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Abstract: Mathematics has a structure based on concepts and operations with a certain and logical order. The discovery of
this order is one of the basic elements of doing meaningful mathematics. It is very important to prepare learning environment
that allow students to connect and build relationships between mathematical concepts. In this study, “chaos game” which will
enable students to build relations among patterns, probability, series and limits has been introduced in detail in the process of
obtaining from irregular cases to regular cases. The Chaos game was explained in detail with examples and given some
explanations on why the regular shapes formed at the end of the game. Moreover, some tasks that students will be able to use
their abilities such as hypothesis, mathematical connections and deduction and to make connection among some
mathematical concepts such as probability, measure, patterns and numbers were formed. Reflections from students about
these tasks were also included. In this context, the tasks were applied to 44 freshman students who were attending the
department of elementary mathematics education in an education faculty of a state university in Central Anatolia region and
some reflections from these tasks were examined. Findings showed that the tasks enabled students to use their skills such as
hypothesis, observation, mathematical connections and deduction. It was also determined that the tasks enabled students to
make practice on some mathematical topics such as measurement, exponential numbers, probability and patterns.
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Oz: Matematik belli bir diizen ve mantiksal siralamaya sahip kavram ve iglemler iizerine kurulu bir yapiya sahiptir. Bu
diizenin kesfedilmesi ogrencilerin anlamli matematik yapmalarmin temel unsurlarindan biridir. Ogrencilerin anlaml
matematiksel iligkileri gérmelerine ve olusturmalarina imkan verecek ortamlarin hazirlanmasi oldukga Onemlidir. Bu
calismada diizensiz olarak goriilen bir durumdan diizenli geometrik sekillerin elde edilmesi siirecinde dgrencilerin Oriintiiler,
olasilik, geometrik dizi ve seriler ile limit kavramlar1 arasinda iliskiler kurmasini saglayacak “Kaos oyunu” detayl bir sekilde
tamtilmigtir. Kaos oyunu ve bu oyunun sonunda nig¢in diizenli sekillerin olustugu ayrintil bir sekilde incelenmis ve drneklerle
aciklanmaya caligilmigtir. Bunun yaninda 6grencilerin hipotez kurma, iliskilendirme, ¢ikarim yapma gibi becerilerini ise
kosacagi ve olasilik, dlgme, Oriintiiler ve say1 dizileri gibi matematiksel kavramlar arasinda iligkiler kuracagi etkinlikler
gelistirilmis ve bu etkinliklere yonelik dgrencilerden yansimalara yer verilmistir. Bu baglamda iilkemizin I¢ Anadolu
bolgesinde yer alan bir egitim fakiiltesinde 6grenim goren 44 ilkdgretim matematik 6gretmenligi dgrencisine gelistirilen
etkinlikler uygulanmustir. Elde edilen sonuglar etkinliklerin &grencilerin hipotez kurma, gdzlem yapma, iliskilendirme ve
¢ikarim yapma gibi becerilerini kullanmalarina imkan verdigini gostermektedir. Bunun yaminda etkinliklerin &grencilerin
matematigin dlgme, iislii sayilar, olasilik ve driintiiler konularinda uygulamalar yapmalarini sagladig1 tespit edilmistir.

Anahtar Kelimeler: Kaos oyunu, fraktal, matematik etkinligi, simf ortamindan yansimalar

Tiirkge siiriim i¢in tiklayiniz

1. Introduction

The constructivist approach emphasizes the learner building connections among their prior and new ideas in
the process of constructing their own knowledge. According to this approach, the greater the number of
connections among prior and new ideas, the better the understanding (Baki, 2008). Skemp (1976) defined
understanding as a measure of quality and quantity of connections that a new idea has with existing ideas. He
divides understanding into two parts: relational understanding and instrumental understanding. Skemp (1976)
defines instrumental understanding as knowledge of rules and procedures used in applying mathematical process
without knowing the reasons. For example, students know that 6/10 can be simplified to 3/5. Moreover, they
know that 6/10 is equivalent to 3/5, but not understand that 6/10 and 3/5 indicate the same quantities. Skemp
(1976) also defines relational understanding as knowing what to do and why in carrying out mathematical
process. Relational understanding comprises when the student realizes the properties of mathematical concepts
and build connections among these properties and other mathematical concepts in his/her mind. For example,
when a student classifies that the square is also a rectangle and the rectangle is also a trapezoid and the
parallelogram is also a trapezoid, it indicates that he/she has relational understanding.
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Teaching, lacking in relational understanding, causes generally negative attitude and misconceptions for
mathematics among students (Van De Walle, Karp & Bay-Williams, 2012). Connection has a key role in the
learning of mathematical concepts and it is also one of the basic skills in teaching mathematical concepts
(National Council of Teachers of Mathematics [NCTM], 2000). Activities, materials, examples and explanations
used by the teacher in the teaching environment have a great role in gaining this skill. For this reason, it is very
important to design environments where students can see interrelated relationships about a concept. The
objectives to be created for such environments and to be brought to the students are set out in the curriculum.
The deficiencies in the curriculum and the developments required by the era cause the renewal and changes in
the programs from time to time.

In Turkey, the most radical reform movement in mathematics education programs has been in 2005 (Baki,
2008). As a result of the reform movement in 2005, the understanding adopted for learning and teaching
mathematics has changed and the understanding that knowledge is an active product of the individual and
knowledge is not independent from the individual has been accepted (Baki, 2008). In the mathematics education
programs created during this period, it was emphasized that the topics were related to real life, and that students
created their own knowledge based on concrete experiences and intuition (Ministry of National Education
[MoNE], 2007). In line with the new understanding adopted in the curriculum, changes have been made in the
topics included in the curricula. For example, for the first time in 2005 elementary mathematics curriculum,
fractal geometry, a geometry different from Euclidean geometry, was included (MoNE, 2007). Fractal comes
from the Latin verb “frangere”, which means “irregular, broken, complex” (Manbelbrot, 1982). Intuitively,
fractals are symmetric shapes with respect to magnification (Fraboni & Moller, 2008). More mathematically, a
fractal is defined as a shape which has the property of self-similarity- that is it consists of smaller copies of itself
with magnification (Karakus & Baki, 2011). In elementary mathematics curriculum, the activities of building
fractals as a result of recursive iteration were included. Fractals were also in 2010 secondary school mathematics
curriculum (MEB, 2010). In this curriculum, fractals were built by using transformations which were reflection,
translation and rotation and finding various patterns in these shapes (Karakus & Baki, 2011). Thus, by using
fractal geometry in both elementary and secondary school mathematics curriculums, it was tried to help students
to make a relationship between geometry and real life and to discover similarities and differences with Euclidean
geometry by examining different geometries. Similarly, NCTM (1991) suggests that fractals should be included
in mathematics curriculum and that students’ attitude and interest can be increased and students can make
relationships between mathematics and nature. The fact that fractals can be constructed both geometrically and
algebraically shows that they are a good application for studying the relationships between geometry and other
areas of mathematics. However, in line with the updates made in mathematics curriculums, fractals were not
included in both 2013 and 2017 mathematics curriculums. Although fractals are not a learning outcome in
existing mathematics curriculums, they have great importance in discovering many mathematical features and
employing different mathematical information in this discovery process. In the literature, it is stated that fractals
help students to make different relationships both with the concepts in mathematics and with other disciplines
and nature (Adams & Aslan-Tutak, 2006; Bolte, 2002; Devaney, 2004; Fraboni & Moller, 2008; Naylor, 1999;
Siegrist, Dover & Piccolino, 2009; Vacc, 1999). For example, Fraboni and Moller (2008) state that students can
establish relationships between different subjects of mathematics and make various discoveries while examining
the Sierpinski triangle and its properties. Sierpinski triangle (Figure 1) can be constructed by using following
steps:

1. Start with an equilateral triangle

2. Subdivide it into four smaller congruent equilateral triangles and remove the central triangle

Repeat step 2 with each of the remaining smaller triangles infinitely.
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Figure 1. The evolution of Sierpinski triangle

Fraboni and Moller (2008) state that a discovery made by students with the Sierpinski triangle may be in the
form of new triangles that occur at each iteration step, and determine the relationship between them and the
original triangle. In order to determine this relationship, students should use the information “line joining the
mid-points of two sides of a triangle is parallel to the third side and equal to half the length of the third side”
(Fraboni & Moller, 2008, p. 198). With this information, they will be able to see that the triangles formed in each
iteration step are equal and the triangles formed in the previous iteration step are similar to the original triangle.
Thus, while students make discoveries about the Sierpinski triangle, they also make relationships for their
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knowledge of equality, similarity, parallelism and mid-point theorem “line joining the mid-points of two sides of
a triangle is parallel to the third side and equal to half the length of the third side”. Similarly, Naylor (1999) gave
an activity in calculating the perimeter and area of the Sierpinski triangle. Naylor (1999) states that a number
pattern in the form of the powers of 3 can be obtained (for the first step is 1, for second step is 3, for third step is
3%=9, for forth step is 3°=27, etc.) for the number of triangles removed while the Sierpinski triangle is formed. A
similar pattern can be obtained for small black triangles formed at each iteration step. In addition, the perimeter
of the Sierpinski triangle can be expressed by a divergent sequence of 3(1+3/2+(3/2)?+(3/2)* +---+(3/2)"). Since
this sequence is divergent, the perimeter of the Sierpinski triangle goes to infinity. In contrast, the area of the
Sierpinski triangle converges to zero. This activity shows that students make use of number patterns, exponential
numbers, sequences and limit concepts when calculating the perimeter and area of the Sierpinski triangle. In
addition, the shapes in Euclidean geometry have a static structure. In other words, Euclidean shapes have a
certain perimeter and area. On the other hand, the Sierpinski triangle has an infinite increasing perimeter and also
an area approaching towards zero. Such extraordinary situations not only attract students 'attention but also raise
questions such as “how can a shape be an infinitive perimeter with zero area?” or “Could there be other shapes
like this?”

1.1. What is Chaos Game?

As in the studies of Fraboni and Moller (2008) and Naylor (1999), fractals are often created as a result of
regular iterations. However, fractals can be created with the help of randomly situations. One of these situations
that construct a fractal is chaos game. Chaos game is a game that allows students to see that certain patterns and
relationships can be found in many situations randomly expressed in their environment. The rule of the game is
very simple: Start with three point such as A, B and C at the vertices of an equilateral triangle and pick any point
whatsoever in the triangle; this point is z, called the seed. Now roll the die. Depending upon which numbers
come up, move the seed half the distance to the similarly numbered vertex. The game is played as follows:

Roll the die, if the numbers 1 or 2 come up move the seed half distance to vertex A.
Roll the die, if the numbers 3 or 4 come up move the seed half distance to vertex B.
Roll the die, if the numbers 5 or 6 come up move the seed half distance to vertex C.

Repeat this procedure, each time moving the previous point half the distance to the vertex whose number
turns up when the die is rolled. For three steps, the game can be played as follows: pick any point whatsoever in
the triangle with the A, B and C at vertices. Roll the dice and if 3 comes up, then move the z, seed half the
distance to the B vertex. Mark this point as z; and this point is the new seed. Roll the die again and 1 comes up,
then move the z; seed half distance to the A vertex. Mark this point as z, and this point is the new seed. Roll the
die again and 6 comes up, then move the z, seed half distance to the C vertex. Mark this point as z5 (Figure 2).
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Figure 2. Orbit of seed in the Chaos Game

Roll the die again and again a sequence of infinite points such as zq, z3, z,, z3, ... is obtained. The following
questions may come to mind about this sequence of points:

e Isthe repetition process that creates the dots really random?
e Roll the die many hundreds of times and what will be the resulting pattern of points?

Since, when the dice is rolled, the probability of the numbers matched with the corner points is equal, the
iteration process that allows the formation of dots in the game of chaos is random. In addition, the location of the
first seed is also random.

As described above, what kind of shape will emerge when the chaos game is played is quite interesting. As a
result of the randomness of the game and the sequence of dots behaving randomly, it may be thought the
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resulting image will be a random smear of points or the points will eventually fill the entire triangle. Below are
the figures formed by different number of iteration in the Chaos Game (Figure 3).
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Figure 3. Figures formed in different iterations in Chaos Game

According to Figure 3, as the number of repetitions increases, resulting figure is Sierpinski triangle. This is
quite unusual and interesting. Because a random geometric result emerges as a result of a random situation.

1.2. Why does the Sierpinski triangle arise from the chaos game?

When playing the chaos game, a starting point “seed” is picked. Suppose that the seed z; is in the middle of
triangle ABC. When roll the die, the new seed z; will be in the half distance between the z, and one of the three
corner points. Suppose, roll the die and 6 comes up. In this case, the z; seed close to C vertex and would be in
the middle of the 3 small triangles formed in the first iteration of the Sierpinski triangle (Figure 4).
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Figure 4. Location of z, seed in the Chaos Game.

Similarly, the new seed z, will be in the half distance between the z; and one of the three corner points.
Suppose, roll the die and 4 comes up. In this case, the z, seed close to B vertex and would be in the middle of the
9 small triangles formed in the second iteration of the Sierpinski triangle (Figure 5).

A A

Figure 5. Location of z, seed in the Chaos Game

Again play the game, the new seed z; will be in the half distance between the z, and one of the three corner
points. Suppose, roll the die and 1 comes up. In this case, the z; seed close to A vertex and would be in the
middle of the 27 small triangles formed in the third iteration of the Sierpinski triangle (Figure 6).
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A

Figure 6. Location of z; seed in the Chaos Game

Similarly, the new seed z, will be in the middle of the 81 small triangles formed in the third iteration of the
Sierpinski triangle. Thus, the z;, z,, zs,... points will be in the triangles formed in the different iteration of the
Sierpinski triangle. The points will lie smaller triangles and these triangles very quickly become microscopic in
size. So, the orbit looks like it lies on Sierpinski triangle.

Chaos game which will enable students to build relations among patterns, probability, series and limits has
been introduced in detail in the process of obtaining from irregular cases to regular cases (Devaney, 2004). The
purpose of this study was to prepare tasks in which students build relations among mathematical concepts and to
give reflections from the implementation of these activities. The problems of this study were as follows:

e What are the reflections from students about tasks?
e When the tasks were implemented, what kind of mathematical relationships do the students build?

The Chaos game was explained in detail with examples and given some explanations on why the regular
shapes formed at the end of the game. Moreover, some tasks that students will be able to use their abilities such
as hypothesis, mathematical connections and deduction and to make connection among some mathematical
concepts such as probability, measure, patterns and numbers were formed. In this context, the tasks were applied
to students and some reflections from these tasks were examined.

2. Method

The research methodology of this study was a case study, since students design activities that will create
different associations between mathematical concepts in chaos and examine the associations of elementary
school mathematics freshmen students towards these activities. Case studies give the researcher the opportunity
to describe the special cases examined with a special focus on a very specific subject or situation, and to explain
the cause-effect relationships between the variables (McMillan & Schumacher, 2014).

2.1. Sample

The sample of this study has been determined by convenience sampling, which is one of the non-random
sampling methods. The reason for choosing the convenience sampling method in the study is that the group to be
examined is accessible and practicable due to the limitations in terms of time, money and labor (McMillan &
Schumacher, 2014). The participants of this study consisted of 44 freshman students who were attending
department of elementary mathematics education in an education faculty of a state university in Central Anatolia
region. 36 of these students are women and 8 are men. None of the students have any prior knowledge of the
chaos game.

2.2. Data Collection

Data were collected from students’ written explanations and focus group interviews. Three tasks were formed
for chaos game. The aim of the first task was to ensure that students can recognize regular shapes formed at the
end of a random process. Thus, students will be created an understanding on chaos and chaotic thinking. The aim
of the second task was to make a connection between chaos game and Sierpinski triangle. The aim of the last
task was about the probability of the roll a die and construction of Sierpinski triangle. The tasks were prepared
taking into account the development steps of a task in the study of Baki (2008). After the tasks were prepared,
these tasks were presented to the two academics who were expert about fractals and also completed their
doctoral education in the field of mathematics education. Experts have stated that the tasks are generally
appropriate, but some minor corrections can be made. For example, it was stated that it would be more
appropriate for students to enter their own values in addition to the probability values given in task 3. For this
purpose, a place is reserved for students to write and examine their own values under the probability values
given in task 3. According to the opinions of the experts, the final arrangements were made in the activities and
application started. Before applying the tasks, students were separated into eleven groups and each group
consists of four students. During the implementation of the tasks, each group was asked to fill in the activity
sheets in line with the guidelines and explain the reasons for the results they obtained. In the second stage of data
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collection, focus group interviews were conducted with 16 students in 4 groups who participated in the study and
volunteered. The purpose of the focus group discussion is to reveal the thoughts of the students that do not
appear on the activity sheets, to examine the reasons of the answers they have given and to discuss their answers.
The focus of the group discussions is the answers given by the students to the activities. Therefore, the students
were asked questions such as, "How did you get this result?", "What did you observe?", "Why did you write this
answer?". The aims of the questions are to reveal what kind of thinking processes students have. Focus group
interviews were recorded on audio and each interview lasted an average of 30 minutes.

2.3. Implementation of the tasks

Before applying the tasks, students were separated into eleven groups and each group consists of four
students. While the students were doing the activities as a group work, one of the researchers guided the students
by walking between the groups, with clue questions and guidance when the students had difficulties. The
researcher who carried out the application is a mathematics educator experienced in fractals. The researcher has
many studies in national and international refereed journals about fractals and teaching fractals. The activities
were carried out for a total of 4 class hours, 2 class hours per week, for 2 weeks. In the implementation of the
activities, a computer laboratory was used and a computer connected to the internet was given to each group.
The first activity lasted two hours and students played chaos game with the help of transparent paper and pencil.
The reason for playing the game in this way is to make students realize that the movement of the dots is random
and the probability of rolling dice is equal. In addition, it is aimed to develop skills such as hypothesis,
observation and inference about what kind of shapes will be formed at the end of the game. After playing the
game on paper, the students were asked to turn on the computers and they were allowed to play the game on the
website http://www.shodor.org/interactivate/activities/TheChaosGame/. Since the website allows more points to
be formed in a short time, it provides a more accurate Sierpinski triangle. The second activity lasted one hour
and the students were aimed to establish a relationship between the Chaos game and the Sierpinski triangle and
to realize how the Sierpinski triangle formed as a result of the movements of the points in the game. In this
activity, students are expected to use their skills such as pattern finding, prediction and inference. The last
activity lasted 1 lesson and once more http://www.shodor.org/interactivate/activities/TheChaosGame/ website
was used. In this activity, different probability states of the numbers in the dice were written in the program on
the website and the students observed the shapes that occurred in each probability case and the activity also
aimed to determine the conditions of the formation of the Sierpinski triangle as a result of these observations.

2.4. Data analysis

Students’ explanations for each task were compared and they divided into two categories as right
explanations and wrong explanations. Then, each category was examined in its own way and the reflections from
the experiences of the students were presented descriptively. For this purpose, direct quotations were excerpted
from the explanations of students. The data obtained from the focus group interviews were presented
descriptively to support the responses of the students to the tasks. In order to ensure the internal validity, the
control of the data obtained from the focus group interviews was done with participant confirmation (Fraenkel &
Wallen, 2011). In addition, data triangulations (Cohen, Manion & Morrison, 2000) was made using both the
responses to the activities and the data obtained from the focus group interviews. To ensure external validity,
quotations from students' answers and focus group interviews are included in the findings section.

3. Findings
3.1. Reflections from the “Chaos Game”

This activity is designed to enable students to see that regular shapes can occur at the end of a random
process, thereby creating an understanding of chaotic thinking. While the first part of the activity was held in
paper-pencil environment, the second part was held in computer environment. Playing the game primarily in
paper-pencil environment helps students both see the movement of the dots and realize that the process is
random. The randomization of the starting point in the chaos game and the randomness of the numbers in the
dice throw causes a perception that a triangle consisting of random points may be formed at the end of the
process. At the beginning of the activity all groups stated that, a triangle covered with dots will be formed as a
result of the game. For instance, the findings from the focus group interview with Group 1 are presented below:

Researcher: In the beginning, when you were playing the game, what kind of shape did you think would
occur?

Group 1: We thought that a triangle would be formed which was not completely clear.

Researcher: Why did you think such a shape would occur?

Groupl: We marked a random point between points A, B, C. Since we do not know what the number
from the dice will be, we first thought that a random shape would be formed. Then we saw that no point
overlapped, and all the points remained inside. Therefore, we thought that a triangle filled with dots
would form.
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When groups put the markings they made on transparent papers (see Figure 7) on top of each other and
combined them, they obtained the observations in Table 1.
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Figure 7. A student’s markings for points in the chaos game

Table 1. Observations of the groups in the chaos game activity

Observations

Too many points did not fall where the triangle’s center of gravity is.
The points were concentrated in certain places instead of the middle of the triangle.
The middle of the triangle remained empty.

0 B W=

Table 1 shows that when the number of points in the game increases, some points decrease less in the inner
region of the triangle and the points towards the edges are increased. For instance, the findings from the focus
group interview with Group 1 are presented below.

Researcher: What did you observe when you add your papers up with your group friends?

Groupl: It was not exactly obvious, but we noticed that there is a gap in the middle of the triangle. The
points were not increased here.

Researcher: Where were the points increased?

Groupl: The dots were clustered at the points that form the corners. There were gaps in certain places.
Researcher: Why may there be less points in the middle of the triangle?

Groupl: We thought this as a group. Actually, we don't know why. However, it may be related to taking
half of the distances each time.

Researcher: Why might it be about taking half of the distances?

Groupl: The point we choose does not go out of the triangle and the points are getting closer to each
other. The distance between the dots decreases with each roll of dice. This causes the points to
accumulate in certain places. It may be because of this. | am not sure.

The explanations above show that the students realize that a triangle filled with dots will not occur at the
end of the game and that there are gaps in some places. It is obvious that there are also inferences about the
reasons for these gaps. When they played the game of Chaos on their website, they quickly observed that the
Sierpinski triangle formed at the end of the game. In this context, the interview with Group 4 is presented below.

Researcher: What shape did you get when you played the game on the website?

Group 4: A fractal consisting of empty triangles was formed. You said your name, the Sierpinski
triangle.

Researcher: What did you think when this shape occurred?

Group 4: It was very interesting. | never thought that such a shape would occur.

Researcher: Why might this fractal occur?

Group 4: 1 do not know the reason exactly. As we marked the dots on the paper, we saw the gap in the
middle. But I had not guessed it would be this smooth. Maybe taking half the length may be the reason
for this.

Researcher: What causes you to this thought?

Group 4: Looking at the shape carefully, there are intertwined triangles and they are all joined from the
middle of their edges. We were also finding the midpoint of the dots in the game. We thought it might be
from here.

The explanations above show that students observe that there may be a link between the rule of the game and
the stages of the formation of the Sierpinski triangle.
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3.2. Reflections from the activity for relationship between chaos game and Sierpinski triangle

This activity is designed for students to determine the final location of the point using their reasoning skills
and to establish a relationship between the steps of the formation of the Sierpinski triangle and the number of
dice rolls. In the first part of the activity, 8 groups found a correct relationship between the formation steps of the
Sierpinski triangle and the number of dice rolls, while 3 groups did not find a relationship. The relationship
obtained by Group 3 is presented in Figure 8.
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Figure 8. The relationship obtained by Group 3

In addition, there are groups that achieve different relationships. For instance, the relationship that Group 5
has achieved is presented in Figure 9.
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Figure 9. The relationship obtained by Group 5

In the second part of the activity, the students were expected to predict the dice that may come according to
the last place where the point was found. The prediction of 10 groups were correct, and only the estimates of 1
group were incorrect. The interview with Group 4 which made the correct estimate is presented below:

Researcher: How did you determine the numbers on the dice?

Group 4: We tried to guess in reverse.

Researcher: Can you explain a little more? How?

Group 4: Since the end point is near corner B, we thought the dice rolled for the third time could be 3 or
4. Then the other point should be close to point A.

Researcher: Why? Why should it be close to point A.

Group 4: Otherwise, point 2 must fall outside the triangle, and our points are always inside the triangle.
Researcher: So point 2 cannot be close to C.

Group 4: Yes. In the other case where we take the midpoint of the distance, the point falls out. In this
case, the 2nd dice may be 1 or 2.

Researcher: What would the first dice be then?

Group 4: If we continue with the same logic, the first dice should be 5 or 6, so the first point should be
close to point C.

From the statements above, it is clear that the students make informed predictions using the available data
without measuring

3.3. “Reflections from the “Chaos Game and Probability” activity

The purpose of this activity is to enable students to realize that the probability of the numbers in the dice
rolled in the Chaos game is equal and to determine in which cases the Sierpinski triangle is formed. All groups
performing the activity determined that the formation of the Sierpinski triangle depends on the probability of the
numbers on the dice. For instance, the interview with Group 7 is presented below.

Researcher: What relationship did you determine between the probability of the numbers on the dice and
the Sierpinski triangle in the game of chaos?

Group 7: 1f we want to create the full triangle, the probability of the numbers coming to each corner must
be the same. Otherwise, sometimes a full triangle does not occur.

Researcher: What kind of shape is formed?

Group 7: At the points where the probability is low, the parts of the triangle with the corners become less
faint, indistinct, the other parts become clearer.

Researcher: Does a Sierpinski triangle still form?

Group 7: Yes, it is formed, but not every corner has the same clarity, some places are more faint.
Researcher: Well, have you ever encountered a situation where the Sierpinski triangle does not occur?
Group 7: Yes, for example, when we make the probability 1 0 0 or 1 1 0, the Sierpinski triangle does not
occur.
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Researcher: What kind of shape is formed?

Group 7: In 1 0 0 all points are gathered on corner A. Since we always take half of the distance, if every
time we throw 1 or 2, the dots are getting closer to corner A and become like a single point. In1 10, a
line segment is formed between corner A and B. The logic is the same.

Researcher: So what is the condition for the Sierpinski triangle to form/originate as a result of the Chaos
game?

Group 7: The probability of all points is the same.

The expressions above show that students realize that the probability of the numbers on the dice must be
equal to form the Sierpinski triangle in the Chaos game.

4. Discussion, Conclusion and Suggestions

In this article, we have described chaos game and provided some tasks for students. Chaos game as a
different fractal building method were explained and gave reason for the relationship between Sierpinski triangle
and Chaos game. In addition, examples were given from the implementation of the tasks. Students’ experiments
and reflections on the implementation of tasks were presented. Thus, the adequacy of the task was revealed.

The findings of this study indicated that most students used the observation and hypothesis abilities during
the first task. The first activity was prepared for students to create perception about Chaos theory. In this activity,
students are expected to realize that there may be a certain order in an event that is seen randomly. In this
context, students often used their observation and hypothesis skills during the activity. The students also claimed
that the shape that would appear due to the random selection of the starting point at the beginning of the game
and the numbers that came in the dice roll could be a random shape. They gave some hypothesis like the final
shape should be a filled triangle by dots at the end of the chaos game. However, their later observations caused
these hypotheses to change. Their new claim has been that there is no point in the inner region or center of
gravity of the triangle. In this context, it is clear that the first activity allows students to use their skills such as
hypothesis, observation and inference. In addition, this activity has helped students to monitor the movement of
points by measuring in a repetitive process and to make inferences at the end of this process. Play the chaos
game on computer revealed that the randomly generated sequence of midpoints increasingly produces a highly
structured fractal shape. As the random process was repeated, they noticed that the final shape must be the
Sierpinski triangle. In the renewed mathematics curriculum, emphasis is placed on preparing environments and
giving examples where students will use their skills such as hypothesis, observation, correlation and inference
(MoNE, 2018a; 2018b). In addition, in studies conducted in the literature (Adams & Aslan-Tutak, 2006; Bolte,
2002; Devaney, 2004; Fraboni & Moller, 2008; Karakus, 2015, 2016; Naylor, 1999; Siegrist et al., 2009; Vacc,
1999) it is stated that fractals help students to establish relationships between different subjects of mathematics
such as similarity, logarithm, patterns and limit, and enables them to use their skills such as hypothesis,
association and inference. The results obtained from this study are similar to the results of the studies in the
literature. In the first activity, the Chaos game was played for only three points. This activity can be redesigned
with a different number of points. In addition, at the end of the activity, questions can be added to students to
form new claims and inferences, such as what kind of forms may occur if the game is played for a different
number of points. Also, the game can be replayed for different ratios such as 1/3 or % instead of % in the
movement of the points. Activities involving these situations and reflections to be taken from students for these
activities can be examined in future studies.

National Council of Teachers of Mathematics (NCTM, 2006) mentions the importance of students’
recognition, creation and generalization of different patterns in the development of algebraic thinking. The
second activity created in this study allows students to discover such patterns. Students made relationship
between the number of sub-triangles and the number of the rolls of the die in the second task. Almost every
group participating in the study has established correct relationships between the stages of formation of the
Sierpinski triangle and the number of dice rolled. In addition, different patterns have emerged, such as the
number of dice rolled and the number of triangles formed in the Sierpinski triangle. This shows that the activities
designed have the potential to help students find different patterns. In addition, the second activity allows
students to use their ability to make predictions and inferences, just as in the first activity. In particular, the
section where the last place of the point is given and the place where it was initially asked, enables students to
use these skills. In the literature (Adams & Aslan-Tutak, 2006; Fraboni & Moller, 2008; Naylor, 1999; Vacc,
1999; Karakus, 2015), it is stated that students can reach different generalizations about the area or perimeter of
the Sierpinski triangle by using exponent numbers, sequences and limit. In this context, the results obtained from
this study coincide with the results of the studies conducted in the literature.

In the last task, students established a relationship between the probabilities of the die and construction of
Sierpinski triangle. Findings showed that the tasks enabled students to use their abilities such as hypothesis,
observation, mathematical connections and deduction. As a result of the activity, the students concluded that the
Sierpinski triangle depends on the probability of numbers on dice which were equal probability. In addition, they
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had the opportunity to observe what shapes are formed in different probability and in what cases the Sierpinski
triangle does not occur. Studies in the literature (Giirbiiz, 2006; Isik & Ozdemir, 2014; Memnun, 2007) show
that the use of concrete materials and worksheets in the teaching of probability topics has a positive effect on
students’ meaningful learning and academic achievement. The reflections obtained from the activities developed
in this study show that activities can help students understand probability topics. In this context, the effects of the
tasks on students' meaningful learning and academic success can be examined in future research.

The finding of this study is similar to the literature. It was also determined that the tasks enabled students to
make practice on some mathematical topics such as measurement, exponential numbers, probability and patterns.
The chaos game not only helps students to build Sierpinski triangle, but also provides a basis for dynamic
systems and chaos theory. These tasks can enable students to show interest in or study with these concepts in
their future lives. Fractal activities can be found in most NCTM Standards and mathematics curriculums. Thus,
fractals can be taught separately or incorporated as examples into traditional lessons.

Chaos game does not only help students create the Sierpinski triangle. At the same time, it provides a
foundation for students to realize that regular patterns will occur as a result of random situations, and thus it
provides a basis for dynamic systems and chaos theory. In recent years, dynamic systems, fuzzy logic and
chaotic structures are among the most frequently discussed topics in the field of mathematics. These prepared
activities can allow students to show interest in or work with them in their future lives. Since one of the general
objectives of mathematics education is raising future mathematicians (Baki, 2008). As a result of a random
situation, the emergence of regular shapes will attract the attention of students at each grade level. Such activities
will positively affect students' interests and attitudes towards the mathematics lesson. In the studies conducted in
the literature (Unlii, 2007; Yurtbakan, Aydogdu-iskenderoglu ve Sesli, 2016), it is emphasized that the activities
and materials to be used in the course have an impact on students’ interest in mathematics lesson. In this context,
the effects of these designed activities on students’ interests and attitudes towards mathematics lesson can be
examined in future studies. Students working with the activities prepared in the study have the opportunity to
establish relationships between many different mathematical concepts such as probability, number sequences,
patterns and measurement. NCTM (2000) emphasizes the importance of working in environments with
appropriate activities, materials and examples for students to learn mathematical concepts meaningfully. In this
context, the activities prepared have the potential to make different associations between students’ mathematical
concepts.

In this study, the activities in which students will establish relations with patterns, probability, measurement
and number sequences are included. In addition, the importance of integrating information and communication
Technologies (ICT) into lessons in mathematics education programs is emphasized (MEB, 2018a; 2018b).
Considering the teaching of mathematics in our country, it can be said that a traditional approach focused on
teachers and the board is adopted (Baki, 2008). In the teaching of mathematics subjects, the rules and features
related to the subjects are given by the presentation method, and the subjects are taught with the help of the
drawings written on the blackboard. National Council of Teachers of Mathematics (NTCM, 200) emphasizes the
importance of using concrete materials, drawings and information and communication technologies in school
mathematics. In the activities designed in this study, web site applications prepared for teaching purposes are
included. Thus, students were enabled to use technology while establishing these relationships. Thus, the
activities designed in this context will contribute to the integration of ICTs into mathematics lessons.
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Diizensizlikten Diizene: Kaos Oyununun Matematik Ogretiminde Kullanilmasi

1. Giris

Yapilandirmaci yaklasim &grenenin kendi bilgisini insa etmesi siirecinde mevcut bilgileri ile yeni bilgiler
arasinda baglar kurmasini vurgulamaktadir. Bu yaklagima gore ne zaman ki yeni bilgiler eski bilgi ile uyumlu bir
sekilde iliskilendirilir, 0 zaman s6z konusu kavramla ilgili anlama olugmus olur (Baki, 2008). Skemp (1976)
anlamay1 islemsel anlama (instrumental understanding) ve iligkisel anlama (relational understanding) olmak
iizere ikiye ayirmistir. Skemp (1976) iglemsel anlamay1 gerekgelerini bilmeden kurallarla matematiksel islemler
yapma becerisi olarak tanimlamaktadir. Ornegin bir 6grenci 6/10 kesrini sadelestirerek 3/5 kesrini elde edebilir.
Ancak bu durum &grencinin denk kesir kavramini ya da 6/10 ile 3/5 kesirlerinin ayni ¢oklugu temsil ettigini
bildigini gdstermez. Skemp (1976) iliskisel anlamay1 ise Ggrencinin matematiksel bir islemi yaparken ne
yapildigini ve neden yapildigmi bilmesini kapsayan bir anlama olarak tanimlanustir. Iliskisel anlamanin
gerceklegsmesi igin 6grencinin zihninde matematiksel bir kavrami olustururken o kavramla ilgili 6zellikleri fark
etmesi ve bu &zellikleri zihnindeki dier matematiksel kavramlarla iliskilendirmesi gerekir. Ornegin, bir
Ogrencinin karenin ayni zamanda bir dikdortgen ve dikdortgenin ayni zamanda paralelkenar ile paralelkenarin
ayni zaman da bir yamuk oldugu seklinde bir smiflandirma yaparak kavramlar arasindaki iligkileri ifade etmesi
onun iligkisel anlamaya sahip oldugunu gosterir.

Genelde iligkisel anlamadan yoksun olarak yapilan 6gretim matematigin sevilmemesine ve Ogrencilerde
kavram yanilgilarmin olugmasina neden olmaktadir (Van De Walle, Karp ve Bay-Williams, 2012). Matematiksel
kavramlarin anlamli olarak 6grenilmesinde kilit bir role sahip olan iliskilendirme, matematiksel kavramlarin
ogretiminde kazandirilmasi hedeflenen temel becerilerdendir (National Council of Teachers of Mathematics
[NCTM], 2000). Bu becerinin kazandirilmasinda 6gretmenin dgretim ortaminda kullanmis oldugu etkinlikler,
materyaller, drnekler ve agiklamalar biiyiik bir role sahiptir. Bu nedenle 6grencilerin bir kavrama dair birbiriyle
baglantili iligkileri gorebilecegi ortamlarin tasarlanmasi olduk¢a dnemlidir. Bu tiir ortamlarin olusturulmasi ve
ogrencilere kazandirilmasi istenen hedefler &gretim programlarinda ortaya konulmaktadir. Ogretim
programlarindaki eksiklikler ve ¢agin gerektirdigi gelismeler, zaman zaman programlarda yenilenme ve
degismelerin olusmasina sebep olmaktadir.

Ulkemizde yakin zamanda matematik dgretim programlarinda yapilan en koklii reform hareketi 2005 yilinda
olmustur (Baki, 2008). 2005 yilinda yapilan reform hareketi sonucunda matematigi 6grenme ve Ogretmeye
yonelik benimsenmis olan anlayis degismis ve bilginin bireyin aktif {irlinii oldugu ve bilginin bireyden bagimsiz
olmadig1 anlayis1 benimsenmistir (Baki, 2008). Bu donemde olusturulan matematik 6gretim programlarinda
konularin gergek yasamla iligkili olmasmin, somut deneyim ve sezgilerden yola ¢ikarak 6grencilerin kendi
bilgilerini kendilerinin olusturmalarmin énemi vurgulanmistir (Milli Egitim Bakanligi [MEB], 2007). Ogretim
programlarinda benimsenen yaklasimm degismesine paralel olarak programlarda yer alan konularda da
degisiklikler yapilmistir. Ornegin 2005 ilkdgretim matematik &gretim programinda ilk defa Oklid
geometrisinden farkli bir geometri olan fraktal geometri yer almistir (MEB, 2007). Fraktal kelimesi “diizensiz,
kirikli, karmagik” anlamlarma gelen Latince “fractus” kelimesinden gelmektedir (Mandelbrot, 1983). Sezgisel
anlamda bir fraktali, belli oranlarda biiyiitiiliip kiigiiltiilmiis simetrik sekiller olarak tanimlayabiliriz (Fraboni ve
Moller, 2008). Bunun yaninda daha formal olarak bir fraktali herhangi bir parcasi kendine benzer olan 6z-
benzerlik (self-similarity) 6zelligine sahip bir sekil olarak ifade edebiliriz (Karakus ve Baki, 2011). Ilkogretim
matematik Ogretim programinda fraktallarin daha c¢ok geometrik tekrarlamalar sonucunda olusturulmasi
etkinliklerine yer verilmistir. Fraktallar lise matematik d6gretim programinda ise 2010 yilinda yer almistr (MEB,
2010). Programda yansima, 6teleme ve donme doniisiimleri yardimiyla fraktal sekillerin olusturulmasi ve bu
sekiller igerisinde yer alan ¢esitli oriintiilerin bulunmasi ¢alismalar1 yapilmistir (Karakus ve Baki, 2011). Boylece
hem ortaokul hem de lise matematik 6gretim programlarinda fraktal geometriye yer verilerek &grencilerin
geometri ile gergek yasam arasinda iliski kurmalarma ve farkli geometrileri inceleyerek Oklid geometrisi ile
benzerlik ve farkliliklarin1 kegfetmelerine yardimci olmaya caligilmistir. Benzer sekilde NCTM (1991)
fraktallarin matematik &gretim programlarinda yer almasmi Onererek Ogrencilerin matematige olan ilgi ve
ihtiyaglariin arttirilabilecegini ve matematik ile doga arasinda iliskiler kurulabilecegini belirtmektedir.

Fraktallarin hem geometrik hem de cebirsel olarak insa edilebilir olmalar1 onlarm geometri ve matematigin
diger alanlar1 arasindaki iligkileri incelemek i¢in iyi bir uygulama alani oldugunu gdstermektedir. Buna karsin
matematik 6gretim programlarinda yapilan gilincellemeler dogrultusunda hem 2013 hem de 2017 matematik
Ogretim programlarinda fraktal geometri konularina yer verilmemistir. Her ne kadar fraktal geometri konulari
mevcut matematik Ogretim programlarinda kazanim olarak yer almasa da bircok matematiksel 6zelligin
kesfedilmesinde ve bu kesif siirecinde farkli matematiksel bilgilerin ise kosulmasinda biiyiik 6neme sahiptir.

Fraktallarin 6grencilerin hem matematigin kendi icerisindeki kavramlarla hem de diger disiplinler ve doga ile
farkli iligkiler ve iligkilendirmeler kurmalarma yardimci oldugu alanyazinda yapilan ¢aligmalarda ifade
edilmektedir (Adams ve Aslan-Tutak, 2006; Bolte, 2002; Devaney, 2004; Fraboni ve Moller, 2008; Naylor,
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1999; Siegrist, Dover ve Piccolino, 2009; Vacc, 1999). Ornegin Fraboni ve Moller (2008) Sierpinski iicgeni ile
ilgili hazirladiklar etkinliklerde 6grencilerin Sierpinski tiggenini ve dzelliklerini incelerken matematigin farklh
konular1 arasinda iliskiler kurabileceklerini ve bu iligkileri kurma siirecinde ¢esitli kesifler yapabileceklerini
belirtmektedir. Sierpinski iiggeni bir eskenar iiggenin kenarlarmin orta noktalarinin birlestirilerek olusan dort
kiigiik iiggenden her defasinda ortadaki tiggenin ¢ikarilmasi sonucu olugsmaktadir (Sekil 1).

A L L84

0. Adim 1. Adim 2. Adim 3. Adim 4. Adim
Sekil 1. Sierpinski tiggeninin olusumunun adimlari

Fraboni ve Moller (2008) 6grencilerin Sierpinski {iggeniyle yapacaklar1 bir kesfin her tekrarlama asamasinda
olusan yeni iggenlerin birbirleri ve baslangictaki iicgen ile aralarindaki iliskiyi belirlemeleri seklinde
olabilecegini ifade etmektedir. Ogrencilerin bu iliskiyi belirleyebilmeleri igin “bir iiggenin iki kenar uzunlugunun
orta noktasmi birlestiren dogru pargast iigiincii kenara paralel ve uzunlugu bu kenarm yarisi kadardir” bilgisini
kullanmalar1 gereklidir (Fraboni ve Moller, 2008, s.198). Bu bilgi sayesinde her tekrarlama adiminda olusan
ticgenlerin birbirine es ve bir onceki tekrarlama adiminda olusan {iggenlerin baslangictaki liggene benzer
olduklarini gorebileceklerdir. Boylece 6grenciler Sierpinski tiggeniyle ilgili kesif yaparken ayni zamanda eslik,
benzerlik, paralellik ve “bir liggenin iki kenar uzunlugunun orta noktasint birlestiren dogru pargasi ii¢iincii
kenara paralel ve uzunlugu bu kenarin yaris1 kadardir” teoremi ile ilgili bilgileri arasinda iligkiler kurmaktadir.
Benzer sekilde Naylor (1999) galismasinda Sierpinski {iggeninin ¢evresi ve alaninin hesaplanmasiyla ilgili bir
etkinlik sunmustur. Naylor (1999) Sierpinski ti¢geni olusurken ¢ikarilan tiggen sayisi i¢in 3’iin kuvvetleri
seklinde (birinci adimda 1, ikinci adimda 3, iiglincii adimda 3?=9, dordiincii adimda 3°=27 vb.) bir say1
oriintiisiiniin elde edilebilecegini belirtmektedir. Benzer bir riintii her adimda olusan kiigiik siyah iiggenler igin
de elde edilebilir. Bunun yaninda Sierpinski tiggeninin ¢evresi 3(1+3/2+(3/2)*+(3/2)° +---+(3/2)") seklinde
wraksak bir dizi ile ifade edilebilir. Bu dizi wraksak oldugundan Sierpinski liggenin ¢evresi sonsuza gider. Buna
karsm Sierpinski tiggeninin alani sifira yakimsar. Bu etkinlik 6grencilerin Sierpinski {iggeninin ¢evresi ve alanini
hesaplarken say1 Oriintiileri, iislii sayilar, diziler ve limit kavramlarindan yararlandiklarini gostermektedir. Bunun
yaninda Oklid geometrisindeki sekiller statik bir yapiya sahiptir. Yani Oklid sekillerinin belli bir gevresi ve alani
bulunmaktadir. Buna karsin Sierpinski iicgeninin ise sinirsiz sekilde artan bir ¢evresi ve ayni zamanda sifira
dogru yaklasan bir alan1 bulunmaktadir. Bu tiir sira dig1 durumlar hem 6grencilerin ilgisini ¢ekmekte hem de
ogrencilerin zihinlerinde yeni kesiflerin ortaya ¢ikmasina neden olabilecek “sonsuz ¢evreye sahip sifir alanli bir
sekil nasil olabilir?” ya da “bunun gibi baska sekiller de olabilir mi?” gibi sorular ortaya ¢ikarmaktadir.

1.1. Kaos Oyunu (Chaos Game) Nedir?

Fraboni ve Moller (2008) ile Naylor’un (1999) ¢aligmalarinda oldugu gibi fraktallar siklikla kuralli geometrik
tekrarlamalar sonucunda olusturulmaktadir. Buna karsin rastgele olarak ifade edilen durumlar yardimiyla da
fraktallar olusturulabilmektedir. Fraktal olusturmayi saglayan bu durumlardan biri de kaos oyunudur. Kaos
oyunu dgrencilerin yasadiklar1 ¢cevrede rastgele olarak ifade edilen bir¢ok durum igerisinde aslinda belli 6riinti
ve iliskilerin bulunabilecegi gérmelerini saglayan bir oyundur. Oyunun kural oldukca basittir: Uggenin kdse
noktalar1 olacak sekilde rastgele A, B ve C noktalar1 ile yine rastgele bir zy baslangic noktas1 se¢iniz. Bir zar
atmiz ve zarm Ust yliziindeki say1 eger,

1 ya da 2 gelirse zy noktas ile A kdsesi arasindaki uzakhgm orta noktasini bulup isaretleyiniz.
3 ya da 4 gelirse z noktast ile B kosesi arasindaki uzakligin orta noktasmi bulup isaretleyiniz.
5 ya da 6 gelirse z, noktasi ile C kosesi arasindaki uzakligin orta noktasmi bulup isaretleyiniz.

Isaretlediginiz yeni noktay1 z; ile gdsteriniz. Artik yeni baslangic noktaniz z; oldu. Simdi ayni islemi z;
noktasi igin tekrarlaymiz. Tekrarlama islemine devam ettiginizde zg, Z3, Z,, Zs, ... noktalar dizisi elde edilir. Ug
adim i¢in oyun asagidaki gibi oynanabilir: A, B ve C kdse noktalar1 arasinda rastgele bir zg baslangic noktasi
belirleyiniz ve zar1 atiniz. Atilan zarin 3 geldigi kabul edilirse bu durumda z, ile B kosesi arasindaki uzakligin
tam orta noktasi bulunur ve bu nokta z; olarak isaretlenir. Zarin tekrar atildigi ve bu kez de 1 geldigi kabul
edilsin. Bu durumda z; noktasi ile A kosesi arasindaki uzakligin tam orta noktasi bulunur ve bu nokta z, olarak
isaretlenir. Benzer sekilde zar tekrar atilsin ve zarm 6 geldigi kabul edilirse bu durumda z, noktasi ile C kosesi
arasindaki uzakligin tam orta noktasi bulunur ve bu nokta z3 olarak isaretlenir (Sekil 2).
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Sekil 2. Kaos oyunu sonucu olusan noktalar dizisi

Bu sekilde zar atma iglemine devam edildiginde zg, 3, 25, Z3, ... seklinde sonsuz tane noktadan olusan bir dizi
elde edilir. Bu noktalar dizisiyle ilgili olarak akla asagidaki sorular gelebilir:

Noktalarin olugsmasini saglayan tekrarlama siireci gergekten rastgele midir?

Zar binlerce kez atilsa ve her seferinde olusan yeni noktalar isaretlense, sonugta nasil bir sekil ortaya
¢ikar?

Kaos oyununda noktalarin olugmasini saglayan tekrarlama siireci rastgeledir. Ciinkii zar atildiginda kose
noktalariyla eslestirilen sayilarin (1-2, A kosesi, 3-4, B kosesi ve 5-6, C kosesi) gelme olasiliklar1 birbirine
esittir. Bunun yaninda z; baslangi¢ noktasmin yeri de rastgele olarak belirlenmektedir. Hatta bu rastgele
durumunu daha da arttrmak igin tekrarlamalar sonucunda olusan noktalar dizisinden ilk 10 nokta silinerek
tekrarlama siireci yeniden baslatilabilir.

Yukarida agiklandig1 gibi kaos oyunu oynandiginda sonugta ne tiir bir seklin ortaya ¢ikacagi oldukc¢a merak
uyandirici bir durumdur. Oyunun rastgele olmasi ve noktalar dizisinin rastgele davranmasi sonucunda ii¢genin
i¢inde rastgele noktalar yigininin olusacag diisiiniilebilir. Benzer sekilde tekrarlama islemine devam edildiginde
olusan tiim noktalarn {iggeni tamamen kaplayacagi, bir diger olasilik olarak akla gelmektedir. Bunun yaninda
noktalarin {iggenin iginde bir bdlgede toplanacagi da bir baska durum olarak diisiiniilebilir. Asagida farkli sayida
tekrarlamalarda kaos oyunu sonunda olusan sekiller gosterilmektedir (Sekil 3).

A

C
B 100 tekrarlama c B 500 tekrarlama B 1000 tekrarlama

Sekil 3. Farkli tekrarlamalarda Kaos oyunu sonucu olusan sekiller

Sekil 3’e gore tekrarlama sayist arttikga Kaos oyunu sonucu olusan sekil git gide {inlii Sierpinski liggeni
fraktalina benzemektedir. Bu oldukga sira disi ve ilging bir durumdur. Ciinkii rastgele bir durum sonucunda
diizgiin bir geometrik sekil ortaya ¢ikmaktadir.

1.2. Kaos oyunu sonucu ni¢in Sierpinski iicgeni olusmaktadir?

Kaos oyununa baslarken bir baglangi¢ noktast belirlenmektedir. Farz edelim ki baglangi¢ noktast zq, ABC
iicgeninin tam ortasinda olsun. Zar ilk kez atildiginda yeni olusacak nokta z;, merkezde bulunan baslangic
noktas1 z; ile li¢ kdse noktasindan birisi arasindaki mesafenin yarist kadar bir yerde bulunacaktir. Zari
attigimizda tistte gelen saymin 6 oldugunu varsayalim. Bu durumda z; noktasi Sierpinski ii¢geninin birinci
adiminda olusan 3 kiigiik iggenden C kosesine yakin olan tiggenin tam ortasinda yer alacaktir (Sekil 4).
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Sekil 4. Kaos oyununda z; noktasinin konumu

Benzer sekilde tekrarlama iglemine devam edildiginde yeni olusacak z, noktasi z; ile {i¢ kdse noktasindan
birisi arasindaki mesafenin yarist kadar bir yerde bulunacaktir. Zar1 attigimizda iistte gelen sayinin 4 oldugunu
farz edelim. Bu durumda z, noktas1 Sierpinski tiggeninin ikinci adiminda olusan 9 kiiciik {iggenden B kdsesine
yakin olan bir tiggenin tam ortasinda yer alacaktir (Sekil 5).

A A

Sekil 5. Kaos oyununda z, noktasinin konumu

Tekrarlama islemine devam edildiginde yeni olusacak zz noktasi z, ile li¢ kdse noktasindan birisi arasindaki
mesafenin yaris1 kadar bir yerde bulunacaktir. Zar1 attifimizda tistte gelen saymnm 1 oldugunu farz edelim. Bu
durumda z3 noktasi Sierpinski {iggeninin iigiincii adiminda olusan 27 kiiglik iggenden A kdsesine yakin olan bir
iicgenin tam ortasinda yer alacaktir (Sekil 6).

A A

Sekil 6. Kaos oyununda z; noktasinin konumu

Benzer sekilde devam edildiginde bir sonraki asamada olusacak z, noktasi Sierpinski ticgeninin dordiincii
adiminda olusacak 81 kii¢lik liggenden biri igerisinde yer alacaktir. Boylece noktalarin hareketi ile Sierpinski
iicgeninin olusum asamalarinda ortaya ¢ikan tiggenler birlikte diisiiniildiigiinde her bir zar atilmasi sonucunda
olusan zj, Zp, Z3,... noktalar1 Sierpinski ii¢geninin tekrarlama adimlarinda olusan {iggenler igerisinde yer
almaktadir. Sierpinski liggeninde tekrarlamalar sonucunda olusan iggenler ¢ok hizli bir sekilde kiigiiliip
mikroskobik hale geldiginden bir siire sonra bu tiggenlerin igerisine diisen noktalarda Sierpinski {iggeninin
kenarlarma ¢ok yaklagsmakta ve onun kenarlar1 gibi gériinmektedir. Bu durum noktalarmn belli bir tekrarlama
asamasindan sonra bir araya gelerek Sierpinski iiggeni seklini olusturmasina neden olmaktadir.

Kaos oyunu sayesinde Ogrenciler hipotez kurma, iliskilendirme, ¢ikarim yapma gibi becerilerini ise
kosabilme imkani elde etmekte ve olasilik, dlgme, Oriintiiler ve say1 dizileri gibi matematiksel kavramlarla ilgili
farkli iligkilendirmeler olusturabilmektedirler (Devaney, 2004). Bu baglamda bu ¢alismanin amaci, dgrencilerin
bu tiir iligkilendirmeler olusturacaklar1 etkinlikler hazirlamak ve bu etkinliklerin uygulanmasindan yansimalara
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yer vererek ogrencilerin yapmis olduklar iligkilendirmeleri belirlemektir. Bu amaca bagl olarak bu ¢alismanin
problemleri;

e  Gelistirilen fraktal etkinliklerine yonelik 6grencilerden elde edilen yansimalar nelerdir?
e  QGelistirilen fraktal etkinlikleri 6grencilerin ne tiir matematiksel iligkiler olusturmalarini saglamaktadir?

seklinde belirlenmistir. Calismanin ilerleyen boliimlerinde &grencilerin bu iligkileri olusturmalarima yardimei
olacak etkinliklere ve bu etkinliklere yonelik 6grencilerden alinan yansimalara yer verilmistir. Bunun yaninda
etkinliklerin uygulanmasinda dgretmenlere yol gostermesi agisindan dneriler de sunulmustur.

2. Yontem

Calisma kaos konusunda Ogrencilerin  matematiksel kavramlar arasinda farkli iligkilendirmeler
olusturacaklari etkinlikleri tasarlamasi ve bu etkinliklere yonelik ilkdgretim matematik 6gretmenligi birinci sinif
dgrencilerinin olusturduklar: iliskilendirmeleri incelemesi nedeniyle bir 6zel durum ¢ahigmadir. Ozel durum
¢aligmalar1 arastirmaciya ¢ok 6zel bir konunun veya durumun iizerinde yogunlasarak incelenen 6zel durumlart
en ince ayrintilariyla tanimlama ve degiskenler arasindaki sebep-sonug iligkilerini aciklayabilme firsati
vermektedir (McMillan ve Schumacher, 2014).

2.1. Calisma grubu

Caligmanin 6rneklemi, segkisiz olmayan 6rnekleme yontemlerinden uygun 6rnekleme ydntemi (convenience
sampling) ile belirlenmistir. Calismada uygun drnekleme yonteminin secilmesinin nedeni zaman, para ve isgiicli
acisindan var olan sinirliliklar nedeniyle incelenecek grubun ulasilabilir ve uygulama yapilabilir olmasidir
(McMillan ve Schumacher, 2014). Calisma grubunu i¢ Anadolu bolgesindeki bir devlet iiniversitesinin egitim
fakiiltesi ilkdgretim matematik 6gretmenligi birinci sinifinda 6grenim goren 44 6grenci olusturmaktadirlar. Bu
ogrencilerden 36’s1 kadin ve 8’i ise erkektir. Ogrencilerin hi¢ biri kaos oyunu ile ilgili bir on bilgiye sahip
degildirler.

2.2. Veri toplama araci

Bu calismada veriler 6grencilerin etkinliklere vermis olduklar1 cevaplar ile odak grup goriismelerinden elde
edilmistir. Calisma icin ii¢ etkinlik gelistirilmistir (EK1-3). ilk etkinligin amac1 dgrencilerin rastgele bir siireg
sonunda diizenli sekillerin olusabilecegini gdérmelerini ve bdylece kaotik diisiinceye ydnelik bir anlayis
olusturmalarim saglamaktir. Ikinci etkinligi amaci, kaos oyunu ve Sierpinski {iggeni arasinda iliski kurmalarina
yardimct olmaktir. Son etkinligin amaci ise, 6grencilerin kaos oyununda atilan zarlarin gelme olasiligmin esit
olmasinin Sierpinski iiggeninin olusmasinda énemli oldugunun farkina varmalarin1 ve hangi durumlarda kaos
oyunu sonunda Sierpinski tiggeninin olusup olusmadigini belirlemelerini saglamaktir. Etkinlikler Baki’de (2008)
belirtilen etkinlik gelistirme basamaklar1 gézoniine alinarak hazirlanmistir. Etkinlikler hazirlandiktan sonra
fraktallar konusunda bilgi sahibi olan doktorasini matematik egitiminde yapan iki akademisyene sunularak
uzman goriisii alinmistir. Uzmanlar etkinliklerin genel olarak uygun oldugunu, ancak baz kiiciik diizeltmelerin
yapilabilecegini ifade etmisledir. Ornegin, Etkinlik 3’te verilen olasihik degerlerinin yaninda 6grencilerin kendi
degerlerini de girmelerinin daha uygun olacagi belirtilmistir. Bu baglamda Etkinlik 3’te verilen olasilik
degerlerinin altina 6grencilerin kendi degerlerini de yazip incelemeleri i¢in yer ayrilmistir. Uzman goriislerine
gore etkinliklerde son diizenlemeler yapilarak uygulamaya gegilmistir. Uygulama asamasinda ilk olarak
ogrenciler 4’erli 11 gruba ayrilmistir. Uygulama asamasinda her bir gruptan etkinlik kagitlarin1 yonergeler
dogrultusunda doldurmalar1 ve elde ettikleri sonuglarin nedenlerini agiklamalar: istenmistir. Veri toplamanin
ikinci asamasinda ise ¢aligmaya katilan ve goniillii olan 4 gruptaki toplam 16 &grenci ile odak grup goriismeleri
yapilmistir. Odak grup goriismesi yapilmasinin amaci, &grencilerin etkinlik kagitlarinda ortaya ¢ikmayan
diisiincelerini ortaya g¢ikarmak, vermis olduklari cevaplarin nedenleri derinlemesine incelemek ve cevaplari
iizerine tartigmalarint saglamaktir. Odak grup goriismelerinin odagmi 6grencilerin etkinliklere vermis olduklar1
cevaplar olusturmaktadir. Bu nedenle dgrencilere “bu sonuca nasil ulastiniz?”, “Neler gdzlemlediniz?”, “Nigin
bu cevabi yazdmniz?” gibi 6grencilerin ne tiir diisiinme siirecleri yasadiklarmi ve ne tiir iligkilendirmeler
olusturduklarimi ortaya ¢ikaracak sorulara yer verilmistir. Odak grup goriismeleri ses kaydmna alinmig ve her bir
goriisme ortalama 30 dakika stirmiistiir.

2.3. Etkinliklerin uygulanmasi siireci

Etkinliklerin uygulama siirecine baslamadan once ogrenciler dorderli gruplara ayrilmustir. Ogrenciler
etkinlikleri grup calismasi seklinde yaparken aragtirmacilardan biri de gruplar arasinda dolasarak 6grencilerin
zorlandig1 noktalarda ipucu niteligindeki sorularla ve yonlendirmelerle O6grencilere rehberlik yapmustir.
Uygulamay1 gergeklestiren arastirmact fraktallar konusunda deneyimli bir matematik egitimcisidir.
Aragtirmacinin fraktallar ve fraktallarin 6gretimi hakkinda ulusal ve uluslararasi hakemli dergilerde yer alan
birgok galismasi bulunmaktadir. Etkinlikler 2 hafta boyunca haftada 2 ders saati olmak {izere toplam 4 ders saati
uygulanmustir. Etkinliklerin uygulanmasinda bilgisayar laboratuvari kullanilmig ve her gruba internete bagl bir
bilgisayar verilmistir. [1k etkinlik 2 ders saati siirmiis ve 6grenciler seffaf kagit, kalem yardimiyla kaos oyununu
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oynamislardir. Oyunun bu sekilde oynanmasinin nedeni 6grencilerin noktalarin hareketinin rastgele ve zar gelme
olasiliklarinin esit oldugunu fark etmelerini saglamaktir. Bunun yaninda oyun sonunda ne tiir sekillerin olusacag:
yoniinde hipotez kurma, gézlem yapma ve ¢ikarsamada bulunma gibi becerilerini de bu siirecte igse kosmalar1
amaglanmistir. Ogrencilerden kagit iizerinde oyunu oynadiktan sonra bilgisayarlar1 agmalar1 istenmis ve oyunu
http://www.shodor.org/interactivate/activities/TheChaosGame/ web sitesi lizerinden oynamalar1 saglanmustir.
Web sitesi kisa siirede daha fazla noktanin olusmasina imkan verdiginden daha dogru Sierpinski iiggeninin
olusmasini saglamaktadir. Ikinci etkinlik 1 ders saati siirmiis ve 6grencilerin Kaos oyunu ile Sierpinski iiggeni
arasinda iliski kurmalar1 ve oyundaki noktalarin hareketleri sonucunda Sierpinski ii¢geninin nasil olustugunu
fark etmeleri amaglanmistir. Bu etkinlikte 6grencilerin oriintii bulma, tahmin ve ¢ikarsamada bulunma gibi
becerilerini  kullanmalar1  beklenmektedir. Son etkinlik ise 1 ders saati siirmiis ve yine
http://www.shodor.org/interactivate/activities/TheChaosGame/ web sitesi kullamilmigtir. Bu etkinlikte zardaki
sayilarm farkli olasilik durumlar1 web sitesindeki programda yerine yazilarak her bir olasilik durumunda olusan
sekilleri dgrencilerin gdzlemlemesi saglanmis ve Kaos oyununda Sierpinski iliggenin olusum sartlarini bu
gozlemler sonucunda 6grencilerin belirlemesi amaglanmustir.

2.4. Verilerin analizi

Ogrencilerin her bir etkinlik icin vermis olduklar1 cevaplar karsilastirilmis ve oncelikle dogru ve yanlis
olarak 2 kategoriye ayrilmistir. Daha sonra her bir kategori kendi icerisinde incelenerek Ogrencilerin siireg
icerisinde yasadiklar1 deneyimlerden yansimalar betimsel olarak sunulmustur. Bu amagla 6grencilerin vermis
olduklar1 cevaplardan dogrudan alintilar yapilmistir. Odak grup goriismelerinden elde edilen veriler ise
ogrencilerin etkinliklere vermis olduklar1 cevaplart destekleyecek sekilde betimsel olarak sunulmustur. Elde
edilen verilerin i¢ gegerliligini saglamak i¢in odak grup goriismelerinden elde edilen verilerin kontrolii katilimei
teyiti (Fraenkel ve Wallen, 2011) ile yapilmigtir. Ayrica hem etkinliklere verilen cevaplar hem de odak grup
goriismelerinden elde edilen veriler kullanilarak veri ¢esitlemesi (Cohen, Manion ve Morrison, 2000) yapilmustir.
Dis gecerliligi saglamak icin ise O6grencilerin cevaplarindan ve odak grup goriismelerinden alintilara bulgular
kisminda yer verilmistir.

3. Bulgular
3.1. “Kaos Oyunu” etkinliginden yansimalar

Bu etkinlik 6grencilerin rastgele bir siire¢ sonunda diizenli sekillerin olusabilecegini gérmelerini ve bdylece
kaotik diisiinceye yonelik bir anlayis olusturmalarini saglamak amaciyla tasarlanmistir. Etkinligin ilk bdlimii
kagit-kalem ortaminda gerceklestirilirken ikinci boliimii ise bilgisayar ortaminda gerceklestirilmistir.

Oyunun Oncelikle kagit-kalem ortaminda oynatilmasi dgrencilerin hem noktalarin hareketini gormelerine
hem de siirecin rastgele gerceklestigini fark etmelerine yardimeir olmaktadir. Kaos oyununda baslangig
noktasinin rastgele belirlenmesi ve zar atisinda gelen sayilarin rastgele olmasi 6grencilerde siire¢ sonunda
rastgele noktalardan olusan bir ticgenin olusabilecegi yoniinde bir alginin olugsmasina neden olmaktadir. Etkinligi
yapan tiim gruplar baslangigta oyun sonucunda i¢i noktalarla kapli olan bir {iggenin olusacagini ifade etmislerdir.
Ornegin Grup 1 ile yapilan odak grup goriismesinden elde edilen bulgular asagida sunulmustur:

Arastirmaci: Oyunu oynarken baglangigta nasil bir sekil olusacagmi diisiindiiniiz?

Grup 1: Tam belirgin olmasa da bir tiggen olusacagmi diisiindiik.

Arastirmaci: Nigin boyle bir sekil olusacagini diisiindiiniiz?

Grupl: A,B,C noktalar1 arasinda rastgele bir nokta isaretledik. Zardan ¢ikan saymnin ne olacagini
bilmedigimizden dnce rastgele bir sekil olusur diye diisiindiik. Sonra hi¢bir noktanin st iiste gelmedigini
gordiik ve tiim noktalar igeride kaliyordu. Bu nedenle i¢i noktalarla dolu bir {iggen olusur diye diisiindiik.

Gruplar seffaf kagitlara yapmig olduklari isaretlemeleri (bkz. Sekil 7) iist {iste koyup birlestirdiklerinde Tablo
1’deki gozlemleri elde etmislerdir.
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Sekil 7. Kaos oyunundaki noktalara yonelik bir 6§rencinin isaretlemeleri
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Tablo 1. Gruplarin Kaos oyunu etkinligindeki gézlemleri

Gozlemler

Ucgenin agirlik merkezinin oldugu yere cok fazla nokta diismedi
Noktalar liggenin ortasi yerine belli yerlerde yogunlast:
Uggenin orta kismi bos kald1

0 B~ W=

Tablo 1’e gore dgrencilerin oyundaki nokta sayisi arttiginda bazi noktalarin tiggenin i¢ bdlgesine daha az
distiigiinii ve kenarlara dogru noktalarin yogunlastigini gézlemledikleri goriilmektedir. Ornegin Grup 1 ile
yapilan odak grup goriismesinden elde edilen bulgular asagida sunulmustur.

Arastirmaci: Grup arkadaslarinizla kagitlarinizi iist iiste koydugunuzda ne gézlemlediniz?

Grupl: Tam belirgin olmasa da iiggenin ortasinda bir bosluk oldugunu fark ettik. Burada noktalar yogun
degildi.

Arastirmaci: Noktalar nerede yogundu?

Grupl: Noktalar koseleri olusturan noktalarda kiimeleniyordu. Belli yerlerde bogluklar kaliyordu.
Arastirmaci: Uggenin ortasinda ni¢in daha az nokta kalmis olabilir?

Grupl: Bunu grupga biz de diislindiik. Aslinda nedenini bilmiyoruz. Ancak her seferinde uzakliklarin
yarisinin alinmastyla ilgili olabilir.

Arastirmaci: Ni¢in uzakliklarm yarisinin alinmasiyla ilgili olabilir?

Grupl: Segtigimiz nokta iicgenin digina ¢ikmiyor ve noktalar git gide birbirine yaklasiyor. Her zar
atisinda noktalar arasindaki mesafe azaliyor. Bu da noktalarin belli yerlerde toplanmasina neden oluyor
gibi. Bundan dolayi olabilir. Emin degilim.

Yukaridaki agiklamalar grencilerin oyun sonunda tamamen i¢i noktalarla dolu bir iiggenin olusmayacagini,
bazi yerlerde bosgluklarin olustugunu fark ettiklerini gostermektedir. Bu bosluklarin olugma nedenleri ile ilgili
¢ikarimlarmin da oldugu goriilmektedir. Web sitesinde Kaos oyununu oynadiklarinda ise hizli bir sekilde oyun
sonunda Sierpinski liggeninin olustugunu gézlemlemislerdir. Bu baglamda Grup 4 ile yapilan miilakat asagida
sunulmustur.

Arastirmact: Web sitesinde oyunu oynadiginizda hangi sekli elde ettiniz?

Grup 4: I¢i bos iicgenlerden olusan bir fraktal olustu. Ismini siz soylemistiniz, Sierpinski iicgeni.
Arastirmaci: Bu sekil olusunca ne diisiindiiniiz?

Grup 4: Cok ilgingti. Boyle bir seklin olusacagini hi¢ diislinmemistim.

Arastirmaci: Ni¢in bu fraktal olugsmus olabilir?

Grup 4: Nedenini tam olarak bilmiyorum. Ortada bosluk oldugunu kagit {izerinde noktalari igaretlerken
biz de gormiistik. Ama bu kadar diizgiin olacagmi tahmin etmemistim. Belki uzunlugun yarisinin
alinmasi olabilir.

Arastirmaci: Bu disiinceye sizi iten neden nedir?

Grup 4: Sekle dikkatlice bakinca i¢ ice ticgenler var ve hepsi kenarlarmin orta noktasindan birlestirilmis.
Oyunda da noktalarin orta noktasini buluyorduk. Buradan olabilir diye disiindiik.

Yukaridaki agiklamalar 6grencilerin oyunun kurali ile Sierpinski ti¢geninin olusum asamalari arasinda bir
bag olabilecegini gozlemlediklerini gostermektedir.

3.2. “Kaos oyunu ile Sierpinski arasindaki iliski” etkinliginden yansimalar

Bu etkinlik 6grencilerin muhakeme becerilerini kullanarak noktanin son yerini belirleme ve Sierpinski
ticgeninin olusum adimlar: ile zar atig sayisi arasinda iligki kurmalarina yonelik tasarlanmustir. Etkinligin ilk
boliimiinde 8 grubun Sierpinski tiggenin olusum adimlart ile zar atis sayist arasinda dogru bir iligski bulduklari, 3
grubun ise bir iligki bulamadiklar: belirlenmistir. Grup 3’lin elde etmis oldugu iligki Sekil 8’de sunulmustur.
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Sekil 8. Grup 3’iin elde ettigi iligki

Bunun yaninda farkh iliskilerde elde eden gruplar bulunmaktadir. Ornegin Grup 5’in elde etmis oldugu iliski
Sekil 9°da sunulmustur.
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Sekil 9. Grup 5’in elde ettigi iliski

Etkinligin ikinci boliimiinde ise dgrencilerin noktanin bulundugu son yere gore gelebilecek zarlar1 tahmin
etmeleri beklenmistir. 10 grubun tahminlerinin dogru sadece 1 grubun tahminin ise hatali oldugu belirlenmistir.
Dogru tahminde bulunan Grup 4 ile yapilan miilakat asagida sunulmustur:

Arastirmact: Zarlarda gelen sayilar nasil belirlediniz?

Grup 4: Tersine olarak tahmin etmeye ¢alistik.

Arastirmaci: Biraz daha agiklar mism? Nasil?

Grup 4: Son nokta B kdsesine yakin oldugundan 3. defa atilan zarin 3 ya da 4 olabilecegini diisiindiik.
Sonra diger nokta A noktasina yakin olmali.

Arastirmaci: Ni¢in? Niye A noktasina yakimn olmali.

Grup 4: Aksi durumda 2. noktanin tiggenin disina diismesi gerekir ki bizim noktalarimiz hep tiggenin ig
kisminda.

Arastirmaci: Yani 2. nokta C’ye yakin olamaz.

Grup 4: Evet. Mesafenin orta noktasini aldigimizdan diger durumda nokta disar1 diisiiyor. Bu durumda 2.
zar 1 ya da 2 gelmis olabilir.

Arastirmaci: {1k zar ne olur o zaman?

Grup 4: Ayni mantikla gittigimizde ilk zar ise 5 ya da 6 olmali yani ilk nokta da C noktasina yakin
olmal1.

Yukaridaki ifadelerden 6grencilerin 6lgme yapmadan eldeki verileri kullanarak bilingli tahminler yaptiklar1
goriilmektedir.

3.3. “Kaos oyunu ve Olasiik” etkinliginden yansimalar

Bu etkinligin amaci1 6grencilerin Kaos oyununda atilan zardaki sayilarin gelme olasiliklarinm birbirine esit
oldugunu fark etmelerini ve hangi durumlarda Sierpinski ii¢geninin olustugunu belirlemelerini saglamaktir.
Etkinligi yapan tiim gruplar Sierpinski {iggeninin olusumunun zardaki sayilarin gelme olasiliklarma bagl
oldugunu belirlemislerdir. Ornegin Grup 7 ile yapilan miilakat asagida sunulmustur.

Arastirmaci: Kaos oyununda zardaki sayilarin gelme olasiliklar1 ile Sierpinski tiggeni arasinda nasil bir
iligki buldunuz?

Grup 7: Tam iicgeni olusturmak istiyorsak her bir kdseye gelen sayilarin gelme olasilig1 ayni olmall.
Yoksa bazen tam tiggen olugsmuyor.

Arastirmaci: Nasil bir gekil oluguyor?

Grup 7: Olasilig: diisiik olan noktalarda {iggenin koselerinin oldugu kisimlar daha silik, belli belirsiz
oluyor, diger kisimlar daha net oluyor.

Arastirmaci: Yine de bir Sierpinski liggeni olusuyor mu?

Grup 7: Evet olusuyor, ama her bir kosesi ayni1 belirginlikte olmuyor, baz1 yerleri daha silik oluyor.
Arastirmaci: Peki, hi¢ Sierpinski liggeninin olugsmadig1 bir durumla karsilagtiniz mi1?

Grup 7: Evet, mesela olasilig1 1 0 0 yada 1 1 0 yaptigimizda Sierpinski tiggeni olusmuyor.
Arastirmaci: Nasil bir gekil oluguyor?

Grup 7: 1 0 0 da tim noktalar A kosesi iizerinde toplaniyor. Zaten hep aradaki mesafenin yarisini
aldigimizdan her attigimizda hep 1 ya da 2 gelirse noktalar git gide A kdsesine yaklasir ve tek bir nokta
gibiolur. 110 daise A ile B kosesi arasinda bir dogru pargasi oluguyor. Yine mantik ayni.

Arastirmaci: O zaman Kaos oyunu sonucunda Sierpinski tiggeninin olusmasi sart1 nedir?

Grup 7: Tiim noktalarin olasiliginm ayni olmasi.

Yukaridaki ifadeler dgrencilerin Kaos oyununda Sierpinski tiggeninin olusmasi i¢in zardaki sayilarin gelme
olasiliklarinin birbirine esit olmas1 gerektigini fark ettiklerini gostermektedir.

4. Tartisma, Sonuc ve Oneriler

Bu calismada Ogrencilerin farkli matematiksel kavramlar arasinda iligkilendirmeler kuracagi  farkli
kesiflerde bulunacagi fraktallar ile Kaos teori kapsaminda etkinlikler gelistirilmis ve bu etkinliklerin
uygulanmasindan yansimalara yer verilmistir. Calismada farkli bir fraktal olusturma yontemi olarak Kaos
oyununun ne oldugu ve oyun sonunda ni¢in Sierpinski {iggeni olustugu agiklanmistir. Ayrica bu siireci farkli
smif diizeyindeki Ogrencilerinin yasamalarma imkan verecek etkinlikler ile etkinliklerin uygulanmasini
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saglayacak Ogretmenlere yonelik aciklamalar gelistirilmistir. Bunun yaninda etkinliklerin uygulanmasindan
orneklere yer verilmis ve 6grencilerin etkinlikler sonucunda ne tiir iligkilendirmeler kurduklar1 ve elde ettikleri
sonuglardan yansimalar sunulmustur. Boylece etkinliklerin uygulanabilirligi de ortaya konulmaya ¢aligilmistir.

IIk etkinlik 6grencilerin Kaos teori ile ilgili algi olusturmalarma yonelik hazirlanmustir. Bu etkinlikte
ogrencilerden rastgele olarak goriilen bir olayda belli bir diizenin olabilecegini fark etmeleri amaglanmistir. Bu
kapsamda 6grenciler etkinlik boyunca gbzlem yapma ve hipotez kurma becerilerini siklikla kullanmislardir.
Ogrencilerin oyunun baslangicinda baslangic noktasmin rastgele secilmesi ve zar atisinda gelen sayilarm rastgele
olmasi nedeniyle ortaya ¢ikacak seklin de rastgele noktalardan olusan bir sekil olabilecegi yoniinde bir iddialar1
olmustur. Ancak daha sonra yapmis olduklar1 gbzlemler bu hipotezlerinin degismesine ve {iggenin i¢ bdlgesine
ya da agirlik merkezine nokta diismemektedir gibi yeni iddialarin olugmasina neden olmustur. Bu baglamda ilk
etkinligin 6grencilerin hipotez kurma, gézlem yapma ve ¢ikarsamada bulunma gibi becerilerini ise kogmalarma
imkan verdigi sdylenebilir. Bunun yaninda bu etkinligin dgrencilerin tekrarlamali bir siire¢ igerisinde 6lgme
yaparak noktalarin hareketini izleme ve bu siire¢ sonunda ¢ikarsamada bulunmalarima da yardimei oldugu
gorillmektedir. Yenilenen matematik 6gretim programinda da 6grencilerin matematigin konular arasinda hipotez
kurma, gozlem yapma, iligkilendirme ve ¢ikarim yapma gibi becerilerini kullanacagi ortamlarin hazirlanmasma
ve Orneklerin verilmesine vurgu yapilmaktadir (Milli Egitim Bakanligi, [MEB], 2018a; 2018b). Bunun yaninda
alanyazinda yapilan ¢alismalarda (Adams ve Aslan-Tutak, 2006; Bolte, 2002; Devaney, 2004; Fraboni ve
Moller, 2008; Karakus, 2015, 2016; Naylor, 1999; Siegrist, Dover ve Piccolino, 2009; Vacc, 1999) fraktallarin
ogrencilerin matematigin benzerlik, logaritma, oriintiiler ve limit gibi farkli konular1 arasinda iliskiler kurmasina
yardimc1 oldugu ve hipotez kurma, iligkilendirme ile ¢ikarim yapma gibi becerilerini ise kogmalarmi sagladigi
ifade edilmektedir. Bu c¢aligmadan elde edilen sonuglar alanyazindaki c¢aligmalarin sonuglari ile benzerlik
gostermektedir. Gelistirilen ilk etkinlikte Kaos oyunu sadece ii¢ nokta i¢in oynatidmistir. Bu etkinlik farklt
sayidaki nokta ile yeniden tasarlanabilir. Bunun yaninda etkinligin sonunda 6grencilere farkli sayidaki nokta i¢in
oyunun oynanmasi durumunda ne tiir sekillerin olusabilecegi gibi yeni iddia ve ¢ikarsamalar olusturacaklari
sorular eklenebilir. Ayrica noktalarn hareketinde 2 orami yerine 1/3 ya da %4 gibi farkli oranlar i¢in oyun
yeniden oynatilabilir. Bu durumlart iceren etkinlikler ve bu etkinliklere yonelik 6grencilerden almacak
yansimalar ileriki ¢alismalarda incelenebilir.

Amerikan Ulusal Matematik Ogretmenleri Konseyi (NCTM, 2006) cebirsel diisiinmenin gelisiminde
Ogrencilerin farkli Oriintiiler tanimalari, olusturmalari ve genellemelerinin 6neminden bahsetmektedir. Bu
¢aligmada olusturulan ikinci etkinlik 6grencilerin bu tiir oriintiiler kesfetmelerine imkan vermektedir. Calismaya
katilan hemen hemen her grup Sierpinski liggeninin olusum asamalar1 ile atilan zar sayilar1 arasinda dogru
iliskiler kurmustur. Bunun yaninda atilan zar sayilari ile Sierpinski liggeninde olusan iiggen sayilar1 gibi farkl
orintiller de ortaya ¢ikmistir. Bu durum tasarlanan etkinliklerin 6grencilerin farkli Oriintiiler bulmalarina
yardimct olabilecek bir potansiyele sahip oldugunu gostermektedir. Bunun yaninda ikinci etkinlik tipki birinci
etkinlikte oldugu gibi 6grencilerin tahmin yapma ve ¢ikarsamada bulunma becerilerini de kullanmalarma imkan
vermektedir. Ozellikle noktanin son yerinin verilip baslangicta bulundugu yerin soruldugu béliim 6grencilerin bu
becerilerini kullanmalarmi saglamaktadir. Alan yazinda yer alan bazi ¢alismalarda da (Adams ve Aslan-Tutak,
2006; Fraboni ve Moller, 2008; Naylor, 1999; Vacc, 1999; Karakus, 2015) 6grencilerin Sierpinski tiggeninde
olusan tiggen sayisi ile Sierpinski liggeninin ¢evresi ve alaniyla ilgili {islii sayilar, diziler ve limit kavramlarmi
kullanarak ¢esitli genellemelere ulasabildikleri ifade edilmektedir. Bu baglamda bu g¢alismadan elde edilen
sonuglar alanyazinda yapilan ¢alismalarin sonuglariyla 6rtiigmektedir.

Son etkinligin amaci, 6grencilerin Kaos oyununda atilan zarlarin gelme olasilig1 ile Sierpinski {iggeninin
olusumu arasinda iliski kurmalarina yoneliktir. Etkinlik sonucunda 6grenciler Sierpinski {iggeninin olusumunun
zarlardaki sayilarin gelme olasiliklarinin esit olmasi durumuna bagli oldugu sonucunu elde etmiglerdir. Bunun
yaninda farkli olasilik durumlarinda ne tiir sekillerin olustugunu ve hangi durumlarda Sierpinski figgenin
olusmadigini gézlemleme imkani elde etmislerdir. Alan yazinda yapilan galismalar (Giirbiiz, 2006; Isik ve
Ozdemir, 2014; Memnun, 2007) olasilik konularmin &gretiminde somut materyal ve galisma yapraklarinin
kullanilmasinin &grencilerin anlamli dgrenmeler olusturmalarina ve akademik bagarilarma olumlu ydnde
katkilarinin oldugunu goéstermektedir. Bu c¢alismada gelistirilen etkinliklerden elde edilen yansimalar
etkinliklerin 6grencilerin olasilik konulari ile ilgili anlamalarina yardimci olabilecegini gostermektedir. Bu
baglamda gelistirilen etkinliklerin 6grencilerin anlamli 6grenme ve akademik basarilar1 iizerindeki etkileri ileriki
aragtirmalarda incelenebilir.

Kaos oyunu 6grencilerin sadece Sierpinski liggenini olusturmalarma yardimeci olmamaktadir, ayni zamanda
ogrencilerin rastgele durumlar sonucu diizenli/kurall1 6riintiilerin olusacagini fark etmelerine ve bdylece dinamik
sistemler ve kaos teoriye yonelik bir temel hazirlamaktadir. Son yillarda dinamik sistemler, bulanik mantik ve
kaotik yapilar matematik alaninda siklikla tartigilan konularin baginda gelmektedir. Hazirlanan bu etkinlikler
ogrencilerin ileriki yasamlarinda bu konulara ilgi gdstermelerine ya da bu konularla ¢aligmalarina imkan
saglayabilir. Zira matematik egitiminin genel amaglarindan biri de gelecegin matematikgilerini yetistirmektedir
(Baki, 2008). Rastgele bir durum sonucunda diizenli sekillerin ortaya ¢ikmasi her sinif diizeyindeki 6grencinin
ilgisini ¢ekecektir. Bu tiir etkinlikler 6grencilerin matematik dersine yonelik ilgi ve tutumlarini pozitif yonde
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etkileyecektir. Literatiirde yapilan ¢aligmalarda da derste kullanilacak etkinlik ve materyallerin dgrencilerin
matematik dersine yonelik ilgileri iizerinde etkileri oldugu vurgulanmaktadir (Unlii, 2007; Yurtbakan, Aydogdu
Iskenderoglu ve Sesli, 2016). Bu baglamda tasarlanan bu etkinliklerin 6grencilerin matematik dersine yonelik
ilgi ve tutumlar1 tizerindeki etkileri ileriki ¢aligmalarda incelenebilir. Caligmada hazirlanan etkinliklerle ¢aligan
ogrenciler olasilik, say1 dizileri, oriintiiler ve 6l¢lim gibi birgok farkli matematiksel kavram arasinda iliskiler
kurma firsat1 elde etmektedirler. NCTM’de (2000) 6grencilerin matematiksel kavramlar1 anlamli 6grenmeleri
icin uygun etkinlik, materyal ve 6rneklere sahip ortamlarda ¢aligmasinin 6nemi vurgulanmaktadir. Bu baglamda
hazirlanan etkinliklerin Ogrencilerin matematiksel kavramlar arasinda farkli iliskilendirmeler yapma
potansiyeline sahip oldugu sdylenebilir.

Bu calismada da ogrencilerin Oriintiiler, olasilik, 6lgme ve sayi dizileri konularinda iliskiler kuracagi
etkinliklere yer verilmistir. Bunun yaninda matematik 6gretim programlarinda bilgi ve iletisim teknolojilerinin
(BIT) derslere entegre edilmesinin &nemi vurgulanmistir (MEB, 2018a; 2018b). Ulkemizdeki matematik
Ogretimi gz Oniine alindiginda, genelde 6gretmen odakli ve tahta bagsinda geleneksel bir anlayisin benimsendigi
soylenebilir (Giir, 2002). Matematik konularmin 6gretiminde, genellikle konularla ilgili kurallar ve 6zellikler,
sunus yontemi ile verilmekte, tahtaya yazilan ¢izimler yardimiyla konulari 6gretimi gerceklestirilmektedir.
Amerikan Ulusal Matematik Ogretmenleri Birligi (NTCM, 2000) de, okul matematiginde somut materyaller,
¢izimler ve bilgi iletisim teknolojilerinin kullanilmasmm 6nemini vurgulamaktadir. Bu ¢alismada tasarlanan
etkinliklerde 6gretim amacli hazirlanmis web sitesi uygulamalaria yer verilmistir. Boylece dgrencilerin bu
iliskileri kurarken teknolojiden de yararlanmasi saglanmistir. Bu baglamda tasarlanan etkinliklerin matematik
derslerine BIT lerinin entegre edilmesine katk1 saglayacagi sdylenebilir.
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