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Abstract: In this research work concerned with new oscillatory solutions of Fourth-order delay difference
equations with damping term of the form

A(ri(A3w)) + pild3wi+ qwi-o= 0 =l
Using generalized Riccati transformationand new comparison principles, we establish new oscillation criteria for
the equation. Give an example to improve the main results.
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1. Introduction
In this article, we consider the Fourth-order damped delay difference equations of the term
A(ri(A3wr)) + pild3wi+ qwi-o= 0 = (1.1

The entire work, we ensure the following

(11). ris a positive sequence of integers, (12).

p and g are real positive sequences,

(13). o is a positive integer.

By a solution of equation (1.1), we mean a non-trivial sequences w and satisfies the equation(1.1). The
solution of equation (1.1) is called oscillatory if it has arbitrarily large zero, and otherwise it is called non-
oscillatory.

The oscillation of higher and fourth order difference equation have been investigated by many authors,
see for examples [5-12], the references cited there in. The result is obtained this article is compliment of existing
one.

In [5], the authors discussed oscillation of a class of the fourth order nonlinear difference equation of the
form

A(an(Abn(cn(Axn)y)B)a) + dnxirwr =0,

where «a, 3, y, A are the ratios of odd positive integers and {an}, {b»}, {cn} and {d»} are positive real
sequences. The authors obtained the oscillatory properties of studied equations.

In [13], M. Vijaya and E. Thandapani, deals the oscillation theorem for certain Fourth order quasilinear
difference equations of the form

A2(pn|A2xn|a—1A2xn) + gn|xn+3|f—1xn+3 =0,

where @ and B are positive constant, {p»} and {g»} are positive real sequences.

In [3] the authors studied oscillation of third-order delay difference equation with negative damping term of
the form
A3yn — pnAyn+1 + qnf (yn—-1) =0,

where {p»} and {g»} are real sequences, f is real valued function.

The purpose of this work is to obtain a new oscillatory criteria of equation (1.1) by using Ricatti

transformations and comparison principle under the condition
-1 s-1

1 Pu
Ri= ) — -y = :
I Z - exp Z . (1.2)
5= lg u= IO
and
Ri—» o asl— oo, (1.3)

An example included to illustrate the main results.
2. Preparatory Lemmas and Main Results.
The second part of this article, we listed some basic lemmas and obtain new oscillatory criteria for equation

(1.2).
Lemma 2.1 Let § > 1 be a ratio of two members, where X and Y are constants. Then
S+1 56 X6+1
X, —Y ¢ Y>0

<
G

Lemma 2.2 Let wi> 0, Aw: > 0, A2wi> 0 and A3wi> 0 for every [ > lo, then and §¢€(0,1) and some integer
L, one has
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Wi _L=L_ 6 |
Aw, — 2 T 2
Lemma 2.3 Let w: be defined for [ = loand w: > 0 with Amw; < 0 for [ > lo and not identically zero. Then
there exists a large [ = lo such t{at
m-1Am-1 m—k-1
wy; 2 m (1 - ll) A W(Z (l)), > ll
Further if wi is increasing then,

121,

> 1 LA™ g [ >2m1]
W= Tm — 1)1\2m—1 Wi = 1

The proof is lemma 2.3 found in [1].
The second part of this section, we obtain new oscillation criteria for equation (1.1).
Theorem 2.4 Assume that (1.2) holds. If there exists positive sequences p and g such that

Pufu 1 [Apu _Pu
i A?w 4Py 1Ty
u—lo
for some ue(0,1) and

= 1 U — 02 1 Ae ) 22
D) D e () J e = e, 22)
s=1; v=s u=v

then any solution of (1.1) is oscillatory.

Proof: Suppose, let w be a non-oscillatory solution of (1.1), with no less of generality, we suppose that l1€[lo,
o0) such that wi> 0, wi—¢> 0 for all [ = L1

In view of (1.1) and (1.2) that

A(riA3wi) < 0, there exists two possible cases:

(u— G)Zg Aw, — = o0, (2.1)

Pu+1 Tu

Q) Akw> 0 fork =0,1,2,3. (2.3)
(i)  Awi>0 fork=0,1, 3 and A2wi< 0. (2.4)
Assume that case(i) holds, we define
pL A3 w

=" pzy (2.5)

then wi> 0.
Tl+l A3W1+1 AT[ A3W£ T‘l+1 A3Wl+1A3W
A= Apu (T) * (W “P\ T w2 (2:6)

From (1.1), we see that

A(ri(A3wr) = —piA3wi— qwi— (2.7)
In view of (2.6) and (2.7), we obtain
Apy (1 Bwir)  poilwWr oW Praa Tier (B%wpyq)?

AV, 2.8
= AZw AZw AZw (A2w)? (28)
From lemma 2.2, we find that

Aw, 2

R S —
Wi L.

Summing from [ — o to I — 1, we have
AWI—G’ (l - 0.)2
=
w; [2
(I -0)?
AWl—O’ 2 l—ZWI. (29)
It follows from lemma 2.3, that
W, = glezw[ (2.10)

for all ue(0,1).
From 2.8, 2.9 and 2.10, we see that
ApVigr pVi prq(l—0)?Pu 2 (Wi41)?
AV, = S A N Tt
Pr+1 no Atw 2 Pr+1Ti+1
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Ap V, V w 2
< PtVivi  Pi z_PlZQ'z ( —a)ZEAzwi - (wi1)
Pi+1 ] Afw 2 Pr+1Ti41
We obtain
A - wiiq)?
avi < (P2, A el ey, ) (211)
Py T A*w 2 Pr+1 141
Applying Lemma 2.1, by denote
P P 1 . _
X = —— andY = — withff =1
Piv1 N Pi+1M+1 )
we get ,
1 A
a, < =Bg g2 E a4 ( l —ﬂ)
Aw 2 4ppe1Tip1 \Pis1 T
Tlhis implies that
-1 2
Pu Gu H 1 Apy Py
(u—0)*=A%*w, — ( ——) ) <wg (2.12)
1;:1 ( A*w 2 APy T Pus Ta b
for some pe(0,1), which contradiction to (2.2)
Now, assume that the case (ii) holds.
Define
Uy e, 2 2.13
(=B (2.13)
thenU;>0forl=1h
A‘?tl AZWI Ulz
AU S— U +gq——m— — (2.14)
& wy &
Summing (1.1) from [ to u — 1, we find
u—1

rul3wu — riA3wl + Y. gsws—o < 0.
s=l
This by virtue of Aw;> 0, wi> 0 and A?w; < 0 and by (2.9), we obtain

-1 (s — 0)2
s~z W = 0

r,A%w, — nA3w, +
s=l1
Its follows from Aw; > 0 that

u-1 2
5 ; (s—a)
nA°w, — nAcw; +wy quWSSO
s=l
By letting u — oo, we reach at

u-1
R (s —0)?
—1Aw; +w, Z qss—zwS <0
s=l

Summing from [ to oo, we find
(0.0}

1w (I—o0)?
A’w, + E — E —=<0
wp T W Tvl i 12 =
=v .

v=l

A2 1w ([—0)?
ek [Z 2. Q¥] (2.15)

By using (2.15) in (2.14), we see that

1w (I—0)?
AU < =141 Zr_qul—z
v vl=v

=l

We see that

2
+—U, - — (2.16)
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Again by applying lemma (2.1), we taking g =1,

A
X:—aland Y =
7]

9| -

)

c1ve (-0?| 1
10, - [ Y 2 0 052 4 g
v=l I=v
Summing lito I — 1 We obtain

Z Es+1 {Z%Z (= J) ] —(Aﬂs)z AU,

5=l
Which is contradiction with(2.2). This completes the proof.

we obtain

Next. We establish criteria for oscillation of (1.1), by comparison with lower order difference equation.
Let us consider the well known second order difference equations see [1]
A(ri(Aw)) + qwi =0, =l
where r and q are non negative real sequences. Now, we develop a comparison theorem that the properties
of solution of (1.1) with second order difference equation (2.16).
The necessary and sufficient condition for the nonoscilltory solutions of (2.16) that, there exists
[ = lo and a real sequence u satisfies

Aur+1r- 1u21qz< 0 (2.17)
1
5[1]. Let 32 =00 min ( ) oo > =
Lemma 2. [1]. $= l°7’ on the condition J 2= oy, ) 4us=1s 4, are satisfied,

then equation (2.16) is oscillatory.
Theorem 2.6. Let (1.2) and (1.3) hold, and assume that

AG(Bw)) + 45 (L= a)Pwy = 0 (2.18)
and

5 = 1 < 5§ —0y\2
A’w, + Z:Z%( —) Jw =0 (2.19)
v=lI Uszv

are oscillatory then any solution of (1.1) is oscillatory.

Proof: As the proof of theorem (2 4), if we take p;=1 in (2.11), we obtain

pw Py BT oy, )™ i e (01) (2.20)
7 Alw 2 Ti41

In view of (2.17) and (2.20) that the equation (2.18) has non oscillatory solution. Which is a contradiction.
If we take e &= 1|n (2.16) that, we find

Aw, + (Z qu( _J) )+U, <o (2.21)

Hence equatlon (2.19) is nonoscillatory. This contradiction completes the proof.
3. Examples

In this section, we give an example to improve the main result.
Example 3.1 Consider the fourth order delay difference equation

1 1
A (a (ASWI)) + 3 (A3w) + 2lw;_, =0 (3.1)

1 1
Heren—a,pl—g,ql—ZIandcf—l

All the conditions of Theorem 2.4 are satisfied. Also Ri= 8l — 1 — o0 as | - co. Further, let pi= g
=1, then

(o]

> putulu =025 — (2L P ) =
2 4pu+1ru+1 Pu+1 Tu

u=l0

’

and
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ZOO -1 Zw (u - 0)2 Agg
— — — o (x)

aS‘l'l T‘u qu Uu 455
s=ly v=s =~ u=v .

Hence by theorem 2.4, any solution of equation 3.1 is oscillatory.
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