ifk#0
Theorem 5.1f h(x) = DY, [r(x)] implies(k) = Ffr:;f) Utk + Br) .
+5

Theorem 6.1n most general form, fractional derivatives can be produced from
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n-1 . -
RGO = 2 [y (O] 100 o [y ()] o [t ()], implies
R r1+1+ )r(r2+1+"2"‘1) M +1+=7)

H(k) = z Z z Z ZZ 1+ ﬁkf) F(1+ﬂ3

kp_1=0 ky_p=0kp_z=0ky_j=0  kz=0k B
Uy(key + Br)Uy(ky — ky + B1y) o Up (k= kyy + B13); Bry ezt for I = 1,2 .0
3. Coupled fractional differential equation
We introduce the DTM to solve linear inhomogeneous coupled fractional differential equations. Our discussion is
restricted to only linear non-homogenous ODE’s of fractional order. As given in [9] Coupled oscillators are solved
using various techniques. Here we solve the same oscillator equation with DTM to make it more convenient.
To proceed with, linear-coupled oscillator system is given by
D¥ix (1) = —wax1(8) + @a{xz(8) - x1(1)},
DVxy(t) = —waxa(8) + @a{x1(t) - x2(0)}
Here we use the substitution as
—wy; + Wy = U &, =€
The above equations become
DY1x, (8) = —px, () + € x2(0)
D¥2x,(t) = —uxz(8)+ € x1(£)(9)
Applying parameters;w = 1,0 = 0.5 ,x,;(0) =0,x,(0) =1
D¥1x,(0) =0
D"2x,(0) = 0.1

System (1.9) can be changed by using Theorems 1 to 5

r(+ ﬁ_)
Xi(k+ y1B1) = —1 [—uX,(k)+ € X, (k)]
Iy +1+ B_)
1
rQ+5)
Xo(k + y2P2) = "% [€ X1 (k) — uX, (l)](10)
n+i+p)
Xl(k) =0 fOT' k = 1,2,3 ...ylﬁl -1
X,(k)=0 fork=123..y,8,—1
X,(0) =1 (12)
For y;=1andy,=1;8;,=1andp, =1
x,(0)=0 ;o x0)=1
x (1) =€ ;)= —p
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[-€eu—u€l=—ne

N| =

-()-

1
% (1) = 5 12 +€7]

Then following series can be obtained forx, (t)and x,(t), respectively.

For

x,(t) =€t—€ ut*+ -

1 2 271+2
xX,(t) = —1-— ,ut+§[,u +e4te + -

y, =1.4andy, =1.7 we have

_ T(1+k/10) y .
X (t+14) = F(14+1+k/10) [ —uX,(k)+ € X, (k)]

r(i+k/10)
(1.7 + 1+ k/10)

X,(t+17) = [ X1 (k) — Xz (k)]

For k up to 50 and then using in above equation we get the below mentioned series for x; (t) and x,(t),
respectively.

€ 1 €u 2 €u un IrMA1D[eu? €3 14 €pu® s
x.(t) = tio — t1o — t1o + + tlo4+ ———tT0+ -
r(2.4) r(3.8) re.7) r;.5)|r@e.7) r.n r(4.4)
€? 2 €? ri4.1 €? €?
xpt)=1- s ti_;+ t%+ s t%— a ti—§+ @Dk s ti—ﬁ_,."_
re.7n r@.1 r(4.4) r(s.5) rs.8)|r7 " ra.a)
4. Conclusion

The present work assures the applicability of solving coupled fractional differential equation by DTM. Earlier it was
done with various humerical methods like Laplace transformation method, adjoint method etc. The much greater
advantage of this method of solving coupled fractional differential equation over adomain decomposition method is
that we do not get adomain polynomials. This method is a reliable one and full of techniques and much easier in
solving fractional differential equations of coupled form both linear and nonlinear.
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