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Abstract: In this paper we deliberate about Generalised k- Jacobsthal Quaternions, Octonions, and Sedenions. We discuss
Binet formula, Generating function, Catalan Identity, Cassini Identity, D’Ocagne’s Identity of them. From that we extent the
same results for k- Jacobsthal, Generalised k- Jacobsthal.

1. Introduction
Basic Definitions
Generalized k-Jacobsthal Number

Let k be any positive real number. f(k), g (k) are scalar valued polynomials for f2(k) +8g(k) >0,
for n € N generalized k-Jacobsthal sequence Jj ,, is defined as
Jin = FRin-1+ 29 kn-2Jko = @ Jxp =bn =2 1
Binet form of Generalised k-Jacobsthal Number
_ Xa™ —-YB" 5
]k,n - a— B ( )

Where X =b —aB,Y =b —aa

flk) +f2(k) +8g(k) g = fl) = f2(k) +8g(K)

2 2
Here a, B are the root of the characteristic equation x? — f(k)x — 2g(k) = 0.

The Cayley-Dickson algebra are sequence Ay, 4,, ... of non-associative R-algebra with involution. Let us
defining A, be R. Given A,,,_; is defined additively to be A4,,,_; * A,,_; conjugation in A4, is defined by

(a,b) = (@ -b)
Multiplication is defined by (a, b). (c,d) = (ac — db,da + b¢)
Addition is defined by component wise as

(a,b) + (c,d)=(a+c,b+d)

A,,, has dimension N = 2™ as an R-vector space. If ||x|| = /Re(xx) for x € 4,, then

xx = xx = ||x||?

for specific m, 2™ is tabulated below

m 2 3 4

2m Quarternions Octonions Sedenions
for a fixed m. Suppose By = e; € A,,,i = 0,1,2,... N — 1 is the basis for 4,, where N = 2™ |sthe dimension

of A,,, e is the identity (or unit) and ey, e,, .. eN , are called |mag|nar|es Then 2™ ions s € A,, taken as

s = Zael—a0+2ael

where ag, aq, ..., ay_, are real numbers. Here a,is called the real part of s and Y N1! a;e; is called imaginary
part.

Generalised k-Jacobsthal 2™ ions

Generalised k-Jacobsthal 2™ ions sequence {GA],C‘n}m0 is defined by

é]k,n = Z]k,nﬂ;es 3)

Let us define Generalised k-Jacobsthal 2™ ions such as Quaternions, Octonions, and Sedenions as follows
(@) PutN = 4 in (3) we get Generalised k-Jacobsthal Quarternions G Q.

GQrn = Jkn + Jkn+1€1 + Jeni2€2 + Jintses
3

= Z]k,nﬂ;es
s=0

(b) By substituting N = 8 in (3) we get Generalised k-Jacobsthal Octonions ﬁQk_n
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(c) By substituting N = 16 in (3) we get Generalised k-Jacobsthal Octonions GSj, ,

7
GQk,n = Z]k,n+ses
s=0

15
GS, = Z ]k,n+ses
s=0

Where Jj , is n*"* generalized k-Jacobsthal number.
From the equation (1),(2) we have the following recurrence relation
Glin = FU)Glen-1 +29(K)Clin-2,Glio = @, Gluy =b  n =2
For specific values of a, b, f (k), g(k) we present some specific sequences
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S.No (a,b,f(k), g(k)) Name of the sequences
1 (0,1,1,1) Jacobsthal
2 (0,1,k,1) k-Jacobsthal
3 (0,1,k,—1) Derived k-Jacobsthal
Let 2™ = N, we fix the following Notations
N-1 N-1
&zZaSes EzZBSeS
s=0 s=0
Theorem 1
Binet form of Generalized k-Jacobsthal 2™ ions
. Xaa™ — YRR
Glxn = Ta=p )
where
N-1 N-1
a= ases, f= Z Bies
s=0 s=0
X =b—ap, Y=b—aa
fU) +f2(k) +8g(k) fk) —/f2(k) +8g(k)
a = )] B =
2 2
Proof:

Using (2), (3)

N-1
Glen = z Jin+s €s
s=0

(Y

Doing simplification we get

Proposition 1.1

a=p

A Xaa™ —YBB™

G]k,n -

a=p

Binet form for Generalised k-Jacobsthal Quaternions

From (5)

Where

Corollary 1.1.1

QI

b
Il

v flk) +/f2(k) +8g(k) g = flk) = f2(k) +8g(k)
2 ’ B 2

. Xaa™ —YBR™
G =
Qk,n a— B
3 3
Z asesr E = .Bses
s=0 s=0
—ap, Y=b—aa

Binet form for k-Jacobsthal Quarternions
Let from (6), f(k) = k,g(k) =1,a=0,b=1thenX =1,V =1
- aa’-— BB™

where

kn

a—p

(6)

Xa"+1 _ YBn+1> N (Xan+2 _ Yﬁn+2> N N <Xa"+N'1 _ yﬂn+N—1
— e — e,
a—p

a=p

>€N—1
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Corollary 1.1.2
Binet form for Derived k-Jacobsthal Quarternions
Let from (6), f(k) =k, g(k) =—-1,a=0,b=1thenX =1Y =1

- aa™ — "
DQun=—77—5—
where
3 3
&zZaseS, EzZBSeS
s=0 s=0
k+VEE=8 kK-8
@= 7 P 2

Proposition 1.2
Binet form for Generalised k-Jacobsthal Octonions

From (5)
A Xaa™ — YBB™
GOk‘n = o« —
where
7 7
&zZaSes, EzZﬁses
s=0 s=0

The values of X, Y, a, B are same as in Proposition 1.1
Corollary 1.2.1
Binet form for k-Jacobsthal Octonions
Let from (7), f(k) = k,g(k) =1,a=0,b=1thenX =1,V =1

~ aa™ — A"
Okn = o —
where
7 7
&=Zases, ,8_=Zﬁses
s=0 s=0
_k+VEEF8 | k—VKT+8
“= 7 P 2

Corollary 1.2.2
Binet form for Derived k-Jacobsthal Octonions
Let from (7), f(k) = k,g(k) =—1,a=0,b=1thenX =1,Y =1

- aa™ — A"
DOk,n = T
where
7 7
&=Zases, E=Zﬁses
s=0 s=0
_k+ k-8 _ k—+vVk?—-8
@= 2 F 2

Proposition 1.3
Binet form for Generalised k-Jacobsthal Sedenions

From (5)
LetN =16
. Xaa™ - YBR™
GSy,=——m—
k,n a — B
where
15 15
&=Zases, E=Zﬁses
s=0 s=0

The values of X, Y, a, B are same as in Proposition 1.1

)

®)
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Corollary 1.3.1
Binet form for k-Jacobsthal Sedenions
Let from (8), f(k) =k, g(k) =1,a=0,b=1thenX =1Y =1

] aa™ — BB
Sk,n=
a-p
where
15 15
&zZaeS, EZZBSes
s=0 s=0
k++vVk?+8 k—+vVk?+8
a=——p — F=T3

Corollary 1.3.2
Binet form for Derived k-Jacobsthal Sedenions
Let from (8), f(k) =k, g(k) =—-1,a=0,b=1thenX =1Y =1

- aa™ — A"
DS,,=——
kn a—ﬁ
where
15 15
d=2ases, E=Zﬁses
s=0 s=0
k++vVk?-—8 k—+Vk?—-8
@=—), ﬁ - —_
2 2
Theorem 2

Generating function for Generalized k — Jacobsthal 2™ ions
Glio + (Glies — FU)Gi o)t
1-fkt—2g(k)e?

G() =
Proof R
Let G(t) = Xn-o GJint™ be the generating function of k — Jacobsthal 2™ ions, then
(1 — Ut = 2g(k)t?) = (Gl + Gliat) — FO)Cliot + Tioeo(Glin — F()Glin-1 — 29 (0)GJin-2)t™
Doing simple calculation we get
Glio + (Glier — FU) Gy o)t

(O = T foc=z9t0t?

Examples
1. Generating function for k — Jacobsthal Quaternions

f) =k, g(k) = 1,GJip=0,GJpy = 1

t
¢ = T2
2. Generating function for Derived k — Jacobsthal Quaternions
f) =k, glk) =—-1,GJxo=0,GJ;, =1

t
Gt)= ————
® 1—kt +2t?
Theorem 3
Catalan’s identity for Generalized k — Jacobsthal 2™ ions
For any positive integer p,q,p > q
~n XY (@B — (B9 —a™)(p9ap — afa)

G]k,p—q- G]k,p+q - Gjlf,p - (a _ 3)2 (9)

Where X,Y,a, B, @, B are same in equation (5)
Proof
Using Binet form
_ XaaP™91—YBRP1 XaaP*tl — YBRPH

G]k,p—q- G]k,p+q - G]I%,p - o — ﬁ a — B (

Doing simple mathematical simplification we get the result.
Proposition 3.1

Catalan Identity for Generalized k — Jacobsthal Quaternions:
Same result of Theorem 3.where

Xaa? — YBBP\
a—pf >
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Corollary 3.1.1
Catalan Identity for k — Jacobsthal Quarternions:
For any positive integer p, g such thatp > q

Glip-q-Gliprq — Gl p = —@B(=2)P71GJ3, (10)
Proof:
Let f(k)=kgk) =1, ijoza_o Glhi=b=1 then X=1Y=1 , a=X3,a%, f=
3B, q =8 g KVKHS | ing all above values in equation (10) we get the result

2

Corollary 3.1.2
Catalan Identity for Derived k-Jacobsthal Quarternions:
fk) =k glk) =-1, G]ko =a=0,Gf,=b=1, thenX— 1,Y=1,

k+VkZ—8 VK= iaes,ﬁ Zﬁses

*= 2 ’ﬁ: 2

using all above values in equation (10) we get
Glip-qGliprq — G]I%,p = _(aﬁ )ZP—QG]}%,q

Proposition 3.2

Catalan Identity for Generalised k-Jacobsthal Octonions: Same result of

Theorem 3. Where @ = Y7_,aSe;, f = X1_, 5% e

Note

For k-Jacobsthal Octonions, Derived k-Jacobsthal Octonions: Same result of corollary 3.1.1, corollary
312wherea =Y_,a’e, =Y_ B es

Proposition 3.3

Catalan Identity for Generalised k-Jacobsthal Sedenions: Some result of

Theorem 3. Where @ = Y13 aSe,, B = Y12, 5% e

Note

For k-Jacobsthal Sedenions, Derived k-Jacobsthal Sedenions: Same result of

corollary 3.1.1, corollary 3.1.2 where @ = Y13, aSe;, f = Y13, 8% e,

Theorem 4

Cassini Identity Taking g = 1 in Catalan’s Identity we get Cassini Identity of

Generalised k-Jacobsthal 2™ —ions.

R . R XY(ap)P"Y(pap — afa
G]k,p—lG]k,p+1 G]kp ( ‘8) a(‘B‘B‘B B )

Where X,Y,a, B, @, B are same in equation (5).

Note

Cassini identity for Generalised k-Jacobsthal Quarterions, Octonions, Sedenions having same result of
Theorem 4, where the values of @,  are to be choosen corresponding

an

s=1 s=1
15 15

a= ases,p’:ZBSes
s=1 s=1

Theorem 5
D’ocagne’s Identity for Generalised k-Jacobsthal 2™ ions
For any integer p, q
A A _ XY(af? —aPp9) pap —afa
G]k,pG]k,q+1 G]k p+1G]k q — ( )

(a—B)?

(12)

Proof

Using Binet formula and simple mathematical simplification we can prove this result.

Proposition 5.1

D’ocagene’s Identity for Generalised k- Jacobsthal Quarternlons Some result of Theorem 5. where

&=Za e, = Z/)’ses

s=1
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Corollary 5.1.1
D’ocagene’s Identity for k-Jacobsthal Quarternions: If p > g then
ClipGliger = Clip+1Gliq = (@B)(=2)GJi p—q
Proof
Letustobe f(k) =k,g(k) =1,GJxo =a=0,GJ; =b =1, then

3
X=1,Y=1,(Y=Zases,ﬁ7= Bies
=1

s s=1
k+\/k2+SB k—VkZ+8
a:—’ = —-——

2
Using all above in Theorem 5 we get the result.
Corollary 5.1.2
D’ocagene’s Identity for Derived k-Jacobsthal Quarternions: If p > q then
6]k,p6]k,q+1 - é]k,p+16]k,q = (‘Yﬂ)zqé]}%,p—q
Proof
Taking all the values as in corollary 5.1.1 except g(k) = —1,

2_ 2
q="8 sk : ® using all above in Theorem 5 we get the result.

2
Note
D’ocagene’s Identity for Generalized k-Jacobsthal Octonions, Sedenions can be derived in the same way as
in Proposition 5.1.
Conclusion
In this paper we discussed Generalized k-Jacobsthal Quartertions, Octonions, Sedenions. We explain Binet
form, Generating function, Catalan Identity, D’ocagene’s Identity of Generalized k-Jacobsthal 2™ ions. From
that deduce the same result for k-Jacobsthal. In future we may also produce an extension of the above result for
Generalised k-Jacobsthal Lucas, k Pell Lucas.
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