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Abstract: Let V, be an abelian group under multiplication. Let g: E(G) — V,. Then the vertex magic labeling on
V, isinduced as g*:V(G) — V, such that g*(v) = [[, g(uv) where the product is taken over all edges uv of G
incident at v is constant. A graph is said to be V, - magic if it admits a vertex magic labeling on V,. In this paper,
we prove that C,,, X C,,m = 3,n = 3, Generalized fish graph, Double cone graph and four Leaf Clover graph
are all V7, -magic graphs.
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1. Introduction
For a non-trivial abelian group V, under multiplication a graph G is said to be V, -magic graph if there exist a
labeling g of the edges of G with non-zero elements of V7, such that the vertex labeling g* defined as g*(v) =
[T, g (uv) taken over all edges uv incident at v is a constant.

Let V, = {i,—i,1,—1} we have proved that the Cartesian product of two graphs,Generalized fish graph, Happy
graph,Four Leaf Clover Graph are all
V, -magic graphs.

2. Basic Definition
Definition: 2.1Cartesian Product of Two graphs
Cartesian product of two graphs G, H is a new graph GH with the vertex set V x V and two vertices are adjacent
in the new graph if and only if either u = vand u’ is adjacent to v’ in H or v’ = v" and u is adjacent to v in G.

Definition: 2.2Generalized Fish Graph
The generalized fish graph is defined as the one point union of any even cycle with C5. It is denoted by
GF (2n,3). It has 2n + 2 vertices and 2n + 3 edges.

Theorem: 2.3 Cartesian product of two cycles C,,, X C, isa V,-magic graph with m,n > 3.
Proof:
Let V(Cp X C) ={vp1<j<m}u{v/: 1<j<m}u
U{v]f’ : 1Sj£m}u{v}”:1£j£m}
E(Cp % Cy) ={vjvjs1:1 <j<mlu{vjvj;:1<j<m}u
U {v]f’v}fﬁrl :1<j<m}ju {v]f"v}fﬂr'l :1<j<m}u
U {vv : 1Sj£m}U{v]fv]f’ :1<j<mju
V] {v]f’vjf” :1<j<m}u vj"v:1<j<mj
[Vint1 = V15 Vg1 = V15 Vet = V15 Vmar = V15 V0 = Upj Vg = Uy
v = v vy’ = viy]
Case 1:Letm,n = 3 and both are even.
Let us define g: E(C,, X C,) — {i,—i,—1}as
g(vjvj+1) = iwhenjisodd ; 1<j<m
g(vj,1) = —iwhenjiseven; 1< j<m
g(v;v]"ﬂ) = iwhenjisodd ; 1 <j<m

g(v]fv]'.ﬂ) = —iwhenjiseven; 1<j<m
gWj'vjy,) = iwhenjisodd ; 1 <j<m
g(v}f’v}fﬁrl = —iwhenjiseven; 1 <j<m
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g; v]+1 = iwhenjisodd ; 1<j<m

gj"vj; ) = —iwhenjiseven; 1< j<m
glyvj)=-1;1<j<m
('”)_— ;1<j<m
gwj'v")y=-1;1<j<m
gwj'vi)=-1;1<j<m

Now g*:V(C,, X C,) = i,—i,—1 is given by
(17]) - g(v]v]+1)*g(v]v])*g(v]v] 1)*9(77] i
=(i) (l) D=1
g'(%) = 9(v}vjn) * 9w}
=D (DD * (-1
=11 <j <m
g (17”) _ g(v//v]/;l *g( " // *g(v// " *g( // /
= @D+ =D+ (=1)
= 1 1 <j <m
(vlll) — g(vlll lll
= ()= (l) (=1) * (1)
=1;1<j<m
Thusweget g*(v;) =g " (vj) =g  (vj)) =g (vj")=11<j<m

Vj- 1)*9(

* g(vj’vj)

*g(vlll ’”1)*9(1] rn )*g(v!l! H)
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Hence when m, n are both even we can conclude that C,, x C,, satisfy vertex magic labelling on V,. And Hence

its a V/,-magic graph.

Case 2: When both m and n are odd

Let us define g: E(C,, X C,,) = {i,—i,—1}as
gy )=—i;1<j<m
gWjvjy ) =—i;1<j<m

gt )=—i;1<j<m
gWj'vi{y )=—i; 1<j<m
g viii)=-i;1<j<m
g(v]v]+1 =-i;1<j<m
g/l )=—i;1<j<m
(v]v])——"lstm
gy )=-i;1<j<m
gwj'v)y=-i;1<j<m
gwj"v")=—i;1<j<m
gw/'vf)=—i;1<j<m
gwiv/'"Yy=—i;1<j<m

Now g*: V(C,, X C,,) — {i,—i,—1}Iis given by
g (Uj) = g(VjVj+1) *g(vjvj—l ) * g(Uj
(=) * (=) * (=0) * (=0)
=1;1< j< m
9" (vj) = g(Wjvj1) * g(vj
=(—i) (l) (=) * (l)
=1;1<j<m
g (V”) 91 ) * g vl ) * g()'v)") * g(v)'v))
=(l) (l) (=0) * (=0)
=1;1<j<m
g (v ) — ‘g(_ulll_,]]l;—l1 *g(vlll IIII *g(U!H IV) *g(v!H H)
D) * (D) * (=) (=)
=1;1 <j <m
g 0" )= g vV ) = g vl * g vi" ) * g (0] v))
(=) * (=0) * (=0) * (=0)
=1;1<j<m
g W )= g vl )xg@f

vi )+ gy)

vi_1) * g(jv;") * g(vjvy)

nr
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= () (=D * (=) * (=)

=1;1<j<m

g* (UJVI) = g(v}/l V1V+I1 * g(v}/l 17]!/—11 ) * g(y}” UJV ) * g(v]!” vj)
= (=)= (=) * (=) * (=)
=1;1<j<m

Hence We can conclude that C,, X C,, is a V,-magic graph when both m and n are odd as it satisfies vertex
magic labelling on V,. We can also prove this case by labelling each vertex of Cy, x C,,, with i we get g* (v;) =
1; 1 < j < mthroughout the graph in each cycle.

Also we can prove this case by labelling each vertex of C,, x C,, with -1 we get g* (v)) = 1,1 <j<m
throughout the graph in each cycle.
Case 3: Letm be even and n be odd
Let us define g: E(C,, X C,,) — {i,—i,—1}as
g(Wvjy1 ) = iwhenjisodd ; 1< j<m

g1 ) = —iwhenjiseven; 1< j<m
gWjvj,1) = iwhenjisodd ; 1< j<m
gWjvj,1) = —iwhenjiseven; 1<j<m
gW'vjy,) = iwhenjisodd ; 1 <j<m
gWj'vjy,) = —iwhenjiseven; 1<j<m
gvii,) = iwhenjisodd ; 1<j<m
gwvi{, ) = —iwhenjiseven; 1 <j<m
9" vj{,) = iwhenjisodd ; 1< j <m
9" vlY, ) = —iwhenjiseven; 1 <j <m
glyvj)=-1;1<j<m
gjv')=-1;1<j<m
gwj'v")y=-1;1<j<m
gwj"v/)=-1;1<j<m
g/ v)=-1;1<j<m

!
U= -1

-]

-1

Us

Figure 1C¢ X C,4

Now g*:V(C,, X Cn,) = {i,—i,—1}is given by
g (Vj )= Q(Vjvju ) * 9(”j”j—1 ) * g(vjvf ) * g(vjvjlv)
= DD (=D (1)
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=1;1<j<m
9 W)= gWjvjs) * gwjvi_q ) * g(wjvj" ) x g(vjv;)

D (=) * (1D =*(-1)
9" ") = gW'vjt1) * gj'vi_ ) * g(vj'v]" ) x g(vj'v})
DD+ (-1
1<j<
g ") = g v ) * g v ) * g(v]"v]") * g(vj"vj")

ORIGHEIGIYEICHY
1;1<j<m

g 0") = 9 o)+ gl ulty ) ¢ 9oy MV V) % (v )
ORIGORIGIVENCHY

1;1<j<m

So we can say that C,,, X C,, is a V,- magic graph even when m is even and n is odd as it satisfies vertex magic
labelling on V,. Hence from all three cases we can conclude that the Cartesian product C,, X C,, is a V,- magic
graph by satisfying vertex magic labelling on V,.

Case (1):
Both m&n are even ; m=6 and n=4

Figure 2C; % C,

Itis illustrated in the Figure 1
Case (2):

When both m and n are odd.
Letm=5n=7 (C; XC;)
Itis illustrated in the Figure 2
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Figure 3: €4, %X Cs

Case (3) :

When m is even and n is odd.
Let m=4; n=5

It is illustrated in the Figure 3

Theorem: 2.4
Generalized fish graph GF (n, 3) is a V,-magic graph for all n = 4 and n is even.
Proof:
Letn = 4 and nis even.
LetV(GF(n,3)) ={v;: 1 <j <n+2} and
E(GF(n,3)) ={vjvjy, : 1<j<nu vgﬂv’,vgﬂvz,v’vz}

[Vni1 = V15 Vo = ]

Let us define g: E(GF(n,3)) — {i,—i,—1}as
g(vj.1 ) = iwhenjisodd; 1< j<n
g(w;vj1 ) = —iwhenjiseven; 1< j<n
and g(vn,,v") = g(vn,,v?) = g(v'v?) = -1
2 2

Now g*:V((GF(n,3))) — {i,—i,—1}isgiven by
.n
9 (v) = gWjvj41 ) xg(Wj1v); 1 <j < 5

= @D

NS

<j<n

9*(17;“) = g(vgvgﬂ) * g(vg+1vg+2) * g(vgﬂv’) * g(vgﬂvz)

=1(—i) *@O*(D (D

g'v)= g(vgﬂv') «g(v'v?) =1

g = glun,,v?) * gw'v?) = 1
So throughout GF (n, 3) each vertex is equal to the value 1. Hence it admits vertex magic labelling on V.
Thus Generalised Fish graph GF (n, 3) is said to be a V,- magic graph.

Example: 2.5 GF(8,3)

244



Turkish Journal of Computer and Mathematics Education Vol.12 No. 1 (2021), 710-723
Research Article

-1 o ] p
v
U1 -1
-1
v2
—O— -
U8 1 U7 -1 V6

Figure 4 GF(8,3)

Four Leaf Clover Graph
Four leaf Clover graph is formed by the combination of a cycle Cg and a path P,,,,, such that the end vertices of
the path are attached to a vertex of the cycle.

U1

Vs
V13
11
Figure 5
Theorem: 2.6
Four Leaf Clover (FLC) graph is a V,-magic graph.
Proof:

Let V(FLC) ={v;: 1</ < 8}U{up1<i< 2n+1,n> 2,n€ N}and
E(FLC) = {vjvj+1 : 1<) < 8} U {vguy, vgup, + 13U {wjuyyy 1 1<i < 2nl,n> 2}
[Vo = Vg ; Vg = V1 Uznyz = Vg
Let us define g: E(FLC) - {1,—i,—1} as
gW;vjsq ) = i,whenjisodd
g(vjvj4q ) = —i,whenjiseven
g(guy) = —i
IWglpnyq) =im = 2
g(uu; 1) = i,wheniisodd, i<2n+ln > 2
g(u;u; ) = —i,wheniiseven
Now g*: V(FLC) — {i,—i,—1}is given by
g (v) = gWvj41 ) xg(vj_1v;); 1 <j <8
= @O*(-)=1
9 (g) = g(wyvg ) * g(Vguy ) * g(VglUzns1) * g(Ve¥y )
=@ * (=) * (D * (D)
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=1
9 () = g(uuy1) * g(Uiqu i);2< i< 2n
= (D=1
9" (uy) = g(uvg) * g(usuy)
=(D*x@=1
9" (Uzns1) = g(UznUzns1) * 9(Uzns1Vs)
= (D*xMH=1

Thus g"(v;)) =1;1<j<8
gw)=1;1<i< 2n+1
Therefore four Leaf Clover graph is a V,- magic graph as it satisfies vertex magic labeling on V.

Example: FLC

Figure 5

Theorem: 2.6 Double Cone DC,,; n = 3 is a V/,-magic graph.
Proof:Letn > 3
Case (i): nis even
LetV(DC,) = {v;:1 <j < n}u {v',v?} and
E(DC,) = {vjvj;,:1<j<nfu{vlvpl<j<nju{v?v:1<j<n}
[Vn+1 =V Vj1 = Uy
Let us define g: E(DC,) - {i,—i,—1}as

gWjvjy) =14, whenjisodd , 1 <j<n
gWvjy ) = -, whenjiseven,1 <j<n
glyv)=i 1<j<n
gwv?) = —i, 1<j<n

Now g*:V(DC,) — {i,—i,—1}is given by
g°( Vj) = g(”j”j+1 ) * g(”j—ﬂ’j ) * g(UjU}{) * g(vjvz)
=@* (D)@ * (=)
=L1<j<n
g (W) = gwv") * g(wav’) * g(wsv') * - g(vv")
= @*x ()

246



Turkish Journal of Computer and Mathematics Education Vol.12 No. 1 (2021), 710-723

Research Article
=1
9" W?) = g(wv?) * g(v,v?) * g(W3v?) * - % g(v,v?)
(=0) * (=i) * - % (=0)
1

Example: DC_8 L]

2
Figure 6: DCgqg

()

Case (ii): nis odd
LetV(DC,) = {v; : 1 <j < n}u{w!,v?*}and
E(DC) ={vjvj;; :1<j<nju{vty:1<j<njufviy: 1<j<n}
[Vn+1 =15 Vo1 =]

Let us define g: E(DC,) - {i,—i,—1}as
gy =i;1<j<n
glyv')=-1;1<j<n
gyv)=-1;1<j<n

Now g*:V(DC,) — {i,—i,—1}is given by

g (Uj) = g(vjvj+1) * g(vj—lvj) * g(”jvl) * 9(171'17]'2)
O*@O*E=D*(=1)

-1;1<j<n
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g W) = gwwh) * gwav?) -+ x g(vv')
D (D xex (1) * (-1)

-1
g’ W?) = g(wyv?) * g(v,v?) * = * g(v,v?)

= (D * (=D * (1) (1)

= -1
So when n is even, we get the constant value 1 at each vertex and when n is odd, we get the constant value -1 at
each vertex.
Thus DC,is a V,-magic graph as it admits vertex magic labeling on V.

Example: DC_9

V9

’1)2

Figure 9: DC,o
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