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Abstract: A reinfection model with Carrier state for pneumonia was formulated. The boundedness and positiveness of the state 
variables were verified. The local and global stability of the model was established. By the equilibrium analysis the optimal 
values of Susceptible, Infectious, Carrier and Recovery were found. Through the numerical simulations, the flow of S,I,C,R 
and the flow of variables for different set of parameters were studied. 
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1. Introduction  

Mathematicians use different models to analyse the spread of infectious disease. The SICR model was 

developed from the basic SIR model with a carrier state. In the carrier state, the infectious person can spread the 

disease to others without any symptoms. The reinfection model defines as the recovery individuals can be affected 

by the infection again. So the transition of disease passes from the recovery state to the susceptible state. 

Pneumonia is one of the respiratory disease which leads to the limitation of the oxygen and cause the breathing 

difficulty. Pneumonia was being the biggest killer disease among the acute respiratory infection in 2018, on the 

report of National Health Profile (NHP) India. According to UNICEF, in 2018 India is in the second rank in the 

deaths of children under the age of five due to pneumonia. 

Talawar [8] has analysed the stability of SIS epidemic model with vaccination. Li-Ming Cai [5] has studied 

the malaria model with partial immunity to reinfection. Wang [3] has developed an SIS epidemic model with 

saturated and incidence rate. Cyrus G.Ngari [1] has formulated the SI model with the class treatment among 

children for Pneumonia. Fulgensia Kamugisha Mbabazi [2] has investigated the SVECI model with carrier and 

vaccination states for pneumonia. Victor Okhuese [9] has established an reinfection endemic model SEIRUS for 

covid-19. In this paper we formulated the reinfection model with carrier state for pneumonia and analysed the 

model with the different values of parameters as in [4, 6, 7]. 

2. Formulation of the Model 

The SICR reinfection model of Pneumonia is represented by the following system of four ordinary differential 

equations 

𝑑𝑆

𝑑𝑡
=  𝜔 𝑁(𝑡) + 𝛼 𝑅(𝑡) − (𝛽 + 𝜇)𝑆(𝑡)  

𝑑𝐼

𝑑𝑡
= (1 − 𝜎) 𝛽 𝑆(𝑡) − (𝛾 + 𝜇 + 𝑑)𝐼(𝑡)                          (1) 

𝑑𝐶

𝑑𝑡
=  𝜎 𝛽 𝑆(𝑡) − (𝛿 + 𝜇) 𝐶(𝑡)  

𝑑𝑅

𝑑𝑡
=  𝛾 𝐼(𝑡) + 𝛿 𝐶(𝑡) − (𝛼 + 𝜇) 𝑅(𝑡)  

With the initial conditions 𝑆(𝑡), 𝐼(𝑡), 𝐶(𝑡), 𝑅(𝑡) ≥ 0. Also 𝜎, 𝛽, 𝛾, 𝜇, 𝑑, 𝜔, 𝛼, 𝛿 > 0, 
 

                       N(t)=S(t)+I(t)+C(t)+R(t)                                                           (2) 

 

The following figure shows the SICR reinfection model for pneumonia. 
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 Figure 1. Reinfection model for pneumonia 

Where S(t),I(t),C(t),R(t) are the Susceptible, Infectious, Carrier and Recovery state respectively 

and ω - Average birth rate, μ - Average death rate, β  - Infectious rate, σ - Factor of new infection, γ - Recovery 

rate , α - Reinfectious rate, δ - Immunity rate, d - disease induced death rate, N(t) – Total Population. 

3. Boundedness and Positiveness  

First we prove the Positiveness of the variables, 

From (1), 
𝑑𝑆

𝑑𝑡
 ≥  −(𝛽 + 𝜇) 𝑆 

(3) 

𝑑𝐼

𝑑𝑡
 ≥  −(𝛾 + 𝜇 + 𝑑) 𝐼 

(4) 

𝑑𝐶

𝑑𝑡
≥  −(𝛿 + 𝜇) 𝐶 

(5) 

𝑑𝑅

𝑑𝑡
 ≥  −(𝛼 + 𝜇) 𝑅 

(6) 

From (3), 
1

𝑆
 𝑑𝑆 ≥  −(𝛽 + 𝜇) 𝑑𝑡 

Integrating on both the sides with respect to t, 

∫
1

𝑆
 𝑑𝑆

𝑡

0

 ≥  −(𝛽 + 𝜇)∫ 𝑑𝑡
𝑡

0

 

𝑆(𝑡) ≥ 𝑆(0)𝑒−(𝛽+𝜇)𝑡 

𝑆(𝑡) ≥ 0, 𝑎𝑠 𝑆(0) ≥ 0 

From (4), 
1

𝐼
 𝑑𝐼 ≥  −(𝛾 + 𝜇 + 𝑑) 𝑑𝑡 

Integrating on both the sides with respect to t, 

∫
1

𝐼
 𝑑𝐼

𝑡

0

 ≥  −(𝛾 + 𝜇 + 𝑑)∫ 𝑑𝑡
𝑡

0

 

𝐼(𝑡) ≥ 𝐼(0)𝑒−(𝛾+𝜇+𝑑)𝑡 

𝐼(𝑡) ≥ 0, 𝑎𝑠 𝐼(0) ≥ 0 

From (5), 

1

𝐶
 𝑑𝐶 ≥  −(𝛿 + 𝜇) 𝑑𝑡 

Integrating on both the sides with respect to t, 

∫
1

𝐶
 𝑑𝐶

𝑡

0

 ≥  −(𝛿 + 𝜇)∫ 𝑑𝑡
𝑡

0

 

𝐶(𝑡) ≥ 𝐶(0)𝑒−(𝛿+𝜇)𝑡 

𝐶(𝑡) ≥ 0, 𝑎𝑠 𝐶(0) ≥ 0 
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From (6), 
1

𝑅
 𝑑𝑅 ≥  −(𝛼 + 𝜇) 𝑑𝑡 

Integrating on both the sides with respect to t, 

∫
1

𝑅
 𝑑𝑅

𝑡

0

 ≥  −(𝛼 + 𝜇)∫ 𝑑𝑡
𝑡

0

 

𝑅(𝑡) ≥ 𝑅(0)𝑒−(𝛼+𝜇)𝑡 

𝑅(𝑡) ≥ 0, 𝑎𝑠 𝑅(0) ≥ 0 

Hence we proved the positiveness of the state variables S, I, C and R. 

Let us proceed with the boundedness of the variables, 

From (2),  

𝑁 = 𝑆 + 𝐼 + 𝐶 + 𝑅 

Differentiating on both the sides with respect to t, 
𝑑𝑁

𝑑𝑡
=  
𝑑𝑆

𝑑𝑡
+ 
𝑑𝐼

𝑑𝑡
+ 
𝑑𝐶

𝑑𝑡
+ 
𝑑𝑅

𝑑𝑡
 

𝑑𝑁

𝑑𝑡
≤  𝜔 𝑁 −  𝜇 𝑁 

1

𝑁
 𝑑𝑁 ≤ (𝜔 − 𝜇) 𝑑𝑡 

Integrating on both the sides with respect to t, 

∫
1

𝑁
 𝑑𝑁 ≤ (𝜔 − 𝜇)∫𝑑𝑡

𝑡

0

𝑡

0

 

𝑁(𝑡)  ≤ 𝑁(0)𝑒(𝜔−𝜇)𝑡 

Hence, 𝑁(𝑡) is bounded by a positive integer. 

As 𝑆, 𝐼, 𝐶, 𝑅 are positive and 𝑁 = 𝑆 + 𝐼 + 𝐶 + 𝑅, we conclude that 𝑆, 𝐼. 𝐶. 𝑅 are bounded. 

4. Equilibrium Analysis  

 The steady states are 𝐺0(0,0,0,0), 𝐺1(𝑆̅, 𝐼,̅ 0,0), 𝐺2(𝑆̅, 0, 𝐶̅, 0), 𝐺3(𝑆̅, 0, 0, �̅�), 𝐺4(𝑆
′, 𝐼′, 𝐶′, 0) and 𝐺5(𝑆

∗, 𝐼∗, 𝐶∗, 𝑅∗) 

Case 1: Trivial steady state 𝐺0(0,0,0,0) exists always 

Case 2: (i) For 𝐺1(𝑆̅, 𝐼,̅ 0,0) 

Let 𝑆̅, 𝐼 ̅ be the positive solutions of  
𝑑𝑆

𝑑𝑡
= 0 𝑎𝑛𝑑  

𝑑𝐼

𝑑𝑡
= 0 

From (1), 

𝑆̅ =  
𝜔 𝑁

(𝛽 + 𝜇)
       (7) 

From (1), 

(𝛾 + 𝜇 + 𝑑)𝐼 ̅ = (1 − 𝜎) 𝛽𝑆̅ 

Using (7), we have 

𝐼 ̅ =  
(1 − 𝜎)𝛽𝜔𝑁

(𝛽 + 𝜇)(𝛾 + 𝜇 + 𝑑)
 

∴ 𝐺1(𝑆̅, 𝐼,̅ 0,0) =  𝐺1(
𝜔𝑁

(𝛽 + 𝜇)
,

(1 − 𝜎)𝛽𝜔𝑁

(𝛽 + 𝜇)(𝛾 + 𝜇 + 𝑑)
, 0,0) 

(ii) For 𝐺2(𝑆̅, 0, 𝐶̅, 0) 

Let 𝑆̅, 𝐶̅  be the positive solutions of  
𝑑𝑆

𝑑𝑡
= 0 𝑎𝑛𝑑  

𝑑𝐶

𝑑𝑡
= 0 

From (1), 

                                                𝑆̅ =  
𝜔 𝑁

(𝛽 + 𝜇)
 (8) 

  

From (1), 

𝐶̅ =
𝜎𝛽𝑆̅

(𝜇 + 𝛿)
 

Using (8), we have 

𝐶̅ =
𝜎𝛽𝜔𝑁

(𝛽 + 𝜇)(𝜇 + 𝛿)
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∴ 𝐺2(𝑆̅, 0, 𝐶̅, 0) = 𝐺2(
𝜔 𝑁

(𝛽 + 𝜇)
, 0,

𝜎𝛽𝜔𝑁

(𝛽 + 𝜇)(𝜇 + 𝛿)
, 0) 

 

(iii) For 𝐺3(𝑆̅, 0, 0, �̅�) 

Let 𝑆̅, �̅�  be the positive solutions of
𝑑𝑆

𝑑𝑡
= 0 𝑎𝑛𝑑  

𝑑𝑅

𝑑𝑡
= 0 

From (1), 

                                                                  �̅� = 0 (9) 

From (1), 

𝑑𝑆

𝑑𝑡
= 0 ⇒  𝜔𝑁 + 𝛼�̅� − (𝛽 + 𝜇)𝑆̅ = 0 

Using (9), we have 

𝑆̅ =  
𝜔 𝑁

(𝛽 + 𝜇)
 

∴ 𝐺3(𝑆̅, 0, 0, �̅�) =  𝐺3(
𝜔 𝑁

(𝛽 + 𝜇)
, 0,0,0) 

Case 3: For 𝐺4(𝑆
′, 𝐼′, 𝐶′, 0) 

Let 𝑆̅, 𝐼,̅ 𝐶̅  be the positive solutions of 
𝑑𝑆

𝑑𝑡
= 0,

𝑑𝐼

𝑑𝑡
= 0 𝑎𝑛𝑑 

𝑑𝐶

𝑑𝑡
= 0 

From (1), 

 

From (1), 

𝐼′ = 
(1 − 𝜎)𝛽𝑆′

(𝛾 + 𝜇 + 𝑑)
 

Using (10), we have 

𝐼′ = 
(1 − 𝜎)𝛽𝜔𝑁

(𝛽 + 𝜇)(𝛾 + 𝜇 + 𝑑)
 

From (1), 

𝐶′ = 
𝜎𝛽𝑆′

(𝛿 + 𝜇)
 

Using (10), we have 

 

∴  𝐺4(𝑆
′, 𝐼′, 𝐶′, 0) =  𝐺4(

𝜔 𝑁

(𝛽 + 𝜇)
,

(1 − 𝜎)𝛽𝜔𝑁

(𝛽 + 𝜇)(𝛾 + 𝜇 + 𝑑)
,

𝜎𝛽𝜔𝑁

(𝛿 + 𝜇)(𝛽 + 𝜇)
, 0 ) 

Case 4:For 𝐺5(𝑆
∗, 𝐼∗, 𝐶∗, 𝑅∗) 

Let 𝑆∗, 𝐼∗, 𝐶∗, 𝑅∗ be the positive solutions of 
𝑑𝑆

𝑑𝑡
= 0,

𝑑𝐼

𝑑𝑡
= 0,

𝑑𝐶

𝑑𝑡
= 0 𝑎𝑛𝑑 

𝑑𝑅

𝑑𝑡
= 0 

From (1), 

 

 

 

 

𝛾𝐼∗ +  𝛿𝐶∗ − (𝛼 + 𝜇)𝑅∗ = 0 

Using (12), (13), (14) we have 

𝑆∗ =  𝜔𝑁 [
1

(𝛽 + 𝜇)
−
(𝛼 + 𝜇)(𝛾 + 𝜇 + 𝑑)

(1 − 𝜎)𝛾𝛽𝛼
− 
(𝛼 + 𝜇)(𝜇 + 𝛿)

𝛼𝜎𝛽𝛿
] (15) 

Using (15) in (13) 

𝐼∗ =  𝜔𝑁 [
(1 − 𝜎)𝛽

(𝛾 + 𝜇 + 𝑑)(𝛽 + 𝜇)
−
(𝛼 + 𝜇)

𝛾𝛼
− 
(𝛼 + 𝜇)(𝜇 + 𝛿)(1 − 𝜎)

𝛼𝜎𝛿(𝛾 + 𝜇 + 𝑑)
]  

 

𝑆̅ =  
𝜔 𝑁

(𝛽 + 𝜇)
 (10) 

𝐶′ = 
𝜎𝛽𝜔𝑁

(𝛿 + 𝜇)(𝛽 + 𝜇)
 (11) 

𝑅∗ = 
(𝛽 + 𝜇)𝑆∗ −  𝜔𝑁

𝛼
 (12) 

𝐼∗ = 
(1 − 𝜎)𝛽𝑆∗

(𝛾 + 𝜇 + 𝑑)
 (13) 

𝐶∗ = 
𝜎𝛽𝑆∗

(𝛿 + 𝜇)
 (14) 
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Using (15) in (14) 

𝐶∗ =  𝜎𝛽𝜔𝑁 [
1

(𝛿 + 𝜇)(𝛽 + 𝜇)
−
(𝛼 + 𝜇)(𝛾 + 𝜇 + 𝑑)

(1 − 𝜎)(𝛿 + 𝜇)𝛾𝛽𝛼
− 
(𝛼 + 𝜇)

𝛼𝜎𝛽𝛿
]  

 

Using (15) in (12) 

𝑅∗ = −
𝜔𝑁(𝛼 + 𝜇)(𝛽 + 𝜇)

𝛼2𝛽
[
(𝛾 + 𝜇 + 𝑑)

(1 − 𝜎)𝛾
+ 
(𝜇 + 𝛿)

𝜎𝛿
]  

Hence, the endemic equilibrium is 

𝐺5(𝑆
∗, 𝐼∗, 𝐶∗, 𝑅∗) = (𝜔𝑁 [

1

(𝛽+𝜇)
−
(𝛼+𝜇)(𝛾+𝜇+𝑑)

(1−𝜎)𝛾𝛽𝛼
− 

(𝛼+𝜇)(𝜇+𝛿)

𝛼𝜎𝛽𝛿
],  

 𝜔𝑁 [
(1−𝜎)𝛽

(𝛾+𝜇+𝑑)(𝛽+𝜇)
−
(𝛼+𝜇)

𝛾𝛼
− 

(𝛼+𝜇)(𝜇+𝛿)(1−𝜎)

𝛼𝜎𝛿(𝛾+𝜇+𝑑)
], 𝜎𝛽𝜔𝑁 [

1

(𝛿+𝜇)(𝛽+𝜇)
−

(𝛼+𝜇)(𝛾+𝜇+𝑑)

(1−𝜎)(𝛿+𝜇)𝛾𝛽𝛼
− 

(𝛼+𝜇)

𝛼𝜎𝛽𝛿
], 

−
𝜔𝑁(𝛼+𝜇)(𝛽+𝜇)

𝛼2𝛽
[
(𝛾+𝜇+𝑑)

(1−𝜎)𝛾
+ 

(𝜇+𝛿)

𝜎𝛿
]) 

5. Local Stability 

By the Routh-Hurwitz criteria, we find the local stability of (1).  

The Jacobian matrix for the system (1) is 

                            (

−(𝛽 + 𝜇) 0 0 𝛼

(1 − 𝜎)𝛽 −(𝛾 + 𝜇 + 𝑑) 0 0
𝜎𝛽 0 −(𝛿 + 𝜇) 0

0 𝛾 𝛿 −(𝛼 + 𝜇)

)    (16) 

When 
𝑑𝑆

𝑑𝑡
= 0, 

−(𝛽 + 𝜇) =  −
𝜔𝑁 + 𝛼𝑅

𝑆
 

 
    (17) 

When 
𝑑𝐼

𝑑𝑡
= 0, 

−(𝛾 + 𝜇 + 𝑑) =  −
(1 − 𝜎)𝛽𝑆

𝐼
 

 
(18) 

When 
𝑑𝐶

𝑑𝑡
= 0 

−(𝛿 + 𝜇) =  −
𝜎𝛽𝑆

𝐶
 

 
                                                        (19) 

When 
𝑑𝑅

𝑑𝑡
= 0 

−(𝛼 + 𝜇) =  −
𝛾𝐼 + 𝛿𝐶

𝑅
 

 
                                                       (20) 

At the interior equlilibrium (16) becomes 

(

 
 
 
 

−
(𝜔𝑁+𝛼𝑅)

𝑆
0 0 𝛼

(1 − 𝜎)𝛽
−(1−𝜎)𝛽𝑆

𝐼
0 0

𝜎𝛽 0
−(𝜎𝛽𝑆)

𝐶
0

0 𝛾 𝛿
−(𝛾𝐼+𝛿𝐶)

𝑅 )

 
 
 
 

                          (21) 

The characteristic equation of (21) is given by 
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|

|

−
(𝜔𝑁+𝛼𝑅)

𝑆
− 𝜆 0 0 𝛼

(1 − 𝜎)𝛽
−(1−𝜎)𝛽𝑆

𝐼
− 𝜆 0 0

𝜎𝛽 0
−(𝜎𝛽𝑆)

𝐶
− 𝜆 0

0 𝛾 𝛿
−(𝛾𝐼+𝛿𝐶)

𝑅
− 𝜆

|

|

 = 0 

⇒𝜆4 + (
𝜔𝑁

𝑆
+
(1−𝜎)𝛽𝑆

𝐼
+
𝛾𝐼

𝑅
+
𝛿𝐶

𝑅
+
𝜎𝛽𝑆

𝐶
) 𝜆3 + (

(1−𝜎)𝛽𝜔𝑁

𝐼
+
𝛾𝐼𝜔𝑁

𝑆𝑅
+
𝛿𝐶𝜔𝑁

𝑆𝑅
+
𝜎𝛽𝜔𝑁

𝐶
+
(1−𝜎)𝛽𝛾𝑆

𝑅
+
(1−𝜎)𝛿𝛽𝑆𝐶

𝐼𝑅
+

(1−𝜎)𝜎𝛽2𝑆2

𝐼𝐶
+
𝜎𝛽𝛾𝑆𝐼

𝐶𝑅
+
𝜎𝛽𝛿𝑆

𝑅
) 𝜆2 + ((1 − 𝜎)𝛽𝛾𝜔𝑁 +

(1−𝜎)𝛿𝛽𝐶𝜔𝑁

𝐼𝑅
+
(1−𝜎)𝜎𝛽2𝑆𝜔𝑁

𝐼𝐶
+
𝜎𝛽𝛾𝐼𝜔𝑁

𝐶𝑅
+
𝜎𝛽𝛿𝜔𝑁

𝑅
+

(1−𝜎)𝜎𝛽2𝑆2𝛾

𝐶𝑅
+
(1−𝜎)𝜎𝛽2𝑆2𝛿

𝐼𝑅
− (1 − 𝜎)𝛽𝛼𝛾 + 𝛼𝛿𝜎𝛽)𝜆 +

(1−𝜎)𝜎𝛽2𝛾𝑆𝜔𝑁

𝐶𝑅
+
(1−𝜎)𝜎𝛽2𝑆𝛿𝜔𝑁

𝐼𝑅
+
(1−𝜎)𝛼𝜎𝛽2𝛾𝑆

𝐶
+

(1−𝜎)𝜎𝛽2𝛿𝛼𝑆

𝐼
= 0       (22) 

Comparing (22) with 𝑆4 + 𝐴𝑆3 + 𝐵𝑆2 + 𝐶𝑆 + 𝐷 = 0, 

Where  𝐴 =  
𝜔𝑁

𝑆
+
(1−𝜎)𝛽𝑆

𝐼
+
𝛾𝐼

𝑅
+
𝛿𝐶

𝑅
+
𝜎𝛽𝑆

𝐶
 

𝐵 =
(1 − 𝜎)𝛽𝜔𝑁

𝐼
+
𝛾𝐼𝜔𝑁

𝑆𝑅
+
𝛿𝐶𝜔𝑁

𝑆𝑅
+
𝜎𝛽𝜔𝑁

𝐶
+
(1 − 𝜎)𝛽𝛾𝑆

𝑅
+
(1 − 𝜎)𝛿𝛽𝑆𝐶

𝐼𝑅
+
(1 − 𝜎)𝜎𝛽2𝑆2

𝐼𝐶
+
𝜎𝛽𝛾𝑆𝐼

𝐶𝑅

+
𝜎𝛽𝛿𝑆

𝑅
 

𝐶 = (1 − 𝜎)𝛽𝛾𝜔𝑁 +
(1 − 𝜎)𝛿𝛽𝐶𝜔𝑁

𝐼𝑅
+
(1 − 𝜎)𝜎𝛽2𝑆𝜔𝑁

𝐼𝐶
+
𝜎𝛽𝛾𝐼𝜔𝑁

𝐶𝑅
+
𝜎𝛽𝛿𝜔𝑁

𝑅
+
(1 − 𝜎)𝜎𝛽2𝑆2𝛾

𝐶𝑅

+
(1 − 𝜎)𝜎𝛽2𝑆2𝛿

𝐼𝑅
− (1 − 𝜎)𝛽𝛼𝛾 + 𝛼𝛿𝜎𝛽 

𝐷 =
(1 − 𝜎)𝜎𝛽2𝛾𝑆𝜔𝑁

𝐶𝑅
+
(1 − 𝜎)𝜎𝛽2𝑆𝛿𝜔𝑁

𝐼𝑅
+
(1 − 𝜎)𝛼𝜎𝛽2𝛾𝑆

𝐶
+
(1 − 𝜎)𝜎𝛽2𝛿𝛼𝑆

𝐼
 

By the Routh-Hurwitz criteria, the system is locally stable for 𝑆4 + 𝐴𝑆3 + 𝐵𝑆2 + 𝐶𝑆 + 𝐷 = 0 if and only if 𝐴 >

0, 𝐷 > 0, 𝐴𝐵 − 𝐶 > 0, 𝐶(𝐴𝐵 − 𝐶) − 𝐴2𝐷 > 0 

Here 𝐴 > 0;𝐷 > 0; 𝐴𝐵 − 𝐶 > 0;  𝐶(𝐴𝐵 − 𝐶) − 𝐴2𝐷 > 0 as (1 − 𝜎) is positive. 

Hence the system (1) is locally stable. 

6. Global Stability 

To find the global stability at (𝑆∗, 𝐼∗, 𝐶∗, 𝑅∗), we construct the following Lyapunov function. 

𝑉(𝑆, 𝐼, 𝐶, 𝑅) = [(𝑆 − 𝑆∗) − 𝑆∗ ln
𝑆

𝑆∗
] + 𝑙1 [(𝐼 − 𝐼

∗) − 𝐼∗ ln
𝐼

𝐼∗
] + 𝑙2 [(𝐶 − 𝐶

∗) − 𝐶∗ ln
𝐶

𝐶∗
] 

                                                   +𝑙3 [(𝑅 − 𝑅
∗) − 𝑅∗ ln

𝑅

𝑅∗
]                   (23) 

Differentiate (23) with respect to t, 

𝑑𝑉

𝑑𝑡
=  (

𝑆 − 𝑆∗

𝑆
)
𝑑𝑆

𝑑𝑡
+ 𝑙1 (

𝐼 − 𝐼∗

𝐼
)
𝑑𝐼

𝑑𝑡
+ 𝑙2 (

𝐶 − 𝐶∗

𝐶
)
𝑑𝐶

𝑑𝑡
+ 𝑙3 (

𝑅 − 𝑅∗

𝑅
)
𝑑𝑅

𝑑𝑡
 

Using the model equations (1), 

𝑑𝑉

𝑑𝑡
=  (

𝑆 − 𝑆∗

𝑆
) [𝜔𝑁 + 𝛼𝑅 − (𝛽 + 𝜇)𝑆] + 𝑙1 (

𝐼 − 𝐼∗

𝐼
) [(1 − 𝜎)𝛽𝑆 − (𝛾 + 𝜇 + 𝑑)𝐼]

+ 𝑙2 (
𝐶 − 𝐶∗

𝐶
) [𝜎𝛽𝑆 − (𝛿 + 𝜇)𝐶] + 𝑙3 (

𝑅 − 𝑅∗

𝑅
) [𝛾𝐼 + 𝛿𝐶 − (𝛼 + 𝜇)𝑅] 

        = (𝑆 − 𝑆∗) [
𝜔𝑁 + 𝛼𝑅

𝑆
− (𝛽 + 𝜇)] + 𝑙1(𝐼 − 𝐼

∗) [
(1 − 𝜎)𝛽𝑆

𝐼
− (𝛾 + 𝜇 + 𝑑)] 
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                                +𝑙2(𝐶 − 𝐶
∗) [

𝜎𝛽𝑆

𝐶
− (𝛿 + 𝜇)] + 𝑙3(𝑅 − 𝑅∗) [

𝛾𝐼+𝛿𝐶

𝑅
− (𝛼 + 𝜇)] 

At (𝑆∗, 𝐼∗, 𝐶∗, 𝑅∗), we have 

𝑑𝑉

𝑑𝑡
=  (𝑆 − 𝑆∗) [

𝜔𝑁 + 𝛼𝑅

𝑆
− (
𝜔𝑁 + 𝛼𝑅∗

𝑆∗
)]+𝑙1(𝐼 − 𝐼

∗) [
(1 − 𝜎)𝛽𝑆

𝐼
−
(1 − 𝜎)𝛽𝑆∗

𝐼∗
] 

                                +𝑙2(𝐶 − 𝐶
∗) [

𝜎𝛽𝑆

𝐶
−
𝜎𝛽𝑆∗

𝐶∗
] + 𝑙3(𝑅 − 𝑅∗) [

𝛾𝐼+𝛿𝐶

𝑅
−
𝛾𝐼∗+𝛿𝐶∗

𝑅∗
] 

Choosing 𝑙1 =
1

(1−𝜎)𝛽
 , 𝑙2 =

1

𝜎𝛽
 , 𝑙3 =

1

𝛾𝛿
 

        =  (𝑆 − 𝑆∗)𝜔𝑁 [
1

𝑆
−
1

𝑆∗
] + (𝑆 − 𝑆∗) 𝛼 [

𝑅

𝑆
−
𝑅∗

𝑆∗
] + (𝐼 − 𝐼∗)

(1 − 𝜎)𝛽

(1 − 𝜎)𝛽
[
𝑆

𝐼
−
𝑆∗

𝐼∗
] + (𝐶 − 𝐶∗)

𝜎𝛽

𝜎𝛽
[
𝑆

𝐶
−
𝑆∗

𝐶∗
]

+
(𝑅 − 𝑅∗)𝛾

𝛾𝛿
[
𝐼

𝑅
−
𝐼∗

𝑅∗
] +

(𝑅 − 𝑅∗)𝛿

𝛾𝛿
[
𝐶

𝑅
−
𝐶∗

𝑅∗
] 

        = (𝑆 − 𝑆∗)𝜔𝑁 [
𝑆∗−𝑆

𝑆𝑆∗
] + (𝑆 − 𝑆∗) 𝛼 [

𝑅𝑆∗−𝑆𝑅∗

𝑆𝑆∗
] + (𝐼 − 𝐼∗) [

𝑆𝐼∗−𝐼𝑆∗

𝐼𝐼∗
] 

+(𝐶 − 𝐶∗) [
𝑆𝐶∗ − 𝐶𝑆∗

𝐶𝐶∗
] + (𝑅 − 𝑅∗) [

𝐼𝑅∗ − 𝑅𝐼∗

𝑅𝑅∗
] + (𝑅 − 𝑅∗) [

𝐶𝑅∗ − 𝑅𝐶∗

𝑅𝑅∗
] 

        = −
𝜔𝑁(𝑆 − 𝑆∗)2

𝑆𝑆∗
+
𝛼

𝑆𝑆∗
(𝑅𝑆𝑆∗ − 𝑆2𝑅∗ − 𝑅𝑆∗2 + 𝑆𝑆∗𝑅∗) +

1

𝐼𝐼∗
(𝑆𝐼𝐼∗ − 𝑆∗𝐼2 − 𝑆𝐼∗2 + 𝑆∗𝐼𝐼∗)

+  
1

𝐶𝐶∗
(𝑆𝐶𝐶∗ − 𝑆∗𝐶2 + 𝑆𝐶∗2 + 𝑆∗𝐶𝐶∗) +

1

𝛿𝑅𝑅∗
(𝐼𝑅𝑅∗ − 𝐼∗𝑅2 − 𝐼𝑅∗2 + 𝐼∗𝑅𝑅∗)

+
1

𝛾𝑅𝑅∗
(𝐶𝑅𝑅∗ − 𝐶∗𝑅2 + 𝐶𝑅∗2 + 𝐶∗𝑅𝑅∗) 

         = −
𝜔𝑁(𝑆−𝑆∗)2

𝑆𝑆∗
+ 𝛼 (𝑅 − (

𝑅𝑆∗

𝑆
+
𝑅∗𝑆

𝑆∗
) + 𝑅∗) + (𝑆 −

𝑆∗𝐼

𝐼∗
−
𝑆𝐼∗

𝐼
+ 𝑆∗) + (𝑆 −

𝑆∗𝐶

𝐶∗
−
𝑆𝐶∗

𝐶
+ 𝑆∗) 

                                +
1

𝛿
(𝐼 −

𝐼∗𝑅

𝑅∗
−
𝐼𝑅∗

𝑅
+ 𝐼∗) +

1

𝛾
(𝐶 −

𝐶∗𝑅

𝑅∗
−
𝐶𝑅∗

𝑅
+ 𝐶∗) 

         = −
𝜔𝑁(𝑆 − 𝑆∗)2

𝑆𝑆∗
+ 𝛼 ((𝑅 + 𝑅∗) − (

𝑅𝑆∗

𝑆
+
𝑅∗𝑆

𝑆∗
)) + (𝑆 + 𝑆∗) − (

𝑆𝐼∗

𝐼
+
𝑆∗𝐼

𝐼∗
) 

                       +(𝑆 + 𝑆∗) − (
𝑆∗𝐶

𝐶∗
+
𝑆𝐶∗

𝐶
) +

1

𝛿
((𝐼 + 𝐼∗) − (

𝐼∗𝑅

𝑅∗
+
𝐼𝑅∗

𝑅
)) +

1

𝛾
((𝐶 + 𝐶∗) − (

𝐶∗𝑅

𝑅∗
+
𝐶𝑅∗

𝑅
)) 

Hence, 
𝑑𝑉

𝑑𝑡
< 0, as all the terms in R.H.S. are negative. 

From, Lyapunov theorem the system (1) is globally asymptotically stable. 

7. Numerical Analysis  

For numerical simulations we consider the values of the parameters as: 

𝜎 = 0.338, 𝛽 = 0.16, 𝛾 = 0.0238, 𝜇 = 0.0199, 𝑑 = 0.33, 𝜔 = 0.0488, 𝛼 = 0.2, 𝛿 = 0.025 
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Figure 2. Flow of variables with respect to time t 

 

 
Figure 3. Susceptible class for different values of  β 

 

 Figure 4. Infectious class for different values of σ 

 

 Figure 5.  Carrier state for different values of δ 
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 Figure 6. Recovered state for different values of α 

Figure (2) shows the flow of Susceptible, Infectious, Carrier and Recovery class with respect to time for the 

reinfection Pneumonia model. From figure (3) ,the susceptible individuals decreases whenever the infectious rate 

increases and figure (4) clears that the infectious individuals increases whenever there is decrease in the factor of 

new infection. It is clear from figure (5) that as the immunity rate increases, the individuals in carrier state 

decreases and from figure (6) as the reinfection rate increases, the recovered individuals decreases. 

8. Conclusion  

A reinfection model with carrier state for pneumonia was formulated. The boundedness and positiveness of 

the state variables were verified. The optimal values of S, I, C, R were derived by equlibrium analysis. The model 

exhibits the local stability an global asymptotic stability behaviour under the suitable conditions. By the numerical 

simulations, it is clear that the flow of variables is stable for selected set of parameters. 
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