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Abstract: Strong diminution and strong dependability relation of fuzzy automata (FA) are introduced and prove that strong 

dependability relation is an equivalence relation and congruence relation. 
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1 Introduction 

Fuzzy sets was introduced by Zadeh in 1965[4] and it is used in many applications. Fuzzy automaton was 

introduced by Wee [3]. In this paper, strong diminution and strong dependability relation of FA are introduced and 

prove that strong dependability is an equivalence relation and congruence relation in FA. 

 

 

2 Preliminaries 

 

2.1 Definition [2] 

A fuzzy automata is 𝐹 = (𝑇, 𝐼, 𝛽) where, 

 𝑇 − set of states 

𝐼 − set of input symbols 

𝛽 − fuzzy transition function in 𝑇 × 𝐼 × 𝑇 → [0,1] 
 

𝟐. 𝟐  Definition [𝟐] 
Let 𝐹 = (𝑇, 𝐼, 𝛽)  
 

𝟐. 𝟑  Definition [𝟏] 
Let Θ = 𝑡1, 𝑡2, … , 𝑡𝑟 be a partition of 𝑇 such that if 𝛽(𝑡𝑎, 𝑦, 𝑡𝑏) > 0 for some 𝑦 ∈ 𝐼 then 𝑡𝑎 ∈ 𝑡𝑠 and 𝑡𝑏 ∈ 𝑡𝑠+1. 

Then Θ is periodic of order 𝑟 ≥ 2. FA 𝐹 is periodic of period 𝑟 ≥ 2 iff 𝑟 = Maxcard⁡(Θ) and max. is taken from 

all partitions Θ of 𝐹 otherwise 𝐹 is aperiodic. 

 

2.4      Definition [2] 

Let 𝐹 = (𝑇, 𝐼, 𝛽) be FA. A relation 𝑅 on a set 𝑇 is an equivalence relation if it is reflexive, symmetric and 

transitive. 

 

𝟐. 𝟓  Definition [𝟑] 
Let 𝐹 = (𝑇, 𝐼, 𝛽) be FA. An equivalence relation 𝑅 on a set 𝑇 is said to be congruence relation if ∀𝑡𝑎, 𝑡𝑏 ∈ 𝑇 

and 𝑦 ∈ 𝐼, 𝑡𝑎𝑅𝑡𝑏 implies that then there exists 𝑡𝑙 , 𝑡𝑘 ∈ 𝑇 such that 𝛽(𝑡𝑎, 𝑦, 𝑡𝑙) > 0, 𝛽(𝑡𝑏 , 𝑦, 𝑡𝑘) > 0 

Note. Throughout this paper we consider deterministic, strongly connected and aperiodic FA. 

 

3 Properties of Strong Relations of Fuzzy automata 

 

𝟑. 𝟏  Definition  

Let 𝐹 = (𝑇, 𝐼, 𝛽) be FA. If 𝑡𝑎 and 𝑡𝑏 , 𝑡𝑎, 𝑡𝑏 ∈ 𝑇 are called strong diminution relation, denoted by 𝑡𝑎Υ𝑡𝑏 if exists 

a string 𝑧 ∈ 𝐼∗, 𝑡𝑘 ∈ 𝑇, 𝜈 ∈ [0,1] such that 𝛽(𝑡𝑎, 𝑧, 𝑡𝑘) = 𝜈 > 0 ⇔ 𝛽(𝑡𝑏 , 𝑧, 𝑡𝑘) = 𝜈 > 0 

 
𝟑. 𝟐  Example  

Let 𝐹 = (𝑇, 𝐼, 𝛽) be FA, where 𝑇 = {𝑡1, 𝑡2, 𝑡3, 𝑡4}, 𝐼 = {𝑦, 𝑧}, and 𝛽 are defined as below. 𝛽(𝑡1, 𝑦, 𝑡4) =
0.6, ⁡𝛽(𝑡1, 𝑧, 𝑡2) = 0.3 

𝛽(𝑡2, 𝑦, 𝑡3) = 0.5, ⁡𝛽(𝑡2, 𝑧, 𝑡4) = 0.2 
𝛽(𝑡3, 𝑦, 𝑡2) = 0.5, ⁡𝛽(𝑡3, 𝑧, 𝑡4) = 0.2 
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𝛽(𝑡4, 𝑦, 𝑡1) = 0.6, ⁡𝛽(𝑡4, 𝑧, 𝑡3) = 0.3 
The states 𝑡2 and 𝑡3 are strong diminution, since 𝛽(𝑡2, 𝑦𝑧, 𝑡4) = 0.2 > 0 ⇔ 𝛽(𝑡3, 𝑦𝑧, 𝑡4) = 0.2 > 0. 

 

3.3 Definition 

Let 𝐹 = (𝑇, 𝐼, 𝛽) be FA. Two states 𝑡𝑎 and 𝑡𝑏 are said to be strong dependability related, denoted by 𝑡𝑎Ω𝑡𝑏 if 

for any string 𝑧1 ∈ 𝐼∗ there exists a string 𝑧2 ∈ 𝐼∗, 𝑡𝑘 ∈ 𝑇, 𝜈 ∈ [0,1] such that 

𝛽(𝑡𝑎, 𝑧1𝑧2, 𝑡𝑘) = 𝜈 > 0 ⇔ 𝛽(𝑡𝑗 , 𝑧1𝑧2, 𝑡𝑘) = 𝜈 > 0 

 

3.4 Example 

Let 𝐹 = (𝑇, 𝐼, 𝛽) be FA, where  

𝑇 = {𝑡1, 𝑡2, 𝑡3, 𝑡4}, 𝐼 = {𝑦, 𝑧}, and 𝛽 are defined as below.  

𝛽(𝑡1, 𝑦, 𝑡4) = 0.3, ⁡𝛽(𝑡1, 𝑧, 𝑡2) = 0.5 
𝛽(𝑡2, 𝑦, 𝑡3) = 0.2, ⁡𝛽(𝑡2, 𝑧, 𝑡4) = 0.3 
𝛽(𝑡3, 𝑦, 𝑡2) = 0.2, ⁡𝛽(𝑡3, 𝑧, 𝑡4) = 0.5 
𝛽(𝑡4, 𝑦, 𝑡1) = 0.3, ⁡𝛽(𝑡4, 𝑧, 𝑡3) = 0.3 

For any string 𝑤 ∈ 𝐼∗, there exists a string 𝑦𝑧𝑧 ∈ 𝐼∗ such that  

𝛽(𝑡1, 𝑤𝑦𝑧𝑧, 𝑡𝑘) = 𝜈 > 0 ⇔ 𝛽(𝑡4, 𝑤𝑦𝑧𝑧, 𝑡𝑘) = 𝜈 > 0 and 

𝛽(𝑡2, 𝑤𝑦𝑧𝑧, 𝑡𝑙) = 𝜈 > 0 ⇔ 𝛽(𝑡3, 𝑤𝑦𝑧𝑧, 𝑡𝑙) = 𝜈 > 0 

The states 𝑡1, 𝑡4 and 𝑡2, 𝑡3 are strong dependability related. 

 

3.5 Remark 

(i) Strong diminution relation is not an equivalence relation in FA. Since transitive relation does not exists. 

 

3.6 Example 

Let 𝐹 = (𝑇, 𝐼, 𝛽) be FA, where  

𝑇 = {𝑡1, 𝑡2, 𝑡3, 𝑡4}, 𝐼 = {𝑦, 𝑧} and 𝛽 are defined as below.  

𝛽(𝑡1, 𝑦, 𝑡3) = 0.3, ⁡𝛽(𝑡1, 𝑧, 𝑡1) = 0.5 
𝛽(𝑡2, 𝑦, 𝑡1) = 0.7, ⁡𝛽(𝑡2, 𝑧, 𝑡1) = 0.5 
𝛽(𝑡3, 𝑦, 𝑡4) = 0.3, ⁡𝛽(𝑡3, 𝑧, 𝑡4) = 0.3 
𝛽(𝑡4, 𝑦, 𝑡2) = 0.6, ⁡𝛽(𝑡4, 𝑧, 𝑡4) = 0.7 

In the above FA 𝐹⁡∃ a string 𝑧𝑧 ∈ 𝐼∗ such that 𝛽(𝑡1, 𝑧𝑧, 𝑡1) = 0.5 > 0 ⇔ 𝛽(𝑡2, 𝑧𝑧, 𝑡1) = 0.5 > 0 

Therefore the states 𝑡1 and 𝑡2 are strong diminution.  

Also there exists a string 𝑦𝑧 ∈ 𝐼∗ such that 𝛽(𝑡2, 𝑦𝑧, 𝑡1) = 0.5 > 0 ⇔ 𝛽(𝑡4, 𝑦𝑧, 𝑡1) = 0.5 > 0 

Therefore the states 𝑡2 and 𝑡4 are strong diminution but 𝑡1 and 𝑡4 are not strong diminution for any string 𝑤 ∈
𝐼∗  

Hence strong diminution relation is not transitive. 

Theorem 3.1 Let 𝐹 = (𝑇, 𝐼, 𝛽) be an FA. Strong dependability relation on FA is an equivalence relation. 

Proof. 

Let 𝐹 = (𝑇, 𝐼, 𝛽) be an FA. Clearly strong dependability relation on FA 𝐹 is reflexive and symmetric. Now to 

prove strong dependability relation is an equivalence relation it is enough to prove that it is transitive. Let 𝑡𝑎Ω𝑡𝑏 

and 𝑡𝑏Ω𝑡𝑘 

To prove 𝑡𝑎Ω𝑡𝑘, we need to prove for any string 𝑣1 ∈ 𝐼∗, there exists a string 

𝑣 ∈ 𝐼∗, 𝑡𝑛 ∈ 𝑇 such that 

𝛽(𝑡𝑎, 𝑤1𝑤2, 𝑡𝑛) = 𝜈 > 0 ⇔ 𝛽(𝑡𝑘, 𝑣1𝑣, 𝑡𝑛) = 𝜈 > 0 

Since 𝑡𝑎Ω𝑡𝑏 for any string 𝑣1 ∈ 𝐼∗ there exists a string 𝑣2 ∈ 𝐼∗ and 𝑡𝑚 ∈ 𝑇 such that 

𝛽(𝑡𝑎, 𝑣1𝑣2, 𝑡𝑚) = 𝜈 > 0 ⇔ 𝛽𝑁∗(𝑡𝑏 , 𝑣1𝑣2, 𝑡𝑚) = 𝜈 > 0 

Since 𝑡𝑏Ω𝑡𝑘, for any string 𝑣1𝑣2 ∈ 𝐼∗ there exists a string 𝑣3 ∈ 𝐼∗, 𝑡𝑛 ∈ 𝑇 such that 

𝛽(𝑡𝑏 , 𝑣1𝑣2𝑣3, 𝑡𝑛) = 𝜈 > 0 ⇔ 𝛽(𝑡𝑘 , 𝑣1𝑣2𝑣3, 𝑡𝑛) = 𝜈 > 0 
𝛽(𝑡𝑏 , 𝑣1𝑣2𝑣3, 𝑡𝑛) = 𝜈 > 0 ⇔ 𝛽(𝑡𝑎, 𝑣1𝑣2𝑣3, 𝑡𝑛) = 𝜈 > 0 
𝛽(𝑡𝑎, 𝑣1𝑣2𝑣3, 𝑡𝑛) = 𝜈 > 0 ⇔ 𝛽(𝑡𝑘, 𝑣1𝑣2𝑣3, 𝑡𝑛) = 𝜈 > 0 
Now, choose 𝑣2𝑣3 = 𝑣.  

For any string 𝑣1 ∈ 𝐼∗ there exists string 𝑣 ∈ 𝐼∗ and 𝑡𝑛 ∈ 𝑇 such that 𝛽(𝑡𝑎, 𝑣1𝑣, 𝑡𝑛) = 𝜈 > 0 ⇔
𝛽(𝑡𝑘, 𝑣1𝑣, 𝑡𝑛) = 𝜈 > 0. 

Hence, 𝑡𝑖Ω𝑡𝑘 

 

Theorem 3.2  

Let 𝐹 = (𝑇, 𝐼, 𝛽) be an FA. Strong dependability relation on 𝐹𝐴 is a congruence relation. 
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Proof. 

Let 𝐹 = (𝑇, 𝐼, 𝛽) be an FA. Strong dependability relation is an equivalence relation. Consider the equivalence 

classes using strong dependability relation. Let 𝑡𝑎Ω𝑡𝑏 , 𝑡𝑎, 𝑡𝑏 ∈ [𝑇𝑖], 𝑖 ∈ 𝐼. Since, 𝐹 is deterministic and strongly 

connected, ∃𝑦 ∈ 𝐼, 𝑡𝑙, 𝑡𝑘 ∈ 𝑇 such that 𝛽(𝑡𝑎, 𝑦, 𝑡𝑙) = 𝜈 > 0, 𝛽(𝑡𝑏 , 𝑦, 𝑡𝑘) = 𝜈 > 0, 𝑡𝑙Ω𝑡𝑘, ⁡⁡𝑡𝑙, 𝑡𝑘 ∈ [𝑇𝑗], 𝑗 ∈ 𝐼. Hence, 

Strong dependability relation is congruence relation. 

4 Conclusion 

 

We introduce strong diminution and strong dependability relation in FA. We have shown by example that 

strong diminution is not an equivalence relation. Finally prove that strong dependability relation is an equivalence 

relation. 
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