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1. Introduction

The mathematical connections are an important topic in the teaching and learning of mathematics. Since,
when a student makes mathematical connections between concepts, representations, meanings and between
mathematics and real life, he could better understand a mathematical concept (Evitts, 2004; Garcia-Garcia &
Dolores-Flores, 2019, 2020; National Council of Teachers of Mathematics [NCTM], 2000; Ozgen, 2013).
Furthermore, Pambudi, Budayasa and Lukito (2018) affirmed that “mathematical connections have a close
relationship with “problem-solving”, in which the ability of students to connect mathematical ideas will
determine the success of students in solving mathematical problems” (p. 74). This allows us to ensure that it is
important to link the mathematical problem-solving with mathematical connections, in fact, the connections arise
when students or teachers solve tasks and can be identified in the worksheets, in oral or mimic arguments
(Garcia-Garcia & Dolores-Flores, 2018), and appear in the curriculum.

In the curriculum of different countries, mathematical connections play a relevant role, for example, they are
considered a basic competence for students to solve problems, establish relationships between mathematical
ideas, between previous knowledge and new knowledge as evidenced in Catalonia (Departament
d’Ensenyament, 2017), in Colombia (Ministry of National Education [MEN], 2006), in Singapore (Ministry of
Education [MOE], 2006), in South African (Mwakapenda, 2008), in United States of American (NCTM, 2000);
in Turkey (Ozgen, 2013), in Brazil (S3o Paulo State, 2012). Particularly in the Mexican curriculum, the DGB
(General Directorate of High-School (DGB for its acronym in Spanish)) (2018) proposes that in the development
of the content of the derivative, derivation formulas, theorems, maximum and minimum criteria should be
applied in the solution of real situations or daily life, implicitly evidencing the connections intra-mathematical
and extra-mathematical. Likewise, the Curriculum of Mathematics of higher-level of the Autonomous University
of Guerrero [UAGro] (2009) suggests that different meanings and interpretations of the derivative be promoted
(velocity, tangent, rate of change and the formal definition of the derivative), as well as solving application
problems, hinting that mathematical connections should be promoted.

Just as mathematical connections in the curriculum are important, they are also of interest in the field of
research in Mathematical Education, for example, Rodriguez-Nieto (2020) shows the role of internal, external
and meaning connections in measurement systems in daily practices from an ethnomathematical point of view.
From the elementary school grades, it is considered essential that students make mathematical connections. In
this regard, Kenedi, Helsa, Ariani, Zainil and Hendri (2019) affirmed that:

The ability of students to connect mathematically is one of the essential things that must be achieved by
students in the learning process because if students know the relationship between the concepts, they will
quickly understand the mathematics itself and open opportunities for students to develop their
mathematical skills (p. 70).
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Other research has focused on the study of mathematical connections at the pre-university and university
levels. Dolores-Flores and Garcia-Garcia (2019) explored the mathematical connections that pre-university
students established when they were proposed problems that involved the concept of rates of change. In relation
to the concepts of Calculus, Dolores-Flores and Garcia-Garcia (2017) investigated the intra-mathematical and
extra-mathematical connections that occurred when university students solve tasks that involved the definite
integral; Garcia-Garcia & Dolores-Flores (2018, 2019, 2020) emphasized the mathematical connections made by
pre-university when solving tasks involving the concepts of derivative and integral and real-life situations. For
his part, Yavuz-Mumcu (2018) studied the mathematical connections made by pre-service teachers on derivative.
Likewise, Rodriguez-Nieto, Rodriguez-Vasquez and Font (2020) made a theoretical reflection on the
mathematical connections made by a teacher of Differential Calculus when he taught the subject of the
derivative. Furthermore, Rodriguez-Nieto, Font, Borji and Rodriguez-Vasquez (2021) analyzed mathematical
connections from two theoretical perspectives (extended theory of mathematical connections and the onto-
semiotic approach).

The main motivation to research on mathematical connections is because it has been identified in the
literature review that students find it difficult to make connections, and therefore have drawbacks to understand
mathematical concepts. Likewise, they focus on making algorithmic, mechanical processes using derivation rules
(Antonio, Escudero & Flores, 2019). In the case of studies about the derivative, Hashemi, Salleh Abu, Kashefi
and Rahimi (2014) reported that students have little conceptual understanding of the derivative, due to the poor
connection between algebraic and graphic aspects. Likewise, students have difficulty connecting and use
multiple representations (graphic, symbolic, etc.) of the derivative (Kula-Unver, 2020; Pino-Fan, Godino &
Font, 2015; Sanchez-Matamoros, Ferndndez & Llinares, 2015; Sari, Hadiyan & Antari, 2018). Also, in another
study on understanding the derivative some students stayed at the inter-level since it is difficult for them to relate
the function f with its derivative and they graph the derivative f” similar to the function f (Borji, Font,
Alamolhodaei & Sanchez, 2018).

In the studies by Berry and Nyman (2006) and Ubuz (2007) it was recognized that students have difficulties
connecting the graphical representation of the function and that of its derivative and, especially in Ubuz (2007),
it was difficult for students use graphic information to give meaning to symbolic representations. Pino-Fan,
Guzman, Font and Duval (2017) reported that a student presents difficulties in connecting symbolic and graphic
representations of the absolute value function and deficiencies to work derivate from said function. Likewise,
Sanchez-Matamoros, Garcia and Llinares (2008) and Pino-Fan, Godino and Font (2018) mentioned that pre-
service teachers have difficulties connecting partial meanings of the derivative. Fuentealba, Badillo, Sanchez-
Matamoros and Carcamo (2018) and Fuentealba, Badillo and Sanchez-Matamoros (2018; 2019) said that
students do not understand the derivative because they have difficulties in relating both the growth and decrease
of f and the sign of /" and f”’, and deal with graphic information and the punctual analytical meaning of the
derivative. The pre-service teachers have some rote-learning based pieces of knowledge from textbooks in
relation with the derivative (Yavuz-Mumcu, 2018). In Garcia-Garcia and Dolores-Flores (2019) it is evidenced
that high school students to graph the derivative of a given function graphically, require previously the algebraic
representation associated with it, otherwise they would not graph the derivative function. Also, the graphical
approach of the derivative has been worked in Moru (2020) through the APOS theory, who identified that the
mental constructions of the students about the derivative are generally actions and the coordination of processes
on the derivative as limit is mainly in the algebraic register and not in the graphic register, for which it is
suggested that the tasks proposed on the derivative require translation from one mode of representation to
another.

Furthermore, Herbert and Pierce (2011) reported that in the teaching and learning processes of functions,
emphasis should be placed on alternative representations, given that students do not achieve the same
understanding in different representations or contexts of the concept of rate. Eli, Mohr-Schroeder and Lee (2011)
argued that future teachers have difficulties teaching geometric concepts, due to the lack of connections between
mathematical domains, for example, relating the area of the circle in its symbolic representation with the
graphical representation of a curve and particularly, most future teachers did not make connections between
different representations of a function (algebraic/geometric). Moon et al. (2013) affirmed that future secondary
school teachers have cognitive difficulties on the subject of conical curves (i.e., Cartesian connection, graph as a
geometric place of points), which did not allow them to make connections between representations.

According to the literature review, we have identified that students, PSMTs and some teachers in service,
have difficulties to connect derivative meanings and different representations (verbal, graphic, symbolic, etc.).
We believe that, if PSMTs make connections of representations and meanings they could achieve better
understanding and solve problems associated with the derivative consistently. Taking into account the problem
with connections, we think that it is a relevant topic to be investigated, therefore, the aim set for this research
was to analyze the mathematical connections that make PSMTs when solving tasks that involve problems related
to the derivative.
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The contributions given by this research are: 1) mathematical connections made by PSMTs when they solve
tasks that involve the derivative. 2) The results show situations where PSMTs have difficulties in solving the
proposed tasks and evidence is given of the factors that cause these difficulties. 3) The impact that mathematical
connections of meaning and different representations have to solve tasks on the derivative, which, according to
the literature, these connections are difficult for high school students, PSMTs and in-service teachers to make.

1.1. Conceptual framework

In this research, a mathematical connection is understood as “a cognitive process through which a person
relates two or more ideas, concepts, definitions, theorems, procedures, representations and meanings with each
other, with other disciplines or with real life” (Garcia-Garcia & Dolores-Flores, 2018, p. 229). In addition, it has
been considered that there are models to characterize mathematical connections, for example, the one proposed
by Businskas (2008), which has been used more frequently in mathematical connections research. Mathematical
connections can be intra-mathematical connections which “are established between concepts, procedures,
theorems, arguments and mathematical representations of each other” (Dolores-Flores & Garcia-Garcia, 2017, p.
160), and extra-mathematical connections which “establishes a relationship of a mathematical concept or model
with a problem in context (not mathematical) or vice versa” (Dolores-Flores & Garcia-Garcia, 2017, p. 161). In
this research we focus only on intra-mathematical connections because including extra-mathematical
connections would imply working with another theoretical approach to mathematical modeling theory. The
expected mathematical connections are: four (procedural, part-whole, implication, and different representations)
of Businskas (2008), one (feature) of Eli, Mohr-Schroeder and Lee (2011) and two (meaning and reversibility) of
Garcia-Garcia & Dolores-Flores (2018; 2019; 2020). These mathematical connections are described below:

1) Procedural: This mathematical connection is evident when rules, algorithms or formulas are used to arrive
at a result (Garcia-Garcia, 2019; Garcia-Garcia & Dolores-Flores, 2019). For example, if a line is not vertical
and P;(x;,y,) and P,(x,,y,) are points other than the line, then the slope of the line can be found using the

formula m = 22222, with x, — x, # 0 (Rees, Sparks & Rees, 1991).
2741

2) Part-whole: This type of connection occurs when someone establishes logical relationships between
mathematical concepts: generalization (A is a generalization of B, where B is a particular case of A) or inclusion
(A is part of B or B is contained in A) (Businskas, 2008; Garcia-Garcia, 2019). For example, the function
g(x) = x® —3x2% — 4x + 12 is a particular case of the general expression f(x) = ax3 + bx? + cx + d. These
relationships can be of inclusion when a mathematical concept is contained in another.

3) Implication: This type of connection is a logical relationship if-then (A—B) (Businskas, 2008; Mhlolo,
2012; Garcia-Garcia, 2018). The procedure that exists in this relationship is presented through logical reasoning
in mathematics that suggests connections of an if-then nature. Mhlolo (2012) argues that, in deductive reasoning,
the conclusion is reached from previously known facts (the premises). An example of this type of connection is:
if f is differentiable in x = a, then f is continuous in x = a.

4) Different representations: can be alternate or equivalent (Businskas, 2008). That is a mathematical
connection is alternate if a student represents a mathematical concept in two or more different ways in different
registers of representation: graph-algebraic, verbal-graph, etc. For example, an alternate representation of
y = mx + b is straight line geometrically. For its part, an equivalent representation is a transformation within
the same register (algebraic-algebraic, graph-graph, symbolic-symbolic, etc.). For example, P(x) = x3 — 3x% —
4x +12 is equivalent to P(x) = (x —3)(x — 2)(x + 2) in the algebraic register. In terms of semiotic
representations theory, alternate representations refer to conversions and representations equivalent to treatments
(Duval, 2006).

5) Feature: It is identified when the subject manifests some characteristics of the concepts or describes its
properties in terms of other concepts that makes them different or similar to others (Eli et al., 2011; Garcia-
Garcia & Dolores-Flores, 2019). For example, when the person mention some elements of a polynomial function
f(x) = apx™ + ap_x™ 1 + a,_,x™"% + -+ + a, (derivative function or antiderivative function) are coefficients
@all, a;, with i =0,1,2,3,...,n), literal or variables (in this case, the “x”) and exponents of the variables
(n,n—1,n—2,..,1) (Garcia-Garcia & Dolores-Flores, 2019).

6) Meaning: This mathematical connection is presented “when students attribute a meaning to a
mathematical concept as long as what it is for them (which makes it different from another) and what it
represents; it can include the definition that they have built for these concepts” (Garcia-Garcia, 2019, p. 131). In
this sense, students express what the mathematical concept means to them, including their context of use or their
definitions (Garcia-Garcia, 2019). In this research, we assume that this type can be more general, that is, we
accept the existence of a mathematical connection between meanings. We consider that this type is manifested
when the students relate different meanings attributed to a concept to solve a specific problem. The derivative
f’(a) is the instantaneous rate of change of y = f(x) with respect to x when x = a (Stewart, 1999, p. 153).
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7) Reversibility: It is present when a subject starts from a concept A to get to a concept B and invert the
process starting from B to return to A (Garcia-Garcia & Dolores-Flores, 2019). For example, this connection is
established when the bidirectional relationship between derivative and integral, as operators, is recognized and
when the Fundamental Theorem of Calculus is used as a way to link both concepts (Garcia-Garcia & Dolores-
Flores, 2018).

Furthermore, Garcia-Garcia and Dolores-Flores (2018) affirm that, “mathematical connections emerge when
students solve specific tasks and can identify them in their written productions or in the oral or mimic arguments
they develop” (p. 229).

2. Methodology

This research is qualitative (Cohen, Manion & Morrison, 2018), where an adaptation of the semi-structured
interview was followed from the point of view of Adams (2015), and the thematic analysis was considered
(Braun & Clarke, 2006).

2.1. Method of collecting data

The semi-structured interview and a questionnaire were implemented. The semi-structured interview is a
verbal exchange between two people, where one person is the interviewer and other is an interviewee or
participant. This type of interview is not based on a protocol or guide questionnaire, but as the conversation
flows, questions emerge to explore important issues (Longhurst, 2010). The interview was conducted
considering the following stages to design and implement it according to Adams (2015): 1) selecting and
recruiting the participants, 2) drafting the questions and interview guide, 3) Starting the interview and techniques
for this type of interviewing, and 4) analyzing the information gathered.

2.1.1. Stage 1. Selecting participants

The participants were five students of bachelor’s degree in mathematics’ (PSMTs) at a higher-level school
located in the capital of the state of Guerrero, Mexico. They were three male and two females. The participants
were volunteers, and we were confirmed that they had taken and passed the Differential Calculus course where
the derivative topic is developed. In addition, it was verified that during their training they had a good academic
performance (see Table 1).

Table 1. Participants’ information

Gender ) :
- Bachelor’s degree in
Participants Age EE— mathematics (UAGTo) Average Semester

P1 21 * Yes 8.68 6
P2 21 * Yes 8.77 7
P3 22 * Yes 9.06 7
P4 22 * Yes 9.1 7
P5 22 * Yes 9.28 7

2.1.2. Stage 2. Drafting the questions and interview guide

A questionnaire was designed that included three tasks (see Table 2), with the purpose of exploring
mathematical connections that students make when solving these tasks, especially those of meaning and different
representations (graphic, symbolic, etc.), which are the connections that students do not make, PSMTs and some
teachers in service, and for that reason, they fail to understand the derivative as reported in the literature review.
This instrument was validated by experts (a teacher of Differential Calculus and a researcher on the subject of
mathematical connections). Also, three undergraduate students in mathematics were applied to determine the
affordability of tasks.

! The Bachelor of Mathematics that the students where the data was collected consists of eight semesters. In Mexico, the
numerical scale of grades is from 0 to 10. In some university schools (as in the school where this research was done), the
minimum passing grade is 7.

205



C.A. Rodriguez-Nieto et al.

Table 2. Tasks proposed to the PSMTs

Task 1. What does the derivative mean to you? Explain your answer.

X

Task 2. Given the function f(x) = 72 +x+5,

a) Find the equation of the tangent line to the graph of the function at x = 4.
b) Determine the tangency point.

Task 3. The productivity p of a farmer in one hour is given by p = 300¢t(1 — t) where t is time in hour and
0 <t < 1. Considering the previous information, answer: (a) At what times does productivity increase or
decrease? (b) At what times is productivity maximum? (c) At what times is productivity null? Argue your
answer.

Subsequently, the questionnaire was previously applied to the five students (participants), in order to obtain
their written productions, which were reviewed by the authors of this article. In this review, some questions
emerged to clarify some answers, for example, explain what does the derivative mean? In addition to the
meaning given, are there others? Explain the procedure used to find the tangent line to the curve and why is the
derivative used? Explain when productivity is maximum or null?

2.1.3. Stage 3. Starting the interview and techniques for this type of interviewing

The interview was motivated to know how the PSMTs solved the tasks. Before the interview began, the
PSMTs were asked to be willing, and they also agreed to use a video camera to capture the PSMTs’ arguments
when solving the tasks. In this sense, since the interviewer (First author) interacted with each pre-service
mathematics teacher (PSMT) separately. Adams (2015) suggests that it is important to use this type of interview
“if you need to ask probing, open-ended questions and want to know the independent thoughts of each
individual” (p. 494). Also, in the middle of the interview, field notes were taken, where key annotations
(evidence of a mathematical connection) were made about the participants’ responses. The interviews lasted two
hours for each participant.

2.1.4. Stage 4. Analyzing the information (thematic analysis).

Data analysis was developed from the thematic analysis that is a data analysis method that allows to identify,
organize and describe in detail patterns understood as themes (Braun & Clarke, 2006). The six analysis phases
that must be carried out are described below (Braun & Clarke, 2006; Nowell, Norris, White & Moules, 2017),
see Table 3:

Table 3. Description of the thematic analysis phases

Phases Description of the phase
Familiarizing The information obtained after the application of the interviews was
First yourself transcribed and left in the text form in order to obtain familiarity with the
with your data data.
Generating initial Words and phrases were identified in the data that indicated some
Second . . S
codes mathematical connections to generate initial codes.
Searching for Subsequently, themes were searched, which are made up of codes that had
Third Subthemes and similar characteristics. In this research, the themes are the types of a priori
themes mathematical connections described in the conceptual framework.
Reviewing Subthemes y themes identified in the previous phase were reviewed and
Fourth Subthemes and triangulated by experts. This triangulation helped to remove or form new
themes themes from the data.
Defining and The identified themes that include their common characteristics were
Fifth naming named. In this phase the investigators came to consensuses on the typology
themes of mathematical connection that was identified in the data.

A report is produced, showing the themes (mathematical connections) found

Sixth  Producing the report in the analysis.

Based on the phases of the thematic analysis described in Table 3, the results of the research are presented
below. Initially, the first four phases describe the resolution of the PSMTs on task 1.
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2.1.4.1. First and second phases of the thematic analysis.

In the first phase, the interviews were transcribed. Also, the field notes and photographs taken by the authors,
as well as the written productions, the oral arguments and the gestures of the participants (P1, P2, P3, P4 and P5)
were considered, and the data was triangulated (Carter, Bryant-Lukosius, DiCenso, Blythe & Neville, 2014). In
the second phase, the codes (C) in the transcripts were identified as shown in Table 4. As an example, only
relevant codes extracted from the responses to task 1 will be shown, where words and phrases were identified
where the mathematical connections.

Table 4. Excerpts from the transcript of the interview with the participants (P) when they solved task 1

P Codes Excerpt from transcription (evidence of codes)
Cl The derivative is the tangent line to a function.
P1 c2 The derivative is the limit of a function plus an increment minus the original function between
the increment.
C3 The derivative is the slope of the tangent line at a point.
P2 ca The derivative is the limit, when we have Ax — 0 of the limit of the function f(x) plus the

increment (Ax), minus the original function between (Ax), that is the definition.
C5 A limit of Ax when it tends to zero of f(x) plus Ax minus f(x) between Ax.

C6 The derivative represents the slope of the tangent line at a point.
P3 The derivative is that both the value of y changes with respect to x, that is, an increase or
C7 decrease in how much y varies with respect to x and the function evaluated at that point x is
the image.

The limit of a quotient that meets certain conditions, when we set a point P, on the curve and
make another point P that is variable on the curve, then we draw a line that passes through
c8 those two points and what comes next is that the P since it can move along the curve then it
P4 can move closer to Py, so as P tends to P, a line is formed which is called a tangent, so this
tangent makes an angle with the x axis, has a tangent, so this is given that the slope of the line
is going to be equal to the tangent of the angle.
C9 So, the derivative is going to be the slope of the tangent line at a point.

C10 The derivative can be expressed as the slope of the tangent line of a curve at a given point.
Fx+Ax)—f(x)

Ax :
Cl12 The derivative can be used to measure whether a function is increasing or decreasing.
In differential Geometry, we use the derivatives of a function to determine the trihedron of a
curve. When we have a curve in the third dimension, it is important to associate a reference
plane to each point of the curve, and this is made up of, tangent vector, normal vector and
binormal vector.

Cl1 The derivative in Calculus is defined as lim,,_,,

P5

Cl13

2.1.4.2. Third and fourth phases of the thematic analysis.

Subsequently, from Table 4 the codes were grouped into subthemes (third phase). In this process of assigning
themes, similarities, characteristics, and meanings associated with the derivative that the participants gave in
common were taken into account, which is considered a mathematical connection of meaning and different
representations (see Table 5, Figures 1 and 2).

It is important to mention that, in the same argument offered by the PSMT (in this case P5) it is possible to
identify more than one mathematical connection. For example, by the production of the PSMT we identify in
C10 and in C11 the connections of different meaning and representations (see Table 5).

2.1.4.3. Fifth and sixth phases of the thematic analysis.

In the fifth phase in repeated work meetings, the authors defined the themes identified in correspondence
with the conceptual framework adopted in this work. Subsequently, in the sixth phase, the report of the results is
presented, showing the identified mathematical connections (see section 3).
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Table 5. Assignment of subthemes and themes

Codes (C) Subthemes Theme: Mathematical

connection
C1
C3
C6 The derivative is the slope of the tangent line to the curve at a .
: Meaning
C9 point.
C10
C13
C2
C4 T L .
The derivative is the limit of the quotient of the .
C5 - Meaning
c8 mean rates of variation.
Cl1
C7 The derivative is the instantaneous rate of change. Meaning
The derivative can be expressed as the slope of the tangent line
of a curve at a point.
4
C10 ' ),
- \ /Z (')
- N
. . . . Meaning and different
Figure 1. Evidence of the connection of different representations
representations (representations: verbal-graphic-symbolic).
The derivative as a limit.
L
\ 1;]{}&*:5‘.&\]" {—{?i\l
C11 )\‘.‘ L _'____._._.__..._-—-—""-___
AL Q Y *
Figure 2. Evidence of the connection of different
representations (representations: verbal-graphic-symbolic).
3. Results

The analysis of the data allowed us to identify the mathematical connections that the PSMTs made when they
solved the proposed tasks.

3.1. Mathematical connections of Meaning type

The mathematical connection of the meaning of the derivative was evidenced as the slope of the tangent line
to the curve at a point, as the limit of the quotient of the mean rates of variation of the function, and as the
instantaneous rate of change. In this sense, the participants associated a meaning to the derivative term as
presented in Figures 3, 4 and 5, where the mathematical connection scheme of meaning suggested in Rodriguez-
Nieto et al. (2020), in which the derivative mathematical concept is related to its meaning through a code or
argument that supports them.

The slope of the
Derivative + tangent line to the
curve at one point

Figure 3. Mathematical connection of meaning type
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Participants P2, P3, P4 and P5 made the mathematical connection as presented in Figure 2. However, P1 only
mentioned part of the meaning of the derivative, which does not allow it to be called a mathematical connection,
that is, of the way P1 interprets the derived concept, could apply it in problem-solving. Also, in this case it would
be necessary to mention the “slope”. The other mathematical connection of meaning revolves around the
definition of the derivative as the limit of the incremental quotient (see Figure 4). In this case, all participants
made it.

The limit of the
Derrvative > meremental
quotient

Figure 4. Mathematical connection of meaning type

Likewise, we evidenced that P3 expressed the meaning of the derivative as the instantaneous rate of change
(see Figure 5).

Is the
Derivative mstantaneous rate
of change.

Figure 5. Mathematical connection of meaning type

In the PSMTs’ productions associated with the mathematical connection of meaning of the derivative, other
mathematical connections were also identified, such as that of different representations and that of part-whole.
Now, in codes C12 and C13, P5 referred to uses of the derivative to find the trihedron of a curve, locating itself
in the mathematical connection of meaning (see Figure 6). In the case of a resolution to task 1, other
mathematical connections of different representations and part-whole types can be evidenced.

[T Tttt ! B =B]-_110ﬂ1]ﬁ_1

Let c(t) be a curve in R? 55“‘ ] oo o e " | Eﬁ'b?ww - T;{H

c® = GOLOA o BELELAL J

To cobtain the tangent vector, _|_'T P Sbker d pede im\tjt'f\l-ﬂ' : M: Anola o b coxav¥i

we  calculate  the  first ; ﬂ::"lw\w w W petmee deruedi "-]r.: p by cord

derivative of the function. : o gt 4 ' T = Point at the concavity of
L e the curve.

_Ei_lfl_ - VeoLJ( 1@3:4? T

]C' (-E]I Tangent vector =T

u/
) o el - N e

QI VECIOr = B' .LH
[d[*]'l Normal vector= N B

Figure 6. Using the derivative to find the tangent vector (mathematical connection of meaning type)

3.2. Mathematical connections of Different representations type

In codes C8 and C9, P4 associated the following different representations with the derived term (see Figure

7). The mathematical connection between the symbolic representation lim,,._,o W and the graph where

the derivative is drawn as the slope of the tangent line. Likewise, it is confirmed that these representations are
connected to the verbal language representation obtained in the excerpts from the interviews and is evidenced in
C8 and C9 of Table 4.
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Mathematical connection (graphic-symbolic or algebraic).
\

Qx> 0 A X

Symbolic or algebraic

Figure 7. Mathematical connection between different representations of the derivative

Likewise, P5 used different representations (verbal, graphic, and symbolic) when expressing their meanings
of the derivative (see Figure 8).
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In the resolution of task 2, the participants made the mathematical connection of different representations.
For example, P5 used symbolic, graphical, tabular, and verbal or written representations (see Figure 9). In
addition, the type of representations is consistent with that is mathematically accepted, that is, its procedure is
correct.
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Figure 9. Mathematical connections of different representations type

Also, in the resolution of task 3, the participants made mathematical connections between different
representations (alternate, that is, graph-algebraic). For example, P3 and P4 made different representations
(equivalents: p = 300t(1 —t) and p = —300t2 — 300t), as well as graph-algebraic when sketching the graph
of the function. The mathematical connection of different representations is said to be equivalent when
multiplying the factors of the factored expression p = 300t(1 — t), obtaining p = 300t — 300t2. In this sense,
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Gagatsis and Shiakalli (2004) stated that “ability to translate from one representation of the concept of function
to another promotes problem-solving success” (p. 655).

3.3. Mathematical connections of Procedural type

These types of mathematical connections were identified when P5 used the formula to derive the polynomial
function and later replaced the abscissa x = 4 in the algebraic expression of the derivative f'(x) = g + 1 to find
the value of slope m = 3. At another time, the connections emerged when P5 used the point-slope formula to
find the equation of the tangent line that was asked in task 2. It should be noted that participants P2 and P4

managed to establish this type of mathematical connections. For example, Figure 10 describes the procedural
type mathematical connections made by P5.
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Figure 10. Description of the mathematical connections of procedural type

In Task 3, P2 made mathematical connections between different representations (equivalents:
p(t) = 300t(1 —t) and p(t) = 300t — 300t2, arguing that productivity increases when ¢ (time) takes values
above zero and productivity decreases when t takes values close to one and begins to decrease when t > 0.5. P4
made the procedural connection when he substituted ¢t = 0.5 in the algebraic expression of p obtaining that the
maximum productivity is 75. Subsequently, again P4 made mathematical connections of procedural type to find
the values where productivity is zero x = 0 and x = 1 using the general formula. Then, he derived the function

finding that the maximum of the function is given when t = % (see Figure 11).
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Figure 11. Mathematical connections evidenced in the resolution of task 3
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Finally, P3 considered the derivative to find the value in t for which productivity is maximum, he established
procedural mathematical connections when he derived p = —300t? — 300t. Then, he equaled the expression

obtained to zero obtaining t = Z and evaluated this value in the algebraic expression of p, obtaining that the
maximum productivity is 75, since when the maximum productivity depends on where the function reaches the
relative maximum (see Figure 12). Later, he argued that productivity increases in the interval (02) decreases in

the interval (% 1) and isnullwhent =0and t = 1.
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Figure 12. Mathematical connections made in the resolution of task 3
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Concerning task 3, initially, P4 analyzed the behavior of the function considering mathematical connections
of procedural type (see Figure 13), associating it with a parabola that opens downwards, where it observed that

the production increases in the time interval (Oi) and decreases by (;1) Also through the mathematical
connection of procedural type, P4 substituted t = % in the algebraic expression p(t) = 300t(1 — t) and argued

that productivity is maximum at t = % that is, in the vertex of the parabola (maximum productivity is 75).
Likewise, P4 obtained that the productivity is null when t = 0 ort = 1.
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Figure 13. Mathematical connections of procedural type

In the same way that P2, P3 and P5 made procedural connections when it mentioned it derived the expression
p = —300t2 — 300t and then, equaled it to zero leading it to affirm that productivity is maximum when t =
0.5, the productivity is null when t = 1 or t = 0. Also, P2, P3, P4 and P5 argued that productivity decreases as t
€ (0.5,1) and increases when t € (0, 0.5), see Figure 14.
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Figure 14. Mathematical connection of procedural type

It is important to mention that the statements of the PSMTs when deciding whether productivity is maximum
or null, are supported by logical or implication relationships that help interpret and solve application problems in

mathematical terms.

3.4. Mathematical connections of Implication type

The mathematical connection of implication emerged in the resolution of task 3, where the participants
affirmed that, if the productivity is null then t = 0 or t = 1; If productivity is maximum then t = 0.5. That is,
productivity is maximum when there is a relative maximum (see Figures 11, 12, 13 and 14).

3.5. Mathematical connections of Part-whole type

In most cases it is inferred that the part-whole mathematical connection emerged, where participants used

parts of a graph. For example, in Figures 11,

12, 13 and 14, participants only outlined the positive part of the
2

graph p = 300t(1 — t). Likewise, in Figure 9, P1 only considered part of the graph of the function f(x) = =

x + 5. Also, this type of mathematical connection was identified when the participants analyzed the behavior of
the graph of the function, showing the increase and decrease of the function associated with the behavior of
productivity at specific intervals (see Figure 15). In addition, they indicated points that belong to the graph, in
which productivity is maximum or null, giving evidence of part-whole relationships (inclusion).
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Figure 15. Mathematical connection of part-whole type in solving task 3

213



C.A. Rodriguez-Nieto et al.

In the same way, as it is presented in Figure 16, it is observed in Figures 12, 13, 14 and 15, where for
example the PSMT P5 states that productivity increases in t € (0, 0.5), whose relationship it belongs (part-
whole).

3.6. Mathematical connection of feature type

This mathematical connection was identified when the students mentioned characteristics or properties of the
derivative. For example, in triangulation with an expert researcher on connections, it was recognized that the
phrase in P5: “the derivative can be used to measure whether a function is increasing or decreasing”
corresponds to a characteristic of the derivative and also the phrase of P1: “the derivative of a polynomial
function is a reduction of its degree by one” in principle it had been considered as a connection of meaning, but
it is really a feature type connection as evidenced in Garcia-Garcia and Dolores-Flores (2018; 2019). An
example of these connections is evidenced in Figure 16.
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Figure 16. Mathematical connections of feature type

However, in the productions of the PSMTs, some causes were identified that prevented them from
establishing mathematical connections. For example, P1 confused the algebraic representation of the derivative
with the equation of the tangent line leading him to make errors in the solution of task 2. For this reason, P1
reached an incorrect result, showing the disconnection in the use of different representations and procedural
errors (see Figure 17).
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Figure 17. Evidence of disconnection in the procedure done by P1

We maintain that these types of difficulties are caused by not considering the slope of the tangent line in the
meaning given for the derivative (C1 in Table 2). That is if a subject has the wrong meaning about a
mathematical concept when using it in problem-solving it can lead to incorrect answers. The following interview
excerpt shows the influence of the meanings that the teacher transmits to his students.

I: What does the derivative mean?

P1: For me the derivative, I have a definition learned from high school. A teacher had told me that the line
is tangent to a function and he even pointed out to us with a drawing that we had a quadratic function, for
example, it was f(x) = x? and he said that the derivative was 2x, he plotted a straight line and it told us
that this point where the two of them [the graph of f' with the graph of f] intersected was the derivative. I
kept that idea. Here in the mathematics faculty, the teacher also explained a little more to us, but he
already gave us a form, told us how these derivatives were obtained and, from there, we already
mechanically began to work the derivation rules, how you could view as a limit.

I: How could you see it as a limit?
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P1: The limit of a function plus an increment minus the limit of the original function between the
increment.

I: Could you represent her?

P1: Yes, well... that was another way of looking at the derivative.

In the interview excerpt, it was observed that P1 retains the meanings provided by his teacher from the high
school level. Therefore, the teacher’s mathematical connections of meaning directly influenced those established
by P1, but in this case it is a disconnect since P1 provided an incomplete meaning: “the derivative is the tangent
line to a function” without emphasizing the slope of the line. For his part P3 presented difficulties in achieving
this due to the inappropriate use of the point-slope formula [y + y; = m(x — x,)], thus arriving at an incorrect
linear equation. Likewise, considered the tangent line of the function to be the expression f’(x) = §+ 1 without

emphasizing the slope of the tangent line at the given point. This case suggests that the disconnection of P1
concerning the meaning of the derivative is promoted by the meaning given by their teacher in high school and
college, that is, the mathematical connections made by the teacher when addressing a mathematical topic can be
reproduced by students such which as they were communicated. With this event, we agree with Byerley and
Thompson (2017) when they mentioned that “students return to high schools to teach ideas they understood
poorly as school students, rarely revisited in college, and for which they still have poorly-formed meanings” (p
.191).

Just as there were disconnections in the resolution of task 3 by P1, due to having an inconsistent or
incomplete meaning of the derivative, some similar cases also occurred in the study by Sanchez-Matamoros et
al. (2008). These authors reported that students did not connect a process associated with the notion of a
derivative (rate of change, limit, function) given in one context, with the same process that appears in another
context. Also, they concluded that the understanding of the derived concept will be promoted when meanings of
rate of change, limit, and function are constructed and connected in different contexts. Furthermore, we agreed
with Pambudi et al. (2018) given that, we find that success in problem-solving depends on the mathematical
connections that a subject makes. In the case of P1, the result of task 3 was not successful, due to a disconnection
or a mathematically inconsistent procedure.

Sanchez-Matamoros et al. (2008) argue that different representations influence the construction of meanings
of a subject since they can be considered separately and applied algorithmically without any relationship. The
results of this investigation coincide with the statements made by Sanchez-Matamoros et al. (2008), regarding
the lack of connections between modes of representation. However, we point out that the algorithmic processes
of the students could be caused by their teacher. For example, during the P1 interview, he said: “The teacher also
explained a little more to us, but he already gave us a form, told us how these derivatives were obtained and,
from there, we mechanically started to work the derivation rules, how could it be seen as a limit”.

In summary, this study analyzed the mathematical connections made by five PSMTs when they solved tasks
related to the derivative (see Table 6).

Table 6. Frequency of the mathematical connections established by the PSMTSs on the derivative
Mathematical connections

Participant Task

P P-wW | DR F M R frequency
1 1 0 0 0 1 1 0 3
1 2 4 2 0 2 0 0 0 8
3 4 2 3 2 0 0 0 11
1 1 1 0 4 0 2 0 8
2 2 1 0 0 0 0 1 0 2
3 0 1 3 3 0 0 0 7
1 0 3 0 3 0 3 0 9
3 2 4 0 0 2 0 1 0 7
3 3 4 3 4 0 0 0 14
1 4 3 0 4 0 2 0 13
4 2 3 0 0 3 0 1 0 7
3 4 3 3 3 0 0 0 13
1 2 1 0 4 1 3 0 11
5 2 6 1 0 5 0 1 0 13
3 6 5 3 3 0 0 0 17
Frequency 43 26 15 42 2 15 0
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4, Discussion

According to the results, mathematical connections of procedural type (n = 43) were more frequently
evidenced, followed by the mathematical connections of different representations (n = 42) and part-whole (n =
26). Those of implication and meaning were presented in equal numbers. However, the connections of different
representations and meanings are those that report the previous research that students and teachers do little and
therefore, lead them to present difficulties in solving problems (Berry y Nyman, 2006; Hashemi et al., 2014;
Moru, 2020; Pino- Fan et al., 2015; 2018; Pino-Fan et al., 2017; Sari et al., 2018; Ubuz, 2007). The
mathematical connections of meanings of the derivative (slope of the tangent line to a curve at a point and limit
of the incremental quotient) were the most evident, and connections between multiple representations of the
derivative also emerged in the written productions of the participants, which in the study by Sari et al. (2018)
they are presented as difficult to do.

Also, in the mathematical connections of meaning the part-whole connection was inferred, since only two
meanings that belong to a global meaning of the derivative reported in the study of Pino-Fan, Godino and Font
(2011) and Pino-Fan (2013). In this sense, it follows that the conformation of a meaning depends on other well-
connected meanings. The part-whole mathematical connections are evidenced in interview excerpts associated
with the participants” mathematical connection of meaning (the limit of the incremental quotient and slope of the
tangent line), since the derivative has a global epistemic meaning (Pino-Fan et al., 2011, p.174), as shown in
Figure 18. The global meaning is made up of nine systems of practices each associated with an epistemic
configuration (EC) constituting nine partial meanings of the notion of derivative (EC1, EC2, EC3,..., EC9)
(Pino-Fan, 2013), which maintain relationships with each other. In terms of the study of Pino-Fan (2013), the
partial meanings are connected and make other meanings emerge, that is, they generate a new system of
practices.
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Figure 18. Global epistemic meaning of the derivative (Pino-Fan et al., 2011)

In this sense, Pino-Fan et al. (2011) argue that there are relationships between the different epistemic
configurations identified in Figure 18, which:

They could continue to expand, for example, the EC7 configuration that has linked the meaning of the
derivative as fluxion, together with some ideas from the EC8 and EC9 configurations, giving rise to a
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new system of practices from which a new branch of mathematics: “The calculation of variations” (p.
173).

The part-whole mathematical connection was evidenced in the global epistemic meaning of the derivative as
an inclusion relationship. Also, the analysis of the meaning connections presented in Figure 17 is made specific
and especially detailed, which are important for students and teachers to attend so that the difficulties reported in
the literature due to the disconnection of meanings are not further promoted partial of the derivative (Pino-Fan et
al., 2015; 2018). In this sense, the EC2 and EC4 configurations are grouped and give rise to a new, more general
system of practices with their respective configuration called “variation, velocity” (Pino-Fan, 2013). See Figure
19 where the mathematical connection of meaning (MCM) is evidenced.

t

The Fluxions
Calculation

t

Variation, Velocity

Problems about Tangent tracing
variation in the through kinematic
middle ages considerations

Figure 19. Mathematical connections of meaning and part-whole evidenced in the global epistemic
meaning of the derivative (Adopted from Pino-Fan et al. (2011)

Likewise, Figure 19 shows the mathematical connection between meanings where the EC2 and EC4
configurations are related with the configuration underlying the system of practice: variation, velocity and give
rise to a new system of practice/partial meaning with its associated configuration: The Fluxions Calculation
(EC7) (Pino-Fan et al., 2011). In relation with the mathematical connection of part-whole type, emphasis is
placed on the inclusion relation specified in Figure 19, where part 1: EC2 and part 2: EC4, make up the whole:
variation, velocity. In the same way, the meaning “The Difference Calculation” (whole) associated with the
system of practice “tangent” is conformed with its parts EC1 (part 1), EC3 (part 2) and EC6 (part 3).

We consider it relevant that P5 gave a meaning of the derivative as use when he mentioned "in differential
Geometry, we use the derivatives of a function to determine the trihedron of a curve". Implicitly involved is the
meaning of the derivative as the slope of the tangent line to a curve at a point. Going deeper into the part-whole
mathematical connection, our results coincide with those reported by Garcia-Garcia and Dolores-Flores (2019)
when they stated that students recognize parts of a graph y = f(x), that is, analyze the graph at the extremes, as
well as the behavior of the graph of the function at certain intervals. In this work, it was also recognized that
PSMTs identified intervals (indicating sectors or parts of the graph sketch) where productivity increases or
decreases. It is valid to mention that the mathematical connection of reversibility was not evident in the
responses of the PSMTSs. It could be said that these mathematical connections did not emerge due to the type of
tasks proposed. For example, in the work of Garcia-Garcia and Dolores-Flores (2019), the mathematical
connection of reversibility emerged since the students were proposed a task where they had to sketch the graph
of the derived function, given the graph of the function f(x) and viceversa, as well as sketch the graph of its
antiderivative function given the graph of the derived function f'(x).

5. Conclusion

The results obtained from the thematic analysis allowed recognizing mathematical connections when the
PSMT solved the proposed tasks. These results show that the difficulties of the PSMT, for example, are possibly
caused by the meaning they have on the derivative, product of the education received and that, if not addressed
with special attention, they can be reproduced in their future practice as teachers in service. In the same way,
they show difficulties in achieving the procedural mathematical connection when they do not consistently use
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meaning when solving an application problem. Generally, in the answer to task 1, the use of meanings of the
derivative was observed in most of the answers, associating them with different representations. In the answers
to task 2, it was shown that PSMTSs prefer to use the meaning of the derivative as the slope of the tangent line to
the curve at one point. In the context of the application problem (task 3), it was shown that PSMTs adequately
solved the task, using different representations of the derivative and the function that models productivity.

Finally, we recognize that this research is a case study, so the results are not generalizable; however,
evidence is given about the situation surrounding PSMTs. That is, the mathematical connections that they
manage to establish by solving mathematical tasks can be taught in their future practice, stimulating students to
develop or not the ability to make mathematical connections. In future studies we suggest studying the
connections with a larger population to generalize the results. Also, we consider it important to explore the
quality of the mathematical connections that students make, PSMTs and in-service teachers when solving
mathematical tasks, and how these connections influence the understanding of mathematical concepts. It is
suggested to study mathematical connections considering integrations with other theoretical frameworks that
consider the connections to be fundamental in order to make more detailed analyzes, for example, a future work
would be directed towards the mathematical connections between the different meanings and representations of
the derivative and through from these connections achieve mathematical understanding of the same concept.
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