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Abstract: Strong diminution and strong dependability relation of fuzzy automata (FA) are introduced and prove that strong
dependability relation is an equivalence relation and congruence relation.
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1 Introduction

Fuzzy sets was introduced by Zadeh in 1965[4] and it is used in many applications. Fuzzy automaton was
introduced by Wee [3]. In this paper, strong diminution and strong dependability relation of FA are introduced and
prove that strong dependability is an equivalence relation and congruence relation in FA.

2 Preliminaries

2.1 Definition [2]

A fuzzy automata is F = (T, I, 8) where,

T — set of states

I — set of input symbols

B — fuzzy transition function in T x I x T - [0,1]

2.2 Definition [2]
Let F = (T,1,8)

2.3 Definition [1]

Let © = t;, ty, ..., t, be a partition of T such that if B(t,, v,t,) > 0 forsome y € I thent, € tyand t;, € tg, .
Then © is periodic of order r = 2. FA F is periodic of period r = 2 iff r = Maxcard (0) and max. is taken from
all partitions @ of F otherwise F is aperiodic.

2.4 Definition [2]
Let F = (T,1,B) be FA. A relation R on a set T is an equivalence relation if it is reflexive, symmetric and
transitive.

2.5 Definition [3]

Let F = (T, I, B) be FA. An equivalence relation R on a set T is said to be congruence relation if vVt,, t, € T
and y € I,t,Rt, implies that then there exists ¢;, t;, € T such that 8(t,, y,t;) > 0,B8(ty, vy, tx) >0

Note. Throughout this paper we consider deterministic, strongly connected and aperiodic FA.

3 Properties of Strong Relations of Fuzzy automata

3.1 Definition
LetF = (T,1,B) be FA. Ift, and t,, t,, t, € T are called strong diminution relation, denoted by ¢, Yt if exists
astringz € I*,t;, € T,v € [0,1] such that B(t,, z, t;,) =v >0 B(t,,zt,)=v>0

3.2 Example
Let F = (T,I,B) be FA, where T = {t;,t,,t3,t,},1 ={y,z}, and B are defined as below. B(t,,y,t;) =
0.6, B(ty,2,t;) =0.3
B(t,,y,t3) = 0.5, B(ty, 2 t,) = 0.2
B(ts,y,t;) = 0.5, B(t3, 2 t,) = 0.2
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ﬁ(t4, y, tl) = 0.6, ﬂ(t4, Z, t3) = 0.3
The states ¢, and t; are strong diminution, since 8(t,,yz,t,) = 0.2 > 0 & B(t3,yz,t,) = 0.2 > 0.

3.3 Definition
Let F = (T,I,B) be FA. Two states t, and t;, are said to be strong dependability related, denoted by t,Qt, if
for any string z; € I” there exists a string z, € I*,t, € T,v € [0,1] such that
Bty z125,t,) =v>0 ,B(tj,zlzz,tk) =v>0

3.4 Example
Let F = (T,1,B) be FA, where
T ={t,,t,, t3,t,}, 1 = {y,z}, and B are defined as below.
ﬁ(tl' Y, t4—) = 03' ﬂ(tl,Z, tZ) = 05
ﬁ(tZ'yl t3) = 02' ﬂ(tZ'Z' t4—) =03
B(ts,y,t;) = 0.2, B(ts,2,t,) = 0.5
ﬁ(tth Y, tl) =0.3, ,B(t4,,Z, t3) =03
For any string w € I, there exists a string yzz € I" such that
B(ty,wyzz, t,) =v >0 S B(t, wyzz, t,) =v > 0and
B(ty,wyzz, t;) =v >0 & B(t;,wyzz, t;)) =v >0
The states t,, t, and t,, t; are strong dependability related.

3.5 Remark
(i) Strong diminution relation is not an equivalence relation in FA. Since transitive relation does not exists.

3.6 Example

Let F = (T,1,B) be FA, where

T ={t,,t;, t3,t,}, 1 = {y,z} and B are defined as below.
ﬁ(tl' y' t3) = 03' ﬁ(tl,Z, tl) = 05
ﬁ(tZ' y' tl) = 07' ﬁ(tZ'Z' tl) = 05
B(ts,y,ts) = 0.3, B(ts,z,t,) = 0.3
B(t4' Y, tZ) = 06' ‘B(t4,Z, t4—) =07

In the above FA F 3 a string zz € I* such that B(t;,zz,t;) = 0.5 > 0 © B(t,,z2,t;) =05>0

Therefore the states ¢, and t, are strong diminution.

Also there exists a string yz € I* such that (t,, yz,t;) = 0.5 > 0 & B(t,,yz,t;) =05>0

Therefore the states t, and t, are strong diminution but ¢, and t, are not strong diminution for any string w €
I*

Hence strong diminution relation is not transitive.

Theorem 3.1 Let F = (T, 1, B) be an FA. Strong dependability relation on FA is an equivalence relation.

Proof.

Let F = (T, 1, B) be an FA. Clearly strong dependability relation on FA F is reflexive and symmetric. Now to
prove strong dependability relation is an equivalence relation it is enough to prove that it is transitive. Let t,Qt,
and t, Oty

To prove t,Qt;, we need to prove for any string v; € I*, there exists a string

v € I",t, € T such that

B(ty,wiwsy, t,) =v >0 B(t,vv,t,) =v>0

Since t,Qt, for any string v; € I* there exists a string v, € I* and t,,, € T such that

.B(tal V1V3, tm) =v>0¢& BN*(tb’UIUZ! tm) =v>0

Since t,Qty, for any string v, v, € I* there exists a string v € I*,t,, € T such that
B(ty, V10,03, t,) =V > 0 & B(t,, vivyV3,t,) =V >0
B(ty, V1V,V3,t,) =V > 0 & B(ty, VvV, t,) =v >0
B(ty, V1,05, t,) =v > 0 & B(t, vv,03,t,) =v >0
Now, choose v,v; = v.

For any string v, € I* there exists string v € I* and t,, € T such that B(t,, viv, t,) =v>0¢&
B(t,,viv, t,) =v > 0.

Hence, t;Qt;

Theorem 3.2
Let F = (T, 1, B) be an FA. Strong dependability relation on FA is a congruence relation.
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Proof.
Let F = (T, 1, B) be an FA. Strong dependability relation is an equivalence relation. Consider the equivalence

classes using strong dependability relation. Let t,Qty, t,, t, € [T;],i € I. Since, F is deterministic and strongly
connected, 3y € I, t,,t, € T suchthat B(t,,v,t) =v > 0,8(ty, ¥, t;) =v > 0,t,Qt, t,t, €[T;],j € I. Hence,
Strong dependability relation is congruence relation.

4 Conclusion

We introduce strong diminution and strong dependability relation in FA. We have shown by example that
strong diminution is not an equivalence relation. Finally prove that strong dependability relation is an equivalence

relation.
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