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Abstract: Covariational reasoning is about the ability of coordinating the variation in two simultaneously and dynamically
changing quantities and being able to see these quantities at the same time by forming a multiplicative unit. Covariational
reasoning ability has been considered as necessary and foundational to the understanding of many mathematical concepts
ranging from elementary to tertiary levels. In this study, covariational reasoning abilities of prospective elementary school
mathematics teachers and the effects of dynamic animations created in computer-based environments on these abilities have
been investigated. Case study was used as a research design one of which is a qualitative research methodology. The
participants of the study were 19 prospective elementary school mathematics teachers attending to an elective Computer-
Assisted Mathematics Education course and four of them were selected for semi-structured interviews. The results showed
the weakness in prospective elementary school mathematics teachers’ covariational reasoning abilities and the potential of
dynamic animations in supporting covariational reasoning. The animations in dynamic computer environments seem to have
minimal effect on paper and pencil solutions in general. However, these animations, if they were used with their data
collection and graph drawing properties, affected prospective teachers ways of reasoning in two ways: (i) forcing them to
revise and rethink about the current ways of reasoning used during paper and pencil solutions, and (ii) lowering the cognitive
load or removing the necessity of deep thinking on the situation. For the first case, the activities supported with the dynamic
animations play a supportive role in developing covariational reasoning. For the second case, the dynamic animations did not
contribute to prospective teachers’ covariational reasoning, rather they just played a mediating tool role that helps them to
find a result.
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Oz: Kovaryasyonel diisiinme es zamanli ve dinamik olarak degisen iki niceligin birlikte degisimini diistinerek koordine
edebilme ve degisimler arasindaki iliskiyi bir biitiin olarak yorumlayabilme becerisidir. Kovaryasyonel diisiinme becerisi
oran-oranti, tiirev ve integral gibi ilkogretim ve daha ileri diizeyde bir¢ok matematiksel kavramin anlagilmasinda dnemlidir.
Bu calismada, ilkogretim matematik O6gretmen adaylarinin kovaryasyonel diisiinme becerileri ve bilgisayar destekli
ortamlarinda olusturulan dinamik animasyonlarin bu becerileri nasil etkiledigi incelenmistir. Nitel aragtirma yontemlerinden
dzel durum ¢alismasi kullamlmustir. Calismanmn katilimeilari, Bilgisayar Destekli Matematik Ogretimi dersine kayitli son
smif 19 ilkdgretim matematik 6gretmen adayi olup dort 6gretmen adayi ile yari-yapilandirilmig gériismeler yapilmustir. Elde
edilen bulgular dgretmen adaylarinin kovaryasyonel diisiinme becerilerinin yeterli diizeyde olmadigint ve dinamik geometri
yazilimlari ile elde edilen animasyonlarin kovaryasyonel diisiinme becerisine katki saglayabilecegini gostermektedir. Sadece
dinamik animasyon olusturmanin ve onu izlemenin dgretmen adaylarinin kagit-kalem ¢oziimlerine etkisi ¢ok azdir. Fakat
animasyonlar, dinamik geometri programinin veri alma ve grafik ¢izdirme dzellikleri ile birlikte kullanildiginda, dgretmen
adaylarinin kovaryasyonel diisiinme becerilerini iki sekilde etkilemistir: (i) statik (kagit-kalem) baglamlardaki diisiinme
bigimlerinden farkl sonuglar vererek tekrar diisiinmeye sevk etme veya (ii) zihinsel is yiikiinii alarak durum {Gizerinde derin
diislinme gereksinimini ortadan kaldirma. Birinci durumda dinamik animasyonlar 6gretmen adaylar1 i¢in kovaryasyonel
diistinmeyi destekleyici bir unsur olurken ikinci durumda ise ¢6ziime odakli ve durum {iizerinde derinlemesine diisiinme
ihtiyacini ortadan kaldiran bir ara¢ roliinii almistir.

Anahtar Kelimeler: Degisim, degisim orani, kovaryasyon, kovaryasyonel diigiinme, niceliksel diigiinme

Tiirkge siiriim i¢in tiklayiniz

1. Introduction

Change, variation, and covariation of quantities are foundational for many of the mathematical concepts
(Confrey & Smith, 1994; Thompson, 1994). Reasoning on the simultaneous and dynamic variation between
quantities have been generally investigated under the theoretical construct of covariational reasoning (Carlson,
Jacobs, Coe, Larsen & Hsu, 2002; Johnson, 2012; Saldanha & Thompson, 1998; Thompson & Carlson, 2017).
According to Carlson et al. (2002), covariational reasoning involves the mental actions used in the process of
coordinating the variation in simultaneously changing quantities. These mental actions were developmentally
classified at different levels from person to person. Thompson and Carlson (2017), on the other hand, described
the high level of covariational reasoning as the ability to construct a multiplicative object as a result of uniting
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the measured properties of simultaneously changing quantities by which one can see the system as a whole (e.g.
quantityl, quantity?, qunatityl-quantity2). As an example, for a tank filled by water, the volume of water and the
height of water in the tank are two simultaneously and dynamically changing quantities. Forming a new
multiplicative object is related to the ability to mentally uniting the variation in both quantities jointly and
separately as a whole structure (e.g., volume, height, volume-height).

Covariational reasoning is a theoretical construct which focuses on ways of thinking such as being able to
coordinate the changes in one quantity as happening simultaneously with changes in the other quantity or not;
focusing on the changes in only one quantity or changes in two quantities at the same time; focusing the intensity
of changes in two quantities separately or focusing on the rate of change between two (Carlson et al., 2002;
Thompson & Carlson, 2017). According to Thompson and Carlson (2017), covariational reasoning is
developmental, and students can be labeled at different levels in terms of having this ability. Covariational
reasoning is foundational for the understanding of many mathematical concepts. Some studies indicated that one
of the main reasons of student and teacher difficulties with the concepts of ratio, proportion, function, rate of
change, derivative, and integration may be related to their lack of covariational reasoning (Carlson, 1998;
Carlson et al., 2002; Kertil, 2014; Monk, 1992; Thompson, 1994). For the concept of function, for example, the
widespread use of the correspondence approach in teaching seems to be an inhibiter for students in developing
the idea of dynamic and simultaneous changes in variables (Carlson, 1998; Confrey & Smith, 1994; Oehrtman,
Carlson & Thompson, 2008; Stroup, 2002; Thompson & Carlson, 2017). The study by Oehrtman and others
(2008) showed that teaching functions with an emphasis on the correspondence (input-output) approach resulted
in difficulties for conceptualizing this concept as a dynamic covariation between variables. Because
covariational reasoning involves reasoning on dynamic and simultaneous changes in quantities, having this
ability may contribute students in conceptualizing the function concept in a better way (Carlson et al., 2002;
Monk, 1992; Thompson & Carlson, 2017).

Accordingly, student and teacher difficulties with ratio and proportion concepts seem to be related to their
lack of covariational reasoning (e.g., Herbert & Pierce, 2011, 2012; Lobato & Ellis, 2010). When students were
asked about the velocity of a car or a moving object, they can answer just looking at the time variable (Lobato &
Thanheiser, 2002). Moreover, the teaching of ratio and proportion concepts without emphasizing the
covariational reasoning in elementary levels seems to result in misuse of linear relationships in the following
grades (De Bock, Van Dooren, Janssens & Verschaffel, 2002; Monk, 1992). Students tend to think linearly about
the contexts involving simultaneously changing quantities even if they don’t have a constant rate of change.
Because students having a high level of covariational reasoning can focus on the changes in covarying quantities
separately and together, they can easily distinguish between the linear and non-linear relationships as well as
they can express verbally and show on the graph (Castillo-Garsow, 2012; Stroup, 2002; Thompson, Hatfield,
Yoon, Joshua & Byerley, 2017).

According to Thompson and others (2017), as the grade levels increase, the covariational reasoning of
students does not necessarily develop. Even students at higher levels may have more difficulty in covariational
reasoning when compared to younger students, and they are not open developing the capacity to create
multiplicative objects (Thompson et al., 2017). According to Thompson and others (2017), this may be the
expected result of the common school practices and teaching methods of mathematical concepts without an
emphasis on covariational reasoning that students encounter throughout their school life. Therefore,
covariational reasoning should be considered in the teaching of mathematical concepts from early grades on.

Some studies conducted in Turkey also shows student and teacher difficulties with covariational reasoning
(Kertil, Erbas & Cetinkaya, 2019; Yemen-Karpuzcu, Ulusoy & Isiksal-Bostan, 2017; Sen-Zeytun, Cetinkaya &
Erbas, 2010). As being foundational for conceptual understanding of many mathematical concepts, it seems
necessary for teachers to have an awareness and ability of covariational reasoning as a part of their professional
knowledge. Many studies also indicated the need for further studies and interventions in emphasizing and
developing covariational reasoning of students at all levels of schooling as well as pre-service and in-service
mathematics teachers (Arlebick, Doerr & O’Neil, 2013; Carlson et al., 2002; Carlson, Larsen & Lesh, 2003;
Thompson & Carlson, 2017; Thompson et al., 2017). Some studies showed the potential of computer-based
dynamic learning environments in supporting students’ covariational reasoning and conceptualizing important
mathematical ideas such as functions (e.g., Hoffkamp, 2011; Johnson, McClintock & Hornbein, 2017).
However, more studies have been suggested on this topic in different contexts (Johnson et al., 2017; Thompson
et al., 2017). The purpose of this study is to investigate the covariational reasoning of elementary school
prospective mathematics teachers in a series of modeling activities, and the potential effects of computer-based
dynamic animations on their reasoning. Although the covariational reasoning of prospective teachers was not
investigated for a special mathematical concept, the activities used in the study include function, graphs of
functions, and rate of change concepts. The research questions guiding the study are:

i. How does the covariational reasoning of prospective elementary school mathematics teachers appear in

their solution of mathematical modeling activities?
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ii. How is the covariational reasoning of prospective teachers affected when the task contexts are
reintroduced via computer-based dynamic animations?

1.1. Conceptual Framework

Carlson and others (2002) introduced the first analytical framework for characterizing students’ covariational
reasoning which involves five levels according to the mental actions used. According to the description of
Carlson and others (2002, s.358), there are five developmental and distinct levels of covariational reasoning
which are (i) coordination, (ii) direction, (iii) quantitative coordination, (iv) average rate, and (v) instantaneous
rate. These levels of covariational reasoning have been described according to the appearance of certain mental
actions, and students are labeled at one of these levels depending on the mental actions they demonstrated.
Although this framework has been commonly used as an analytical tool, some studies reported its weaknesses in
describing and labeling the diversity in students’ thinking (e.g., Arlebéck et al., 2013; Carlson et al., 2002, 2003;
Castillo-Garsow, 2012).

In a recent study, Thompson and Carlson (2017) modified the aforementioned framework, and they
determined six major levels of covariational reasoning; (i) no coordination, (ii) pre-coordination, (iii) gross
coordination of values, (iv) coordination of values, (v) chunky continuous covariation, and (vi) smooth
continuous covariation (p. 441). These levels have been determined depending on the research findings focusing
on students’ different ways of thinking about the quantities changing together. For instance, chunky continuous
covariation and smooth continuous covariation are the concepts first introduced in the context of a study
investigating students’ quantitative reasoning on exponential functions by Castillo-Garsow (2012). Castillo-
Garsow (2012) showed that having the ability to smooth continuous covariational reasoning is critical for
students to comprehend nonlinear situations involving exponentially changing quantities.

Chunky continuous covariational reasoning appears as attending to the discrete changes and chunks in
variables, while smooth continuous covariation entails dynamic and continuous coordination of changes in
quantities. For a car moving at a speed of 100km/h, considering the changes in the distance only for exact times
or whole hours (i.e., 200km in 2 hours) is an example for a chunky way of thinking. For the same car, smooth
continuous covariational reasoning requires imagining both time and distance variables changing simultaneously
and smoothly through the intervals as small as one wish (i.e., for every 1 minute, for every 1 second), and being
aware of the same speed for each interval.

Table 1. Covariational reasoning: Dimensions and sub-dimensions (Kertil et al., 2019)

Dimensions and Sub-dimensions Explanation
1. ldentifying the variables
Thinking by primary variables Values of simultaneously changing quantities explicitly conceived in relation to
each other as dependent and independent variables
Thinking by secondary variables Invoking a new variable which is not mentioned in the problem context
Reversing the roles of variables The roles of dependent and independent variables are reversed.

2. Ways of coordinating the variables
Uncoordinated way of thinking Considering the changes in covarying quantities as separately with respect to a
common variable (e.g., volume increases with respect to time, and height
increases with respect to time).

Indirect coordination Indirectly coordination the changes in covarying quantities depending on a third
variable (e.g., both volume and height are increasing with respect to time)
Direct coordination Directly coordinating the changes in covarying quantities without focusing on

the intensity (e.g., height increases as the volume increases).

Direct and systematic coordination ~ Directly and systematically coordinating the changes in covarying quantities.
Being able to change one of the quantities with equal increments, and observing
the simultaneous change in the other quantity (e.g., change in height increases
with the per unit change in volume)

3. Quantifying the rate of change

Gross quantification Perceptually deciding the rate of change without a mathematical justification;
providing incorrect or inconsistent explanations for the concavity on graphs (e.g.,
the increase in height is gradually slowing down).

Extensive quantification Focusing on the successive changes in only one quantity; additively comparing
the successive changes in the dependent variable, while keeping constant the
changes in the independent variable (e.g., the change in height gets bigger for
every equal amount of change in volume)

Intensive quantification Uniformly changing the input variable (being aware that the unit can be selected
as small as possible) and observing the simultaneous change in the independent
variable; multiplicatively comparing the changes in quantities; Being able to
form a multiplicative object while observing the quantities change together (e.g.,
the height increases at a decreasing rate with respect to volume)
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The conceptual framework used in this study is the dimensions of covariational reasoning described by Kertil
and others (2019). Based on the theory of quantitative reasoning (Thompson, 1994) and by fleshing out the
framework introduced by Thompson and Carlson (2017), Kertil and others (2019) proposed a three dimensional
perspective for characterizing covariational reasoning; (i) identifying the variables, (ii) coordinating the
variables, and (iii) quantifying the rate of change. Table 1 above shows the subcomponents of each dimension
with an explanation for the possible ways of reasoning. Although the examples for each dimension and
subcomponents in Table 1 are provided in verbal expressions, the descriptions for each way of reasoning has
been formed only after they are justified or supported by algebraic and other forms of mathematical
representations.

2. Method

As one of the qualitative research methodologies, the case study was employed in this study which includes
the in-depth analysis of a person, a group, or an event within its phenomenological bounds (Yildirim & Simgek,
2011). The unit of analysis focused on during the study was prospective mathematics teachers’ covariational
reasoning abilities that they demonstrated in their written solutions and the effects of dynamic animations while
solving the modeling activities involving simultaneously and dynamically changing quantities.

2.1. Participants

The participants of the current study were 19 (12 female, 7 male) senior year elementary school prospective
mathematics teachers attending to a public university and enrolled in an elective Computer-Assisted
Mathematics Education course. 19 elementary school prospective teachers regularly continued the course
throughout the semester. However, as can be seen in Table 2, only 14 of the participants attended the class
during the week of the Water Tank activity. For the other activities, regularly 19 participants attended the class.

At the time of the data collection, most of the participants had completed mathematics courses such as
General Mathematics, Calculus-1, Calculus-2, Analytical Geometry, Linear Algebra and some more courses
about mathematics education which were offered as part of the program. We assumed that all of the participants
were from similar backgrounds in terms of their previous experience with modeling tasks and their subject-
matter knowledge required for solving the tasks.

2.2. Implementation and Data Collection

The data collection tools were Water Tank, Sliding Ladder and Space Shuttle modeling activities taken from the
study of Kertil (2014) (see Appendix-1). In Water Tank activity, it was asked how volume and height variables
change together; in Sliding Ladder activity, it was asked about the covariation of vertical height and horizontal
height; in Space Shuttle activity, it was asked about the covariation of the angle of camera and height of the
shuttle. Although the activities used in the study were not carrying out all the properties of a good modeling
activity described by Lesh and others (2000), they commonly carry out reality, reusability, and simplicity
principles, we called them as modeling activities.

At first, participants solved the activities individually by using paper and pencil. For individual (paper and
pencil) solutions, thirty minutes were devoted to each activity. After collecting the paper and pencil solution
papers, prospective teachers were asked to study on the same tasks by constructing the dynamic animations of
the given situations using the appropriate software. Later on, they were asked to write a reflection paper report
on how they revised their solutions or their way of reasoning changed after observing the dynamic animations
with their property of providing immediate data. Prospective teachers generally used Geogebra or Geometry
Sketchpad for constructing the animations of Sliding Ladder and Space Shuttle activities, while they benefited
from the www.teachers.desmos.com/waterline interactive learning portal for the Water Tank activity.
Prospective teachers decided themselves according to their competence which software program to use for
Sliding Ladder and Space Shuttle activities. For the Water Tank activity, on the other hand, because it enables to
create different tank shapes, we guided them to use teacher.desmos.com. Prospective teachers were having the
necessary competency about each program because, in previous weeks, we executed similar practices like
constructing various animations about different mathematical concepts as a regular content of the course. The
implementation of Water Tank, Sliding Ladder, and Space Shuttle activities has lasted three weeks. The paper
and pencil solutions of the three activities followed by the construction and analysis of the dynamic animations
were implemented as a regular part of the course during the 10", 11" and 12" weeks of the semester.

After the implementation, task-based interviews were executed with four prospective mathematics teachers.
The interviews aimed to get an in-depth understanding of prospective mathematics teachers’ ways of
covariational reasoning that they demonstrated with paper and pencil solutions. The interviewees were selected
considering the criteria of demonstrating the most typical ways of reasoning, having a high level of social-
communication skills, and being voluntary.
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2.3. Data Analysis

The data were analyzed according to the framework introduced in Table 1 by using the constant comparative
method (Strauss & Corbin, 1998). At first, prospective mathematics teachers’ solution papers, for each of three
activities, were analyzed. We considered the chronological order of the activities while analyzing the paper and
pencil solutions. Next, prospective teachers’ updated solutions after working with the dynamic computer
environment and their reflection papers were analyzed. The descriptive data obtained as a result of these analyses
were presented in a table to demonstrate the general state or level of the class. Later, we executed an in-depth
analysis of the transcribed interviews conducted with four prospective mathematics teachers. In the findings, we
provided some typical excerpts from the interviews for showing the diversity in prospective teachers’ ways of
thinking.

3. Findings

In this part, we first started by presenting the descriptive data about prospective mathematics teachers’
covariational reasoning in a table showing the general state of all participants. Prospective mathematics teachers’
covariational in their paper and pencil solutions and supported by dynamic animations have been analyzed by
using the three-dimensional framework and then, a frequency distribution table has been constructed (see Table
2).

Table 2. Covariational reasoning of prospective mathematics teachers demonstrated in their paper and pencil
solutions versus in their solutions supported with dynamic animations

Paper and Pencil Supported with Dynamic
Covariational Reasoning Animations
Dimensions and Sub-dimensions Water Sliding Space  Water Sliding Space

Tank Ladder Shuttle Tank Ladder Shuttle
(N=14) (N=19) (N=19) (N=14) (N=19) (N=19)

Thinking by primary

e . 8 12 10 14 19 16
1. ldentifying the Variables
variables Thinking by secondary 4 7 7 0 0 1
variables
Reversing the roles of 2 0 2 0 0 2
variables
o Ur_mo_ordmated way of 0 2 1 0 0
2. Coordinating the ~ thinking
variables Indirect coordination 5 5 5 0 0 0
Direct coordination 8 12 9 7 10 10
Direct and systematic
coordination 1 0 4 ! 8 9
Gross quantification 10 15 11 6 9 10
3. Quantifying the Extensive quantification 4 3 7 5
rate of change ) o
Intensive quantification 0

For the first dimension of covariational reasoning that of identifying the variables, the frequency of thinking
with secondary variables seems high in paper and pencil solution of prospective teachers throughout the three
activities. During the works on the same activities by constructing the dynamic animations, the frequency of
thinking with secondary variables was considerably decreased. Thinking by reversing the roles of variables
rarely appeared during the studies supported by dynamic animations depending on the nature of the activities.
Although thinking with secondary variables is not an incorrect way of thinking, it may result in an uncoordinated
way of thinking or indirect coordination of variables in the subsequent dimensions of the covariational
reasoning. An uncoordinated way of thinking or indirect coordination of variables can be seen as an indicator of
a low level of covariational reasoning.

For the second dimension, prospective mathematics teachers frequently used indirect coordination or direct
coordination for the simultaneous variation in quantities changing together in their paper and pencil solutions.
Indirect coordination of variables seems to be the result of thinking with the secondary variables. Direct and
systematic coordination, which is an indicator of the high level of covariational reasoning, was rarely observed
in paper and pencil solutions. Moreover, Table 2 shows that, with the use of dynamic animations, prospective
teachers’ use of uncoordinated way of thinking or indirect coordination decreased, and they frequency
demonstrated direct coordination or direct or systematic coordination while coordinating the simultaneously
changing quantities.
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For the third dimension, prospective mathematics teachers frequently used gross quantification while
quantifying the rate of change in their paper and pencil solutions. The usage of extensive and intensive
quantifications while quantifying the rate of change increased when the activities were supported by the dynamic
animations. However, still, the gross quantification was the most frequently used way for quantifying the rate of
change. In the following parts of the paper, findings related to four prospective mathematics teachers as different
cases will be presented providing shreds of evidence from their written solutions and transcribed interviews.

3.1. Prospective Mathematics Teacher Coded as PST3

For the Water Tank activity, PST3 thought with primary variables and he could be able to coordinate the
variables directly (see Figure 1a). However, he used a gross quantification while quantifying the rate of change
as observed in his verbal explanation for the graph. Similarly, concerning Sliding Ladder and Space Shuttle
activities, PST3 thought with the primary variables and he directly coordinated the variables (see Figures 1b;
1c). In the solution for Sliding Ladder activity, PST3 used gross quantification for the rate of change as he
indicated a linear relationship between the covariation of vertical distance and horizontal distance variables.
PST3’s preference for using gross quantification can be explained as the result of his inability to use direct and
systematic coordination in the previous phase of covariational reasoning.

W

Figure 1a. PST3’s paper-pencil Figure 1b. PST3’s paper-pencil Figure 1c. PST3’s paper-pencil
graph for Water Tank graph for Sliding Ladder graph for Space Shuttle

For the Space Shuttle activity, PST3 thought with the primary variables, he used direct and systematic
coordination for the first time, but he quantified the rate of change by using gross quantification. After reworking
on the activities with the dynamic animations, his solutions for Water Tank and Space Shuttle activities remained
the same while he changed his solution for the Sliding Ladder activity. The following excerpt shows PST3’s
ways of reasoning related to Sliding Ladder, and how he changed his way of reasoning while working with
dynamic animation.

Researcher: In paper and pencil solution, you thought as if there was a linear relationship in Sliding Ladder. Namely,
you thought in a way that the amount of increase in horizontal distance was the same with the amount of
decrease in height.

PST3: Yes, at first, | thought in that way. But, after reworking on the problem with the dynamic animation, | realized
the changes in the variables were not going linear, changes in the variables were related to their squares.

Researcher: Okay. Could you please explain here again your way of reasoning? You can use dynamic animation.

PST3: Of course... We can watch by animating the sliding ladder, the tracking property. Or I can observe the
differences between changes. | mean, | can check for how one quantity changed with one unit increment of
the other quantity.

Researcher: You already measured some values for height and horizontal distance. Could you please show us now?

PST3: Of course. Now let’s start with zero, now the height is at its maximum value, horizontal distance 0,06, height is
6,83. The horizontal distance is 1,04 now and height is 6,75. Let’s change it to 2,02, and height is 6,52. When
the horizontal distance is 3, height became 6,13. Now we can relate the amount of decrease in height and the
amount of increase in vertical distance.

Researcher: Okay, how?

PST3: Now the horizontal distance increased by 1 unit, height decreased by a 0,08 unit. Repeating this, this increased 1
unit, this decreased by a 0,23 unit. For the next iteration, probably height will decrease more. Yes, it
decreased from 6,52 to 6,12 with a 0,40 unit. We can observe that for every one-unit increase in horizontal
distance, the amount of decrease in height is gradually increasing. | mean, the amount of decrease is
increasing...
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Figure 2. An excerpt from PST3’s work with dynamic animation

Researcher: How about the graph?

PST3: [Draws a concave upwards decreasing graph]. Here, h is increasingly decreasing, | mean it is rapidly
decreasing while k is increasing constantly. We are keeping the increase in k constant here and observing the
change in h. We can also do the reverse.

Researcher: Okay, you said this (height) is increasingly decreasing, and this (horizontal distance) is increasing
constantly. How are they changing together?

PST3: Hmmm... Indeed, we can also think reversely. I mean, if this is increasingly decreasing, then the other one is
increasingly increasing or decreasingly increasing. Sorry, let me think for a while... [He is watching the
animation by focusing on the changing values] h is increasingly decreasing, k is increasing constantly. We
can also say that if we consider the increase in k with constant increments, then h increasingly decreases.

Researcher: Well, could you please show us the idea that you worked out numerically on the graph? What does that
mean on graph?

PST3: [Roughly plotting the numerical values and drawing a concave downwards decreasing graph]. Because |
increased k with equal amounts, we should plot the height values at further down points. It would be linear
otherwise. | mean, the slope between the subsequent points should gradually increase.

After working with the dynamic animation, PST3 updated his graph for Sliding Ladder activity as a concave

downwards decreasing graph. His argumentation for the new graph was the algebraic equation h®+k* =1
where | stands for the length of the ladder. In his paper and pencil solution, although PST3 based his verbal

explanations on the h* +k* =1?algebraic equation, he sketched a linear graph without reflecting his ways of
covariational reasoning. The dynamic animations forced PST3 to rethink about the situation in detail. As we
asked him to explain the graph again during the interview, he used the data collection property of GSP software,
and he recorded some numerical values for height and horizontal distance variables. By effectively using the
direct and systematics coordination, PST3 changed the horizontal distance with one unit increments and
observed the rapid decrease in the height. PST3 extensively quantified the rate of change because he consistently
focused on the variation in only one of the quantities (i.e., height is increasingly decreasing) while explaining the
concavity of the graph. The data collection property of a dynamic animation environment helped PST3 to use
direct and systematic coordination. Moreover, it also provided PST3 to be able to quantify the rate of change by
using extensive quantification. In the episode below, PST3 indicated his ideas about the use of dynamic
animations.

Researcher: All right, why did you think as if there was a linear relationship before?

PST3: Yes, in fact, when I found h square plus k square equals | square, I felt it was so simple and I didn’t need to
think in-depth about it. It seemed so easy for me. There was no need to think about it.

Researcher: Well, what did constructing the animation and working with it provide you?

PST3: The animation itself did not, but the data that we collected using it helped us to clarify our thoughts. For
example, we always use the formula a square plus b square equal to ¢ square (a? + b% = c?) in the
lessons, but we don’t think about it very much. But we can observe the instantaneous values of a, b, and ¢
quantities instantaneously and simultaneously as they change together. | mean, students also may fall into
error as I did here, something like “this decreases by 1 unit, the other increases by 1 unit”. Because we can
see the instantaneous values of each variable within the dynamic animation, it is easier to realize the
inequality of the changes.

Researcher: Did you mean the benefit of dynamic animation?

PST3: Definitely, as | said before students can develop more accurate ideas about the relation between the variables
as they can see the instantaneous values of each variable as they change simultaneously.

Researcher: What about teaching in static nature with paper and pencil?

PST3: Of course maybe, but we will try to imagine in our mind what we directly observe dynamically here... I mean,
we can get infinitely many data in here while we can work on a few values with paper and pencil. And also,
we can get some radical numbers as result in paper and pencil solutions, as | did, which makes it more
difficult to think with. But within such software, we can see the data with all intermediate values holistically
which helps students to think effectively.
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In the episode given above, by emphasizing its data collection and analysis properties, PST3 indicated that
the dynamic geometry software helped him to realize explicitly the relationship between the numerical values of
the variables that appeared in the algebraic expression of Pythagorean Theorem. As indicated by PST3, although
some numerical values can be worked out by paper and pencil, its limitation is clear when compared to the
opportunity provided by dynamic geometry software. Because PST3 could be able to use the quantitative
operations more efficiently by utilizing the data collection property of dynamic animation, he could be able to
get more proper decisions about the covariation of quantities. In Space Shuttle activity, on the other hand, PST3’
paper-pencil solution did not change after working with the dynamic animation. But, PST3 indicated again that
dynamic animation in the Space Shuttle context also provided him to realize the covariation in terms of the
numerical values.

3.2. Prospective Mathematics Teacher Coded as PST4
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Figure 3a. PST4’s paper-pencil solution for Figure 3b. An excerpt from PST4’s work with
Water Tank activity dynamic animation

When the paper-pencil solution of PST4 (one of the interviewees) was analyzed, she thought with the
primary variables but reversing their roles as can be seen in Figure 3a and Figure 3b. Although PST4 plotted
height as the independent variable and volume as the dependent variable on the axes of the graph, she indicated
“height as a function of volume” in her verbal explanations, and also she drew the graph following this idea.
PST4’s way of thinking by reversing the roles of variables resulted in an inconsistency between the verbal
expression and graphical representation he used. Studying with the dynamic animation, she obtained the above
graph (see, Figure 3b). PST4 indicated the similarity between her paper-pencil graph and the graph obtained with
the computer-based environment, but she surprised by the absence of the sharp corner on the dynamic graph. As
most of the participants also did, the sharp corner on the graph drawn by PST4 has been interpreted as an
indicator of her difficulty in attending to quantify the rate of change by intensive quantification.
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Figure 4a. PST4’s paper-pencil graph for Sliding Figure 4b. PST4 revised her graph after seeing
Ladder the dynamic animation

For Sliding Ladder activity, PST4 thought with a secondary variable that of time. She sketched two graphs
one for showing the distance of point A from the Wall as a function of time, and the other graph for the distance
of point B to the ground as a function of time (see Figure 4a). This is a typical example of an uncoordinated way
of thinking. PST4, in the beginning, could not form a direct relationship between the covarying quantities,
instead, she used the time variable. She also used gross quantification for quantifying the rate of change as she
used linear graphs without focusing on the intensity of changes.

After collecting the paper and pencil solution papers, PST4 constructed a dynamic animation of the sliding
ladder using GSP software as can be seen in Figure 5a. After constructing this animation, PST4 wanted to revise
her paper-pencil graphs and, she updated the graph showing the nonlinear relationship between height and
horizontal distance variables as seen in Figure 4b. With the revised graph, PST4 removed the time variable,
started to think with primary variables, and so she directly coordinated the variables.
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Figure 5a. Dynamic animation constructed by PST4 Figure 5b. PST4’s work with dynamic
for Sliding Ladder animation

PST4 constructed a dynamic animation of Sliding Ladder showing the height of the upper edge as IAEI and
the distance of the bottom edge to the wall as IEBI. She then collected some data regarding the measures of these
lengths by using the properties of the dynamic computer environment. Later on, she transferred the data to the
MS Excel and obtained the graph in Figure 5b. When compared to her way of thinking in paper and pencil
solution, it is observable that she started to think with primary variables and using direct and systematic
coordination. After that, PST4 decreased the values of IAEI with equal amounts (1 unit increments) and wrote
down the corresponding IEBI values. She used direct and systematic coordination here. As a result, PST4
obtained the graph in Figure 5b, but she had difficulty in explaining the concavity of the graph that she sketched
by MS Excel. A small episode from the interview is provided below in which PST4 explained her way of
reasoning with the dynamic animation of Sliding Ladder.

Researcher: Yes at first you thought as a function of time in your graphs [see the linear graphs in Figure 4a].

PST4: Yes, actually | thought as a function of time. | mean as the height was decreasing as a function of time, the
horizontal distance was increasing as a function of time.

Researcher: Why did you think as if there was a linear relationship?

PST4: | didn’t think very much indeed. I just figured out as one of the variables was decreasing, the other was
increasing.

Researcher: You changed the graph [The graph seen in Figure 4b], why?

PST4: Yes, after watching the animation, | felt that the height and horizontal distance were not changing linearly. As
the ladder slides down, a figure of the concave upward curve appears [Figure 5a]

Researcher: What does that mean?

PST4: The slopes are gradually getting smaller... I mean the ratio of change in height to the change in horizontal
distance is gradually decreasing.

Researcher: Well, you obtained this graph by MS Excel [Concave down decreasing graph] How do you interpret this?
What do you think about this graph?

PST4: [Thinking for a few seconds]. I don’t know at the moment, | had also surprised when | got this graph via Excel...
Yes, | drew this concave up decreasing graph with the idea that slopes were getting smaller and smaller, and |
am still thinking in the same way. But, slopes are gradually increasing here, | am confused at the moment.

PST4 indicated that she thought these two variables separately, each was changing with respect to time, in
her paper and pencil solution. She could not directly coordinate these two variables. PST4 also indicated that she
drew linear graphs because she did not involve in-depth thinking on the situation. PST4 indicated that she
decided to revise the linear graphs to a concave up decreasing graph (see Figure 4b) after constructing and
watching the dynamic animation. For the reason of drawing a concave upward decreasing graph, PST4 indicated
that she observed and felt this kind of curve while watching the sliding ladder animation. PST4 surprised with
the concave downward decreasing graph sketched by MS Excel. She also indicated her ongoing difficulty in
comprehending this concave down graph. In the following parts of the interview, we asked PST4 to think for an
explanation about the graph obtained by MS Excel.

Researcher: Yes PST4, could you please try to explain the difference between these two graphs?

PST4: [Thinking]... It can be related to data, here I drew perceptually. Using the data, we got this concave down
graph.

Researcher: Well, how can you explain this?

PST4: | am trying to understand [Silence]. Here we are intuitively drawing the graph without knowing the exact values
of sides and hypotenuse, but in MS Excel we worked with the real values so this must be the true one.

Researcher: Then, what do you think about the benefits of computer-based environments, at least for this activity?

PST4: For this activity, the technology showed our incorrect way of thinking. We collected data and we sketched the
graph with the data, but in another case, we were drawing the graph roughly. | got really surprised because MS
Excel sketched a different graph that I did not expect. When | watch the animation of the sliding ladder, | fell as if
the graph should be as my first drawing. | cannot think differently at the moment.
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In the episode above, PST4 had difficulty in explaining the concave down decreasing graph. Because PST4
corrected her linear graphs as a concave up decreasing graph with the animation, least to say, dynamic animation
context helped PST4 thinking with the primary variables and using the direct coordination. The dynamic
computer environment provided PST4 to compute the numerical values of the variables, and she obtained an
accurate graph via MS Excel using these values. However, PST4’s difficulty in explaining this graph shows her
inability to envision direct and systematic coordination in her mind. Similarly, PST4 continued to quantify the
rate of change intuitively (gross quantification) instead of using extensive or intensive quantification. Therefore,
for PST4, the dynamic computer environment in Sliding Ladder activity played a mediating tool role in lowering
the cognitive load. For Space Shuttle activity, PST4 thought with primary variables, used direct coordination,
and perceptually quantified the rate of change. With dynamic animation of Space Shuttle, PST4 collected data
again and she could be able to explain the concave down increasing graph by appropriately using direct and
systematic coordination. The dynamic computer environment played a mediating tool role in Sliding Ladder
activity while it supported her to be able to use direct and systematic coordination in Space Shuttle.

3.3. Prospective Mathematics Teacher Coded as PST6

For Water Tank activity, PST6 thought with the primary variables and she used direct coordination (see
Figure 6a). However, linear graphs with the verbal explanations show PST6’s use of gross quantification for
quantifying the rate of change. As can be seen in Figures 6a-6b-6¢, PST6 consistently drew linear graphs for all
activities. In other words, PST6 thought with the primary variables, she directly coordinated the variables
throughout all activities, but she quantified the rate of change by using gross quantification.
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Figure 6a. PST6’s paper- Figure 6b. PST6’s paper- Figure 6¢. PST6’
pencil graph for Water pencil graph for Sliding paper-pencil graph for
Tank Ladder Space Shuttle

After constructing the dynamic animations, for Water Tank activity, PST6 drew a concave up increasing
graph for the bottom (conical part) and a linear graph for the cylindrical part with a sharp corner at the transition
point. PST6 could construct the dynamic animation for Sliding Ladder, but again she did not make any
correction in her linear graph. PST6 decided the graphs only by watching the animations without using the data
collection and data analysis properties of the dynamic computer environment.
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Figure 7. Dynamic animation constructed by PST6 for Space Shuttle

For the Space Shuttle activity, on the other hand, PST6 corrected her paper and pencil linear graph as a
concave up, increasing graph (see Figure7). By using the tracking point property of the dynamic computer
environment, she obtained the graph showing the change in height as a function of the angle as in Figure 7. In
the episode below, we asked PST6 about her way of thinking while working with the dynamic animation of
Space Shuttle activity.

Researcher: Okay, let’s continue with the Space Shuttle. How did you think?
PST6: Indeed, I thought linearly once again in my paper-pencil solution, but later | realized my mistake. | mean, |
thought in a way that as height increases angle also increases, and so | drew a linear graph. After
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constructing the animation, | got measures of height and angle variables. Later, | realized a non-linear graph
when | drew a dynamic graph by using the track point property.

Researcher: Well, what does that graph mean, could you please explain?

PST6: In fact, the unit of height is in meter and the other is in degree. Therefore we should not expect the same amount
of increase in both. Or let me say differently, let’s change the angle with equal amounts and focus on the
change in height. It is difficult to change the angle with equal amounts but it will be something like that...

ha Yy
Figure 8. One of PST6’s drawings during the interview

Researcher: All right, what do you observe?

PST6: Hmm, yeah height is increasing more. It is clear. Even, we can see how height gets bigger if we add one more
alpha.

Researcher: Well, what does that mean on a graph?

PST6: If we plot on a graph, again by increasing the alpha with equal amounts... For example, let’s say h here, the
other interval is 3h for instance. | mean, the increase in h is getting bigger, so the graph will be increasingly
increasing.

Researcher: All right, once for all, if any, how did the dynamic animations contribute you?

PST6: Yes, they might contribute me indeed. I realized that | had a superficial look for all activities. I could think in-
depth also by getting the measures of variables in Sliding Ladder for example. I could not think to get the
measures of the variables...

Researcher: What do you think about the other ways of using these dynamic animations in the classroom?

PST6: In my opinion, they are necessary because it’s better to see taking shape of the graph dynamically rather than
just drawing it. I mean, in this activity, for example, we animated the Space Shuttle and at the same time, we
dynamically observed how the graph takes shape. This would be more meaningful for students.

As PST6 indicated in the interview, in the paper and pencil solutions, she thought as if there was a linear
relationship between variables. Also, it is understood that PST6 did not think in-depth about the changes in
variables in relation to each other. Even though PST6 thought with the primary variables, she did not use direct
and systematic coordination, and she perceptually quantified the rate of change. It is clear that only constructing
and watching the dynamic animations without using its further properties had a minimal effect on PST6’s ways
of thinking. PST6 could be able to use the data collection and further properties of the dynamic computer
environment only during the Space Shuttle activity which was implemented as the last. After getting a different
graph with the dynamic computer environment, she needed to rethink her paper-pencil solution for Space
Shuttle. PST6 started to use direct and systematic coordination as she changed the angle variable with equal
amounts and considered the simultaneous change in the height variable. During the interview, we also asked
PST6 to construct a dynamic graph for Sliding Ladder activity. PST6 could be able to get a concave down
decreasing graph by using the track point property, but she had difficulty in interpreting this graph. Regarding
the question about the benefits of dynamic animations, as other prospective teachers did, PST6 also emphasized
its data collection and data analysis properties.

3.4. Prospective Mathematics Teacher Coded as PST11

For Water Tank activity, PST11 thought with the primary variables (by reversing their orders), and she could
use direct coordination (see Figure 9a). Fort the volume versus height graph, PST11 drew linear graphs for both
parts of the tank. This was interpreted as an indicator of using the gross quantification for quantifying the rate of
change. As seen in Figure 9b, for the Sliding Ladder activity, PST11 thought by relying on the algebraic
expression and so she drew a circle at the first quadrant. However, because she thought with the algebraic

expression x° +y’ = r’ (where r stands for the length of the ladder) and drew the graph based on it, she did not
reflect clearly in her verbal explanation how she attended covariational reasoning at different dimensions. For
Space Shuttle activity, on the other hand, PST11 provided just a verbal explanation indicating that height and

angle variables were directly proportional (see Figure 9¢). PST11 thought with the primary variables throughout
all the activities. She could coordinate the variables directly, but she perceptually quantified the rate of change.
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Figure 9a. PST11’s Figure 9b. PST11’s Figure 9c. PST11’s paper-pencil
paper-pencil graph for paper-pencil graph for solution for Space Shuttle.
Water Tank Sliding Ladder

After constructing the dynamic animation, for Water Tank activity, PST11 thought with the primary
variables, and she drew a concave up, increasing graph for the conical part and a linear graph for the cylindrical
part. The graph of PST11 was involving a sharp corner at the transition point. In the Sliding Ladder activity,
because she was sure with her paper-pencil graph drawn based on the algebraic equation, she did not need to
rethink about the graph while working with the dynamic animation. Also, she indicated that there was no need to
provide a verbal explanation about the situation as it was clear with the algebraic equation. For the Space Shuttle
activity, as she did in the paper-pencil solution, she provided the same verbal explanation indicating the direct
proportionality between the height and angle variables after watching the animation. In the episode below,
PST11 explained her way of reasoning regarding the Space Shuttle activity.

Researcher: Well, how did you think while solving the Space Shuttle? | cannot see a graph in your paper-pencil
solution, there is only a verbal explanation.

PST11: Yeah, | did not draw a graph. | mean, as the shuttle goes up the angle of the camera increases. Therefore | said
they were directly proportional... But here the slope gets bigger ...

Researcher: Let’s look at the animation again... what graph can we get? It was asking how height and angle were
changing together-...

PSTI1: Yes, I did not draw a graph... both are increasing. If we consider the situation as a triangle, the bottom edge is
constant. And therefore | said directly proportional because of height increases as the angle increases.

Researcher: What does directly proportional mean?

PST11: It means as one of the variables increases the other one also increases...

Researcher: Does it mean a linear relationship?

PSTI11: Not linear, height is continuously increasing, so the angle is also increasing. It should be like a parabola... It
should be parabolic because the slope is changing. It will be concave up or concave down increasing.

Researcher: Ok, which one? You can look at the animation again and you can take some measures...

PST11: [Watching the animation] I did not measure the angle values. Let me measure, now it is 45 degrees, and height
is 7,57 (she got a few more values). Okay, the angle is increasing more, while height is increasing less...

Researcher: As the angle increases more, height increases less, how did you decide that?

PST11: [Watching the animation] Yes, as angle increases more, height increases less.

As seen in the episode above and Figure 9c, PST11 described the increase in height and angle variables as
direct proportionality. However, because she additionally indicated the nonlinearity, PST11 might have a
misconception about the direct proportion concept. After watching the animation again by measuring the values
of height and angle variables, she explained “as the angle increases more, height increases less”. This verbal
expression shows that PST11 envisioned the changes in height and angle variables separately without
coordinating the simultaneous covariation. For other activities, PST11 also had difficulty in verbally explaining
by directly coordinating the simultaneous change in variables although she could plot them on true axes. In the
following parts of the interview, she got the idea of direct and systematic coordination with the guidance of the
researcher.

Researcher: You can record some of the values if you want. For instance, height is 5,47 when the angle is 36 degrees.
What happens if we change the angle with equal amounts?

PST11: Hmmm, okay, let me change the angle equally. Height is 5,47 when the angle is measured 36 degrees; height
is 7,40 when 45 degrees; let me increase with one more 9-unit... height is 10,15 when the angle is measured
54, and height is 14,33 when the angle is 63 degrees...

Researcher: What do you see here?

PST11: We changed the height with 9 unit increments and correspondingly height increased by 2 units first, later 3
units, and 4 units. Okay, it clear, then height increased more...

Figure 10: An excerpt from PST11’s work for Space Shuttle during the interview
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Researcher: Now, what does that mean?

PST11: It means, when we change the angle measures with equal amounts, the increase in the values of height gets
bigger. In my graph, it was going downward, but then it should be something like that (drawing a concave
upward increasing graph).

Researcher: Well, then can we say the dynamic animation did not clarify this idea?

PST11: Yes in fact, | made a mistake when | just watched the animation. But, it worked out when we computed some of
the values. | had measured the height and slope values, but I could not figure out measuring the angle. It
might be so helpful if I properly used it.

Direct and systematic coordination can be seen as a critical indicator of high levels of covariational
reasoning. When we analyzed PST11’s way of thinking, she had difficulties in directly coordinating the variables
up to the idea that changing one of the variables with equal amounts prompted by the researcher. In the episode
above, PST11 could be able to use direct and systematic coordination by keeping the changes in one of the
variables constant just after the clue prompted by the researcher. As seen in Figure 10, PST11 could be able to
explain how two variables change together after collecting and working on a few numerical data. Regarding the
question about the possible benefits of dynamic animations, she indicated that she realized its potential for
collecting and analyzing data during the interview. Because PST11 did not use data collection and graph drawing
properties at the beginning, the dynamic animations did not contribute her ways of thinking about the activities.

4, Discussion and Conclusion

Prospective mathematics teachers’ ways of thinking appeared in their paper and pencil solutions were very
similar to the findings of different research studies from many aspects. First of all, the major finding that
prospective teachers’ tendency of thinking by the secondary variables is in line with many studies (e.g., Carlson
et al., 2002; Johnson, 2012; Kertil, 2014; Kertil et al., 2019; Stalvey & Vidakovic, 2015; Sen-Zeytun et al.,
2010). As also observed in the studies conducted by middle grade or university level students, in this study,
prospective mathematics teachers also invoked the time variable while thinking about the simultaneously
changing quantities such as volume-height and angle-height (Johnson, 2012; Keene, 2007; Stalvey & Vidakovic,
2015). We don’t mean the inaccuracy of thinking with the secondary variables here, rather we try to emphasize
that this way of thinking may result in difficulties for a person in the subsequent phases or other dimensions of
covariational reasoning. Similar difficulties of students at different grade levels can be interpreted as the
underestimation of covariational reasoning at all levels of schooling. Moreover, prospective mathematics
teachers’ tendency of considering time as an independent variable can also be related to the frequent usage of
time in teaching the real-life interpretation of function (Herbert & Pierce, 2011, 2012; Jones, 2017; Kertil et al.,
2019). On the other hand, as seen in Table 2, the decrease in the frequency of thinking with the secondary
variables after working with the dynamic animations shows the potentials of using dynamic computer
environments in directing students thinking with the primary variables.

Also, regarding the ways of coordinating the variables, prospective teachers’ difficulty in using direct and
systematic coordination was in line with the findings of similar studies (e.g., Carlson et al., 2002). This may be
the result of thinking with secondary variables as well as it may be related to widespread dependence on the
correspondence approach in the teaching of functions (Carlson et al., 2003; Hoffkamp, 2011; Monk, 1992).
Direct and systematics coordination has a critical importance for comprehending the situation involving
quantities change together and it also critical for high levels of covariational reasoning. Students who can use
this way of reasoning seems to comprehend the situations more easily, they can interpret and construct the
graphs more accurately, and they can provide more sophisticated verbal explanations. However, the findings of
this study show that if the use of direct and systematic coordination can be regularly emphasized and practiced in
different contexts, students’ ability to use this way of reasoning can be supported. For instance, while PST6 and
PST11 did not use direct and systematic coordination in anyway in the beginning, with the dynamic computer
environment they could be able to use it.

Thinking with primary or secondary variables, and later, way of coordinating the variables also affects
students’ way of quantifying the rate of change. In this study, prospective teachers generally did not mention
explicitly about the rate of change or they frequently used gross quantification for deciding the concavity while
graphically, algebraically or verbally explaining the situations involving two quantities change together. It was
observed that prospective teachers who can use direct coordination or direct and systematics coordination can
also use extensive quantification for quantifying the rate of change. Intensive quantification was rarely observed.
As indicated by Kertil and others (2019), thinking with primary variables followed by the use of direct and
systematic coordination does not guarantee the use of extensive or intensive quantification. As observed in the
Sliding Ladder activity, the ability to find an appropriate quantitative operation has a critical role even if a person
could use direct and systematic coordination. According to the theory of quantitative reasoning, knowledge of
quantitative operations are related to giving meaning the mathematical concepts and operations in different real-
life contexts (Thompson, 1994, 2011). In other words, at quantifying the rate of change dimension of
covariational reasoning, quantitative reasoning is required. Students need a numerical operation to observe the
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change in the dependent variable with equal amounts of change in the independent variable. Students live
difficulties in concluding the intensity of change if they could not find an appropriate numerical operation. The
finding that prospective teachers’ frequent use of gross quantification observed in this study, may also be related
to their weakness in quantitative reasoning. Quantitative reasoning of students can be supported by the frequent
use of context-based interpretations of mathematical concepts and operations (Thompson, 2011). Therefore, we
can also conclude that more experiences of solving problems involving dynamically changing quantities are also
needed for prospective mathematics teachers to support their covariational reasoning.

In this study, the animations in dynamic computer environments seem to have a minimal effect on
prospective teachers’ paper and pencil solutions in general. Although it was not the focus of this paper, this study
also confirms research studies reporting the minimum effect of dynamic geometry or algebra software on
students’ learning if used in a simple way (Donevska-Todorova, 2018). If they used with data collection,
dynamic graph, and some other properties, a decrease in the frequency of thinking with secondary variables,
which has been described as the starting point of many difficulties in covariational reasoning, was observed in
the current study. It was also observed that prospective teachers could be able to use direct coordination or direct
and systematic coordination more easily. Some of the prospective teachers needed to rethink the problem
situation with the differences between their paper-pencil and computer-based solutions. In this sense, by forcing
them to rethink or revise the current ways of thinking, dynamic computer environments supported prospective
teachers in developing their covariational reasoning at different dimensions. For some of the prospective
teachers, on the other hand, the dynamic animations did not contribute their covariational reasoning, rather they
removed the necessity of deep thinking and just played a mediating tool role that helps them to find a result. The
use of technology and dynamic computer environments may support students from many aspects one of which is
developing their covariational reasoning abilities if used with their data collection properties (Zbiek, Heid,
Blume & Dick, 2007). Here, it seems necessary for teachers to examine and question students about the meaning
of the results obtained by dynamic computer environments. For some students, the results obtained by the
dynamic computer environment in itself may be an initiator factor for rethinking the situation without the
guidance of teachers, but this is not the case for all students. At least for some students, teacher questioning
seems necessary about the results to increase the contribution of the dynamic computer environment.

5. Suggestions

As final words, although this study has parallel findings with many studies in the literature, it is limited with
the participants and the activities used. Indeed, the study conducted by Johnson and others (2017) showed that
students’ covariational reasoning may change from task to task and sometimes they cannot transfer easily a
particular way of thinking across different tasks. Therefore, similar studies can be conducted for understanding
and developing the covariational reasoning of students from different grade levels. More studies on this issue
may contribute us to clarify the meaning of covariational reasoning and so developing new and effective
pedagogical strategies in developing this ability. For example, as also observed in this study, more studies can
be conducted on describing the covariational reasoning of students who prefer to think with algebraic equations
(Thompson et al., 2017), and the relationship between covariational reasoning and other thinking skills.
Moreover, the possible effects of technology on developing covariational reasoning of students at different grade
levels, depending on teachers’ way of using it in mathematics classrooms, worth further investigations.
Similarly, more studies are needed on clarifying the role of covariational reasoning for the understanding of the
basic mathematical concepts such as ratio and proportion, linear equations, function, derivative and integration.
Even, the approaches adopted in the curricular materials for the teaching of these concepts can be analyzed in
terms of their emphasis on covariational reasoning. Yet, the inadequacy of covariational reasoning for teachers,
prospective teachers, and students from different grade levels shows us that the problem can be related to the
common practices used in the teaching of mathematical concepts throughout the years.
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Appendix 1. Water Tank, Sliding Ladder, and Space Shuttle activities
Water Tank

A water tank in the shape of a cone and cylinder for the bottom and upper parts
respectively are seen in the figure. The tank is being filled with water at a constant flow
rate. Provide an explanation of how the height changes with respect to the volume of
water.

Sliding Ladder

A ladder leans against a wall (at Point B) of a house at a nearly vertical
position. Its base (Point A) starts to slide away at a constant rate. As the
ladder slides away, how does the height of Point B from the ground and the
distance of Point A from the Wall change together? Explain by drawing the
graph.

Duvar

A Zemin

Space Shuttle

A cameraman who wants to display the launching of a space shuttle
should change the angle of the camera until it disappears from view.
Accordingly, how the angle of the camera (o) and the height of the
space shuttle from the ground change together? Explain by also
sketching its graph.

h {yksekic

Uray Mekigi
A

Kamera

326



Matematik Ogretmen Adaylarinin Kovaryasyonel Diisiinme Becerileri: Dinamik Animasyonlar Nasil Etkiliyor?

Matematik Ogretmen Adaylarimin Kovaryasyonel Diisinme Becerileri: Dinamik
Animasyonlar Nasil Etkiliyor?

1. Giris

Niceliklerdeki degisim, degiskenlik ve degisim orani gibi kavramlar her seviyeden matematik konularinin alt
yapisini olusturmaktadir (Confrey & Smith, 1994; Thompson, 1994). ki niceligin birlikte ve es zamanl degisimi
ile ilgili diistinme bi¢imleri alan yazinda kovaryasyonel diisiinme kavramsal yapis1 baglaminda ele alinmaktadir
(Carlson, Jacobs, Coe, Larsen & Hsu, 2002; Johnson, 2012; Saldanha & Thompson, 1998; Thompson & Carlson,
2017). Carlson ve arkadaglarma (2002) gore kovaryasyonel diisiinme, es zamanli olarak degisen iki nicelikteki
degisimlerin birbirleriyle iligkisinin koordine edilmesi siirecindeki zihinsel faaliyetlerden olusmaktadir. Bu
zihinsel faaliyetler gelisimsel olarak alt diizeyden {ist diizeye dogru smiflandirilmistir. Thompson ve Carlson’a
(2017) gore ileri diizey kovaryasyonel diisiinme ise, es zamanli olarak degisen iki niceligin 6lciilen niteliklerinin
bir biitin olarak goriildiigli yeni bir zihinsel nesnenin (6r., nicelikl, nicelik2, nicelikl-nicelik2)
olusturulabilmesidir. Ornegin, su ile doldurulan bir depo i¢in suyun hacmi ve suyun depo igerisindeki yiiksekligi
es zamanli ve dinamik olarak degisen iki niceliktir. Yeni bir zihinsel nesnenin olusturmasi, bu niceliklerin ayri
ayr1 ve birlikte degisimini (hacim, yiikseklik, hacim-yiikseklik) bir biitiin olarak yorumlayabilme diizeyi ile
ilgilidir.

Kovaryasyonel diisiinme becerisi es zamanlt ve dinamik olarak degisen iki nicelikteki degisimleri koordine
edip edememe; niceliklerden sadece birindeki degisime odaklanma veya her ikisindeki degisimi birlikte
gorebilme; degisimlerin ayr1 ayr1 yogunluklarina veya degisim oranina odaklanip odaklanamama gibi
diisiinmeleri kapsayan bir kavramdir (Carlson ve ark., 2002; Thompson & Carlson, 2017). Thompson ve
Carlson’a (2017) gore, kovaryasyonel diistinme gelisimsel olup, bu beceriye sahip olma diizeyi bakimindan
ogrenciler farkli seviyelerde olabilmektedir. Kovaryasyonel diisiinme becerisi bazi 6nemli matematiksel
kavramlarin anlasilmasinda 6nemli rol oynamaktadir. Birgok arastirmada, oran-oranti, fonksiyon, degisim orani,
tirev ve integral gibi kavramlar ile ilgili 6grenci ve &gretmen zorluklarmm temel sebeplerinden birisinin
kovaryasyonel diisinme becerilerindeki eksiklik oldugu goriilmektedir (Carlson, 1998; Carlson ve ark., 2002;
Kertil, 2014; Monk, 1992; Thompson, 1994). Ornegin, fonksiyon kavraminmn &gretiminde girdi-cikt1
yaklasiminin 6n planda olmasi, 6grencilerde fonksiyon kavraminin degiskenler arasindaki dinamik ve es zamanli
degisim fikri olarak gelismesini engelleyici bir unsur olmaktadir (Carlson, 1998; Confrey & Smith, 1994;
Oehrtman, Carlson & Thompson, 2008; Stroup, 2002; Thompson & Carlson, 2017). Oehrtman ve arkadaslari
(2008) tarafindan yapilan ¢alisma, fonksiyon kavrammin sadece esleme (girdi-¢ikt1) yaklasimiyla verilmesi,
ogrencilerin bu kavramu dinamik bir iliski olarak anlamlandirmakta zorlanmalarma sebep oldugunu
gostermektedir. Kovaryasyonel disiinme eszamanli ve dinamik degisimlere odaklandigi i¢in fonksiyon
kavrammin daha iyi anlasilmasma yardimci olabilmektedir (Carlson ve ark., 2002; Monk, 1992; Thompson &
Carlson, 2017).

Benzer sekilde, 6gretmen ve Ogrencilerin oran-oranti kavramlari ile ilgili zorluklarmm temelinde de
kovaryasyonel diisiinme becerisinin eksik olmasi yatmaktadir (6r., Herbert & Pierce, 2011, 2012; Lobato &
Ellis, 2010). Ornegin, bir aracin veya cismin hiz1 soruldugunda, dgrenciler cismin gittigi mesafeye bakmadan
sadece zaman degiskenine odaklanarak cevap verebilmektedirler (Lobato & Thanheiser, 2002). Yine ilkdgretim
diizeyinde oran-oranti konusunun kovaryonel diisiinmeye odaklanmadan ogretilmesi, ilerleyen seviyelerde
ogrencilerde dogrusal iliskinin yanlis kullanimima sebep olmaktadir (De Bock, Van Dooren, Janssens &
Verschaffel, 2002; Monk, 1992). Ogrenciler iki niceligin birlikte degisimini igeren her durumda, degisim
oranlar1 sabit olmasa bile dogrusal iliski varmig gibi diisiinebilmektedir. ileri diizey kovaryasyonel diisiinebilme
becerisine sahip kisiler iki degiskenin ayr1 ayr1 ve birlikte degisimlerine odaklandigindan dogrusal ve dogrusal
olmayan iligki iceren durumlar1 kolaylikla ayirt edebilmekte, grafik {izerinde ve s6zel olarak daha dogru ifade
edebilmektedir (Castillo-Garsow, 2012; Stroup, 2002; Thompson, Hatfield, Yoon, Joshua & Byerley, 2017).

Ogrencilerin smif seviyeleri ilerledikce ilging bir sekilde kovaryasyonel diisiinme becerilerinin fazla
gelismedigi, ileri smif seviyesinde olanlarin kovaryasyonel diisiinmede daha ¢ok zorlandiklar1 goriilmektedir
(Thompson ve ark., 2017). Thompson ve arkadaslarma (2017) goére bu, dgrencilerin 6grenim hayatlar1 boyunca
maruz kaldiklar1 6grenme bigiminin, es zamanli degisen iki niceligi bir biitiin olarak gdérme pratigini
uygulamamis ve matematiksel kavramlara bu sekilde bakmamis olmalarmin dogal bir sonucudur. Bu nedenle,
kovaryasyonel diisiinme becerisinin alt diizey sinif seviyelerinden itibaren ele alinmasi gerekmektedir.

Ulkemizde yapilan bazi ¢aligmalarda elde edilen sonuglarda da dgrenci ve dgretmenlerin kovaryasyonel
diisinme becerilerinin yeterli olmadig1 goriilmektedir (Kertil, Erbag & Cetinkaya, 2019; Yemen-Karpuzcu,
Ulusoy & Isiksal-Bostan, 2017; Sen-Zeytun, Cetinkaya & Erbag, 2010). Birgok kavramin temelini olusturan
kovaryasyonel diigiinme becerisi hakkinda matematik 6gretmenlerinin farkindaliklarinin ve yeterli diizeyde
mesleki alan bilgisine sahip olmalarinin gerekliligi de ortadadir. Birgok arastirmada, her seviyeden dgrenci,
matematik 6gretmeni ve dgretmen adaylar i¢in kovaryasyonel diisiinme becerilerini gelistirmeye yonelik ¢esitli
uygulamalar ve aragtirmalar yapilmasinin bir ihtiyag oldugu vurgulanmaktadir (Arlebéck, Doerr & O’Neil, 2013;
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Carlson ve ark., 2002; Carlson, Larsen & Lesh, 2003; Thompson & Carlson, 2017; Thompson ve ark., 2017).
Dinamik animasyonlarla desteklenmis bilgisayar destekli etkinlikler kullanildiginda 6grencilerin fonksiyon
kavramu ile ilgili 6nemli fikirler gelistirebilecegi ve kovaryasyonel diisiinme becerilerinin de desteklenebilecegi
bazi ¢aligmalarda ortaya konulmustur (6r., Hoffkamp, 2011; Johnson, McClintock & Hornbein, 2017). Fakat bu
konu {iizerine farkli baglamlarda kapsamli caligmalar yapilmasi oOnerilmektedir (Johnson ve ark., 2017;
Thompson ve ark., 2017). Bu ¢alisma kapsaminda, dinamik ve es zamanli olarak degisen nicelikler igeren bir
dizi modelleme etkinligi kullanilarak ilkégretim matematik 6gretmen adaylarmin kovaryasyonel diisiinme
becerilerini ve dinamik animasyonlarin bu becerileri nasil etkiledigi incelenmistir. Bu ¢aligmada kovaryasyonel
diisiinme becerisi matematiksel bir kavram 6zelinde incelenmemis olsa da c¢aligma kapsaminda kullanilan
etkinlikler fonksiyon, fonksiyon grafikleri ve degisim orani gibi kavramlari icermektedir. Caligmaya yon veren
aragtirma sorular1 sunlardir:

i. Ilkogretim matematik dgretmen adaylarmnin, modelleme etkinliklerini ¢oziim siirecinde sergiledikleri
kovaryasyonel diisiinme becerileri nasildir?

ii. Etkinlik baglamlarinin bilgisayar destekli dinamik animasyonlar ile desteklenmesi kovaryasyonel
diistinme becerilerini nasil etkilemektedir?

1.1. Kavramsal Cerceve

Kovaryasyonel diisiinme becerileri ile ilgili ilk olarak Carlson ve arkadaslari (2002) tarafindan 6grencilerin
zihinsel aktivitelerine gore bes seviyeden olusan bir kavramsallagtirma yapilmistir. Carlson ve arkadaslar1 (2002,
$.358) tarafindan yapilan tanimlamaya gore kovaryasyonel diisiinme becerileri (i) koordinasyon, (ii) birlikte
degisimin yéniinii belirleme, (iii) niceliksel koordinasyon, (iv) ortalama degisim orani ve (v) anlik degisim orani
olmak tizere alt diizeyden en iist diizeye dogru bes seviyeden olugmaktadir. Carlson ve arkadaglar1 (2002) bu
seviyelerin her biri i¢in belirli zihinsel aktiviteler tanimlanmis ve bu zihinsel aktiviteleri yansitip yansitmama
durumuna gore Ogrencilerin seviyelerini belirlemislerdir. Bu kavramsal gergeve kovaryasyonel diisiinmeye
odaklanan c¢aligmalarda bir¢ok aragtirmaci tarafindan kullanmilmig, fakat oOgrencilerin gosterdigi diigiinme
cesitliliginin tamammi betimlemekte yetersiz kaldig1 goriilmiistiir (6r., Arlebéck ve ark., 2013; Carlson ve ark.,
2002, 2003; Castillo-Garsow, 2012).

Thompson ve Carlson (2017) tarafindan giincellenen kavramsal ¢ercevede ise kovaryasyonel diisiinmenin
seviyeleri; (i) koordine edememe, (ii) degerlerin on koordinasyonu (senkronize edememe), (iii) degerlerin
kabaca koordine edilmesi, (iv) degerleri koordine edebilme, (v) kesikli siirekli kovaryasyon, (vi) diizgiin
(kesiksiz) siirekli kovaryasyon seklinde siniflandirilmistir. Bu seviyeler iki degiskenin es zamanli degigsimi
tizerine ogrencilerin muhtemel diisinmelerini tanimlamak tizere farkli ve uzun siireli ¢alismalarin bulgulari
temel alarak olusturulmustur. Ornegin, kesikli siirekli kovaryasyon ve diizgiin (kesiksiz) siirekli kovaryasyon
kavramlar1 ilk olarak Castillo-Garsow (2012) tarafindan yapilan iistel fonksiyonlar iizerine 6grencilerin
niceliksel diigiinme becerilerini inceledigi ¢aliymasinda ortaya ¢ikmustir. Castillo-Garsow (2012) dogrusal
olmayan ve iistel fonksiyonlarla modellenebilen durumlarin anlasilmasinda, diizgiin (kesiksiz) siirekli
kovaryasyonel diisiinme becerisinin dgrenciler i¢in kritik 6neme sahip oldugunu gostermistir.

Kesikli siirekli kovaryasyon iki degiskenin birlikte degisimi hakkinda kii¢iik araliklara bolerek kesik kesik
diisiinmeyi ifade ederken, diizgiin (kesiksiz) siirekli kovaryasyon ise iki degiskenin birlikte degisimini kiigiik
araliklara bolme ihtiyac1 hissetmeden siirekli ve kesiksiz olarak diisiinebilmeyi ifade etmektedir. Ornegin, hiz1
100 km/saat olan bir arag i¢in, her bir saatte 100 km yol alacagmi veya her iki saatlik dilimlerde 200 km yol
alacagini diisiinmek kesikli siirekli kovaryasyon igermektedir. Ayni arag¢ i¢in zaman araliklari istenildigi kadar
kiigiik alinsa bile (6r., 1’er saniye, 1’er dakika) yol ile zaman degiskenlerinin birlikte degisimlerinin veya
degisim oranlarinin ayni kalacagmi diisiinebilme kesiksiz siirekli kovaryasyonu gerektirmektedir.

Tablo 1. Kovaryasyonel diisiinme: Boyutlar1 ve alt bilesenleri (Kertil ve ark., 2019)

Boyutlar ve Alt Bilesenleri Aciklama

1. Degiskenlerin Belirlenmesi
Birincil degiskenlerle diisinme ~ Es zamanli degisen iki degiskenden birisini bagimli digerini ise bagimsiz degisken

olarak alma

Ikincil degiskenlerle diisiinme Problem baglaminda verilmeyen ti¢iincii bir degisken ile diisiinme

Degiskenlerin roliinii Bagimli ve bagimsiz degiskenleri yer degistirerek diisiinme

degistirme

2. Degiskenlerin Koordine Edilmesi

Koordine edememe Es zamanli degisimleri tiglinci bir degiskene bagh olarak ayri ayr: diisiinme.
Orn., Hacim zamana bagh olarak artiyor, yiikseklik zamana bagh olarak artiyor.

Dolayli koordinasyon Eg zamanl degisimleri tiglincii bir degiskene bagl olarak dolayli koordine etme.
Orn., Hacim ve yiiksekligin her ikisi de zamana bagl olarak artiyor.

Dogrudan koordinasyon Es zamanli degisimler arasinda dogrudan iligki kurma
Orn., Hacim arttik¢a yiikseklik te artiyor.

Dogrudan ve sistematik Es zamanl degisimleri dogrudan ve sistematik koordine etme. Degiskenlerden birini

koordinasyon birim birim artirarak diger degiskenin degisimini gozlemleme.

Orn., birim hacim artiginda yiikseklik artarak artiyor.
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Tablo 1’in devamu

3. Degisim oramnin nicellestirilmesi (quantification)

Kabaca veya sezgisel Degisim oranmin (hizinin) degerini matematiksel bir gerek¢elendirme sunmadan,
nicellestirme sezgisel olarak kabaca ifade etme; grafikteki egriligi yanlig veya eksik ifade etme,
gosterme. Orn., Yiikseklik artist gittikce yavaslamaktadir.
Miktar odakli nicellestirme (6rn.,  Olgiilmesi kolay tek bir nicelige odaklanma; Degiskenlerden sadece birine odaklamp
hacim) bu degiskenin ardigik araliklardaki degisimini toplamsal olarak karsilagtirma,
Orn., Esit hacim araliklarinda,  yiikseklikteki ~ degisimin ~ gittikce — arttig
gozlemlenmektedir.
Yogunluk odakli nicellestirme Iki niceligin birlikte yorumlanmasiyla olusan yeni ve soyut bir nicelige odaklanma;
(6rn., debi, hiz) Degiskenlerden birini birim birim degistirip (bu birimin sonsuz kiigiik degerler

alabileceginin farkinda olarak) digerindeki degisime odaklanma; birlikte degisimde
ortaya ¢ikan degisim oranini (hizini) yeni bir nicelik olarak gdrebilme.
Orn., Birim hacim artisinda, yiikseklik azalan oranda artmaktadir.

Bu calismanin kavramsal catisini Kertil ve arkadaglar1 (2019) tarafindan tanimlanan kovaryasyonel diistinme
boyutlar1 olugturmaktadir. Kertil ve arkadaglar1 (2019), Thompson (1994)’un niceliksel (quantitative) diigiinme
teorisini temel alarak, Thompson ve Carlson’un ger¢evesini detaylandirmig ve kovaryasyonel diisinmeyi (i)
degiskenlerin belirlenmesi, (ii) degiskenlerin koordine edilmesi ve (iii) degisim oraninin nicellestirilmesi olmak
tizere ii¢ boyutta incelemislerdir. Her bir boyut i¢in alt diisiinme becerileri yukarida Tablo 1°de gosterilmistir.
Tabloda, alt diisiinme becerileri ile ilgili verilen ornekler sadece sozel ifadelerden se¢ilmis olsa da her bir
diisiinme gekli cebirsel ve diger bazi gosterimlerle de desteklenerek tanimlamalar olusturulmustur.

2. Yontem

Bu caligmada nitel aragtrma ydntemlerinden bir grubun, kisinin veya olgunun kendi sinirlar1 igerisinde
derinlemesine incelendigi 6zel durum g¢aligmasi (6rnek olay) yontemi kullanilmustir (Yildirmm & Simsek, 2011).
Calismada analiz birimi olarak bir grup matematik 6gretmen adayinmn es-zamanli ve dinamik degisim igeren
modelleme problemlerini ¢6ziim siirecinde sergiledikleri kovaryasyonel diisiinme becerilerine ve dinamik
animasyonlarm bu becerilere etkileri tizerine odaklanilmistir.

2.1. Katihmeilar

Calismanm katilimeilar1 bir devlet iiniversitesinin ilkdgretim matematik 6gretmenligi programi son sinif
ogrencilerinden Bilgisayar Destekli Matematik Ogretimi dersine devam eden matematik dgretmen adayidir.
Doénem boyunca toplamda 19 ilkdgretim matematik 6gretmen adayi (12 kiz, 7 erkek) derse diizenli devam
etmistir. Fakat Tablo 2’de goriildiigii tizere, Su Deposu etkinliginin uygulandig1 haftada katilime1 sayisi 14, diger
etkinliklerde ise 19 dur.

Katilimcilarin biiylik cogunlugu basta Genel Matematik, Analiz-1, Analiz-2, Analitik Geometri, Lineer Cebir
gibi alan dersleri olmak iizere gesitli matematik ve matematik egitimi derslerini ilk 6 dénem boyunca almis ve
basarryla tamamlamiglardir. Caligma baglaminda kullanilan modelleme etkinliklerin gerektirdigi matematik
bilgisi bakimimdan tiim katilimcilarin birbirlerine yakin bilgi birikimine sahip oldugu sdylenebilir.

2.2. Uygulama ve Veri Toplama Siireci

Veri toplama araci olarak Kertil (2014)’in ¢aligmasinda kullanilan Su Deposu, Kayan Merdiven ve Uzay
Mekigi modelleme etkinlikleri kullanilmistir (bk. Ek-1). Su Deposu etkinliginde hacim ile yiiksekligin birlikte
nasil degistigi; Kayan Merdiven etkinliginde yatay uzaklik ile yiiksekligin birlikte degisimi; Uzay Mekigi
etkinliginde ise ag1 ile yiiksekligin birlikte nasil degistigi sorulmaktadir. Calismada kullanilan etkinlikler, Lesh
ve arkadaslar1 (2000) tarafindan belirlenen iyi bir matematiksel modelleme etkinliginin tagimasi gereken temel
ozelliklerin tamamini kargilamasa da, bir gergek hayat baglami icermesi ve farkli diigiinme bigimlerine agik
olmasi sebebiyle modelleme etkinligi olarak isimlendirilmistir.

Her bir etkinlik 6nce kagit-kalem ile 6gretmen adaylarina bireysel olarak ¢ozdiiriilmiistiir. Her bir etkinlikte
bireysel (kagit-kalem ile) ¢ozlimler igin yaklasik yarim saat siire verilmistir. C6ziim kagitlar1 toplandiktan sonra
Ogretmen adaylarindan ayni etkinlikler tizerine tercih ettikleri uygun yazilimlar ile dinamik animasyonlar
olusturarak tekrar ¢alismalar1 istenmistir. Daha sonra onlardan dinamik animasyonlar {izerinde yaptiklar1 gézlem
ve Olclimler sonrasinda Onceki diisiincelerinde ne tiir farklilasmalar oldugunu anlattiklar1 diisiince raporlari
istenmistir. Ogretmen adaylar;, Kayan merdiven ve Uzay mekigi etkinliklerinin dinamik animasyonlarini
olusturmak igin Geogebra veya Geometry Sketcpad (GSP) yazilimlarini, Su deposu etkinligi igin ise
teacher.desmos.com interaktif 6grenme ortamini kullanmiglardir. Kayan Merdiven ve Uzay Mekigi etkinlikleri
icin hangi programi kullanacaklarina 6gretmen adaylar1 yetkinliklerine gore kendileri karar vermistir. Su Deposu
etkinligi i¢in ise farkli depo sekillerine uygun dinamik animasyon olusturmaya olanak sagladigi i¢in desmos
interaktif 9grenme ortamu kullanilmustir. Onceki haftalarda, ders kapsaminda Geogebra, GSP, Desmos ve benzeri
uygulamalar kullanilarak benzer ¢aligmalar yapildigindan, oOgretmen adaylarinin dinamik animasyon
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olusturabilme ve beraberinde matematiksel kavramlari ¢alisma konusunda her bir programla ilgili yeterli tecriibe
ve donamima sahip olduklarini sdylemek miimkiindiir. Su Deposu, Kayan Merdiven ve Uzay Mekigi modelleme
etkinlikleri 3 hafta boyunca uygulanmistir. Her bir etkinligin ¢oziimii ve bilgisayar destekli dinamik
animasyonunun olusturulmasi dénemin 10, 11 ve 12. haftalar1 olmak {izere ii¢ hafta sirmiistiir.

Uygulama sonrasinda dort Ogretmen adayr ile video kaydi yapilan etkinlik-temelli goériismeler
gergeklestirilmigtir. Goriismelerin amaci, dgretmen adaylarmin ¢oziim kagitlarinda yansittiklar: diistinme
becerilerini daha derinlemesine ortaya ¢ikarmaktir. Goriisme yapilan katilimcilarin se¢iminde tipik diisiinme
bicimlerini yansitma, sosyal iletisim becerisine sahip olma ve goniilli olma o6lgiitleri g6z Oniinde
bulundurulmustur.

2.3. Verilerin Analizi

Arastirmada elde edilen bulgular Tablo 1’de verilen ¢ergeveye gore siirekli karsilastirmali analiz yontemiyle
incelenmistir (Strauss & Corbin, 1998). 11k olarak biitiin 6gretmen adaylarmnin her ii¢ etkinlik i¢in bireysel ¢oziim
kagitlar1 analiz edilmistir. Bireysel ¢oziim kagitlar1 analiz edilirken etkinliklerin uygulama siras1 goz oniinde
bulundurulmustur. Sonrasinda, yine biitiin 6gretmen adaylar i¢in dinamik animasyonlar ile yaptiklari ¢aligma
sonucunda ¢oziim giincellemeleri ve buna yonelik yazdiklar1 diisiinme raporlar1 incelenmistir. Bu analizler
sonucunda elde edilen bulgular sinifin genel durumunu gostermesi i¢in betimsel olarak tabloda sunulmustur.
Daha sonra, uygulama sonrasinda dort 6gretmen adayi ile gergeklestirilen ve desifresi yapilan goriismeler
derinlemesine analiz edilmistir. Ogretmen adaylarmin nasil diisiindiigiinii net bir sekilde ortaya koymak igin
goriismelerden bazi kesitler bulgular kisminda sunulmaktadir.

3. Bulgular

Bulgular kisminda ilk olarak katilimcilarmn kovaryasyonel diisiinme becerileri ile ilgili genel durumu
yansitmak i¢in elde edilen bulgular betimsel olarak bir tablo ile sunulmaktadir. Biitiin 6gretmen adaylarinin her
bir etkinlik i¢in ¢6ziim kagitlar1 analiz edilmis ve kovaryasyonel diisiinme ¢erg¢evesinin ii¢ farkli boyutunda
sergiledikleri diistinme becerileri belirlenerek siklik tablosu (Tablo 2) olugturulmustur.

Tablo 2. Ogretmen adaylarinin kagit-kalem veya dinamik animasyonlarla destekli ¢oziimlerinde sergiledikleri
kovaryasyonel diisiinme becerileri

Kagit-Kalem Dinamik Animasyonlarla
Kovaryasyonel Diisiinme Desteklenmis
Boyutlar1 ve Alt Bilesenleri Su Kayan Uzay Su Kayan Uzay

Deposu Merdiven Mekigi Deposu Merdiven Mekigi
(N=14) (N=19) (N=19) (N=14) (N=19) (N=19)

Birincil degiskenlerle

4. Degiskenlerin dﬁsﬁnme 8 12 10 14 19 16
Belirlenmesi Hilnf:ll degiskenlerle 4 7 7 0 0 1
diisiinme
Dejg'lsl'cenlerln roliinii 2 0 2 0 0 2
degistirme
Koordine edememe 0 2 1 0 0 0
5. Degiskenlerin Dolayli koordinasyon 5 5 5 0 0 0
Koordine Dogrudan
Edilmesi koordinasyon 8 12 9 ! 10 10
Dogrudan ve
sistematik 1 0 4 7 8 9
koordinasyon
. Kabaca veya sezgisel 10 15 11 6 9 10
6. Degisim nicellestirme
oraninin . Mlktar o.dakh 4 3 7 5 6 6
nicellestirilmesi  nicellestirme
ngunluk odakli 0 1 1 3 3 3
nicellestirme

Kovaryasyonel diisiinmenin ilk boyutu olan degiskenlerin belirlenmesine bakildiginda, her ii¢ etkinlik i¢in de
kagit-kalem ile yapilan ¢oziimlerde 6gretmen adaylarinin ikincil degiskenlerle diisiinme sikliginin yiiksek oldugu
goriilmektedir. Ayni etkinlikler {izerine dinamik animasyon olusturarak yapilan g¢aligmalarda ise Ogretmen
adaylarinin ikincil degiskenlerle diisiinme sikliginin yok denecek kadar azaldigi goriilmektedir. Degiskenlerin
roliinii degistirerek diisiinme ise, etkinliklerin dogasma baglh olarak dinamik animasyon ile yapilan ¢aligmalarda
nadiren de olsa ortaya c¢ikmustir. Ikincil degiskenlerle diisinme yanhs olmamakla beraber kovaryasyonel
diisinmenin bir sonraki boyutunda koordine edememe veya dolayli koordinasyon yaparak diisinmeye sebep
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olmaktadir. Degiskenleri dogrudan ve sistematik koordine edememe ise diigiik seviyeli kovaryasyonel diisiinme
becerisinin bir gdstergesidir.

Ikinci boyuta bakildiginda, 6gretmen adaylarmin kagit-kalem ile yaptiklar1 ¢ziimlerinde degiskenlerin es
zamanli degisimi i¢in siklikla dolayli koordinasyon veya dogrudan koordinasyon kullandiklar1 gézlemlenmistir.
Dolayli koordinasyon kullanimi ikincil degiskenlerle diisiinmenin dogal bir sonucudur. Ust diizey kovaryasyonel
diisinme becerisinin 6nemli bir gostergesi olan dogrudan ve sistematik koordinasyon ise kagit-kalem
¢oziimlerde ¢ok az gbzlemlenmistir. Yine Tablo 2 incelendiginde, dinamik animasyonlar ile beraber 6gretmen
adaylarinin koordine edememe veya dolayli koordinasyon seklindeki diisiinme seklinin ortadan kalktigi ve
dogrudan koordinasyon ile dogrudan ve sistematik koordinasyon sikliginn arttigi goriilmektedir.

Uciincii boyuta bakildiginda ise, kagit-kalem ile yapilan ¢oziimlerde 6gretmen adaylarmin, es zamanl
degisimden yeni bir nicelik olarak ortaya ¢ikan degisim oranini (hizini), matematiksel ayrintiya girmeden,
sezgisel olarak veya kabaca nicellestirmeye galistiklar1 gézlemlenmistir. Kagit-kalem ¢6ziimlere kiyasla dinamik
animasyonlarla yapilan ¢dzlimlerde ise degisim oranma (hizina) yonelik miktar odakli veya yogunluk odakl
nicellestirme kullanimmin arttig1 goriilmektedir. Fakat degisim oranmnm (hizinin) kabaca nicellestirilmesi halen
en sik kullanilan diigiinme bi¢imi olmusgtur. Bundan sonraki kisimlarda, farkl etkinliklerde goriisme yapilan dort
Ogretmen adaymin Kovaryasyonel diisinmelerini gosteren yazili ¢oziimlerden ve goriismelerden 6rnek kesitlerle
desteklenmis bulgular sunulmaktadir.

3.1. 0A3 Kodlu Ogretmen Aday:

OA3 kodlu 6gretmen adaymin ¢oziimleri incelendiginde “Su Deposu” etkinligi igin birincil degiskenlerle
diisiinmiis ve degiskenleri dogrudan koordine edebilmistir (bkz. Sekil la). Fakat grafige yonelik sozel
aciklamasindan degisim oranina yonelik kabaca bir nicellestirme yaptigi goriilmiistiir. Benzer sekilde “Kayan
Merdiven” ve “Uzay Mekigi” etkinliklerine yonelik kagit-kalem ¢oziimiinde OA3 birincil degiskenlerle
diisiinmiis ve dogrudan koordinasyon kullanmigtir (bkz. Sekil 1b; Sekil 1¢). Kayan Merdiven etkinliginde,
yiikseklik ve yatay uzaklik degiskenleri arasinda dogrusal bir iliski oldugunu diisiinmesi OA3 kodlu dgretmen
adaymin degisim oranmna (hizina) yonelik kabaca nicellestirme yaptigim gostermektedir. OA3 kodlu dgretmen
adaymm dogrudan ve sistematik koordinasyonun kullanmamasi degisim oranmi (hizin1) kabaca
nicellestirmesinin muhtemel sebebi olarak goriilmektedir.

W

Sekil 1a. OA3’iin Su Deposu igin Sekil 1b. OA3’iin Kayan Sekil 1c. OA3’iin Uzay Mekigi
kagit-kalem ¢ozimii Merdiven i¢in kagit-kalem icin kagit-kalem ¢oziimii
¢O0zimu

Uzay Mekigi etkinliginde ise OA3 birincil degiskenlerle diisiinmiis, ilk defa dogrudan ve sistematik
koordinasyon kullanmig, fakat degisim oranimi (hizini1) yine sezgisel olarak nicellestirmigtir. Dinamik
animasyonlar ile etkinlikler iizerine tekrar calistiginda OA3’iin Su Deposu ve Uzay Mekigi etkinlikleri ile ilgili
¢oziimleri ayn1 kalmis, Kayan Merdiven etkinligi ¢oziimiinde ise degisiklige gittigi gozlenmistir. Asagida OA3
kodlu 6gretmen adayinin Kayan Merdiven etkinliginde nasil diisindiigiine ve yaptigi degisikliklere yonelik
goriisme kaydindan bir kesit sunulmustur.

Arastirmaci: Sen Kayan Merdiven etkinligini ilk ¢oziimiinde dogrusal olarak diisiinmiigstin. Yani h ne kadar azaliyorsa
kK o kadar artiyor gibi diisiinmiissiin.

OA3: Evet ilk ¢oziimiimde burada ne kadar azaliyorsa burada da o kadar arttigini diigiinmiistiim. Ama sonraki
¢alismamda ozellikle dinamik animasyon olusturarak tekrar iizerinde ¢alisigimizda degisimlerin karelerle
ilgili oldugunu fark ettim.

Aragtirmaci: Peki bunu bu grafik iizerinde tekrar agiklamak ister misin? Dinamik animasyonu da kullanabilirsin.

OA3: Iz yaptirarak govebiliriz... Veya aralarindaki farklar: gozlemleyebilirim. Bir birimde ne kadar artmag, bir birimde
ne kadar azalmig ona bakabiliriz ...

Aragtirmaci: Yiikseklik ve yatay uzaklik mesafelerini 6l¢tiirmiissiin, simdi yapabilir misin?

OA3: Tamam, simdi sifirdan baslayahm. Simdi yiikseklik en yiiksek degerinde, yatay mesafe 0,06. Yiikseklik 6,83. Simdi
yatay mesafeyi 1’e getirelim, 1,04’e 6,75. Simdi 2’ye getirelim. 2,02 ve 6,52. 3’ e getirelim, 6,13. Simdi
burada bunun azalmasiyla bunun artisim iligkilendirebiliriz.

Arastirmact: Evet,
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OA3: Simdi bu 1 birim artti, bu ise 0,08 birim azald:. Tekrardan baktigimizda yine 1 birim arttiginda 0,23 azaldi. Simdi
bir sonrakine bakacagiz ve muhtemelen daha fazla azalacak. Evet, 6,52 den 6,12 yani 0,40 azaldi. Evet, yani
ilk basta bu 1 artiginda digerinin de 1 azalacagim diistinmiistiim, ama gordiigiimiiz gibi bunun her 1 birim
artisinda digeri artarak azaliyor. Yani azalma miktari gittikge artiyor ...
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Sekil 2. OA3’iin dinamik animasyon kullanarak yaptig1 calisma

Arastirmaci: O zaman artarak azalan grafigi nasil bir sey?

OA3: [Dus biikey bir grafik ¢iziyor]. Burada h artarak azaliyor, yani daha hizli azaliyor, k ise sabit miktarda artiyor.
Aslinda biz burada k’nin artisini sabit tutup h’nin degisimini gozlemledik. Tam tersini de yapabilirdik.

Arastirmact: Peki bu artarak azaliyor dedin, bu ise sabit miktarda artiyor dedin. Ikisi birlikte nasil degisiyor?

OA3: Hmmm... Aslinda tersi gibi diisiinebiliriz. Yani bu artarak azaliyorsa bu da artarak artryor veya azalarak artryor.
Bir dakika biraz diisiineyim...[animasyonu hareket ettirip degerleri inceliyor] yani h artarak azaliyor, k ise
sabit artiyor. Veya soyle diyebiliriz, eger k’nin sabit miktarda arttigun diisiiniirsek h artarak azaltyor.

Arastirmaci: Peki su niimerik olarak calistigin fikri grafik iizerinde de gosterebilir misin? Yani grafik iizerinde bunlar
tam olarak ne anlama geliyor?

OA3: [buldugu degerleri grafik iizerine kabaca isaretliyor ve i¢ biikey azalan bir grafik ciziyor]. Yani bunu egit
miktarda artirdigim icin, yiikseklik degeri gittikce daha asagiya isaretlememiz gerekiyor. Diger tiirlii
dogrusal bir iligki olurdu. Yani ardisik iki nokta arasinda ¢izdigim egimin gittikce artmasi gerekiyor.

OA3 kodlu 6gretmen aday1, dinamik animasyonlarla galistiktan sonra Kayan Merdiven etkinligindeki grafigi
i¢c biikkey azalan bir grafik olarak giincellemis ve bunu da (I merdivenin uzunlugunu gostermek fiizere)

h® + k* = 1° cebirsel esitligine dayandirmistir. OA3 kodlu &gretmen adayi, kagit-kalem ¢oziimiinde yansittigi

sozel agiklamalarinda ise h® +k® =1” cebirsel ifadesine bagl kalmasina ragmen dogrusal bir grafik olusturmus
ve kovaryasyonel diisiinme dgelerini agik bir sekilde yansitmamistir. Dinamik animasyon kullammi OA3’iin
verilen durum iizerine tekrardan ve biraz daha ayrintili olarak diigiinmesini saglamigtir. Goriismede bu grafigi
daha detayli agiklamast istendiginde OA3, GSP programinin veri alma 6zelligini kullanarak yerden yiikseklik ve
yatay uzaklik degerlerini kaydetmistir. OA3 dogrudan ve sistematik koordinasyonu dogru kullanarak yatay
uzunluk mesafelerini birer birim artirmis ve karsilik gelen yiikseklik degerleri arasindaki farklara bakarak
yiiksekligin daha hizli azaldigini ifade etmistir. Grafigin egriligini belirlerken tek bir degiskenin (yiikseklik)
degerlerinin gittikce daha fazla azaldigmni ifade etmesi OA3’iin degisim oranini miktar odakli nicellestirdigini
gostermektedir. Dinamik animasyonun veri alma ozelligi OA3’iin dogrudan ve sistematik koordinasyon
kullanabilmesine yardime1 olmustur. Ayrica, OA3’iin degisim oranini (hizin1) miktar odakli nicellestirebilmesine
de olanak saglamustir. Asagida OA3 kodlu 6gretmen adayinin dinamik animasyonlarin kendisine ne sagladigina
yonelik diislincelerini yansitan goriisme kaydindan bir kesit sunulmustur.

Arastirmaci: Anladim. Peki, sen énceden neden dogrusal diigiinmiis olabilirsin?

OA3: Evet, aslinda h kare arti K kare esittir | kare diye bulunca ¢ok kolayca bulmus hissettim ve iizerine ¢ok ayrintili
diigtinme ihtiyaci hissetmedim. Bu bana ¢ok basit gibi geldi ve iizerine diisiinmedim ¢ok fazla.

Arasgtirmaci: Peki bu animasyonu olusturmak ve onu kullanarak durum iizerine ¢alismak sana ne sagladi?

OA3: Bu animasyon tek basina degil de su degerleri anlik olarak hesapliyor olmast isimizi ¢ok kolaylastirdi. Ornegin
biz derslerde a kare arti b kare esittir ¢ kare formiiltinii kullaniyoruz ve iizerine ¢ok diisiindiirtmiiyoruz. Bu
animasyonda ise bu cebirsel ifadede a, b, ve c¢’nin birlikte nasil degistigini anlik olarak hangi niimerik
degerleri aldigint gozlemleyebiliyoruz. Yani 6grenciler benim diistiigiim yanilgiya diisebilirler. Yani bu 1
azalirken bu da 1 birim artar gibi... Ama burada degerleri anlik olarak gorebildigimiz i¢in degisimlerin
esit miktarlarda olmadigini fark edebilirler.

Arastirmaci: Yani bu tiir animasyonlar bir fayda saglar mi?

OA3: Kesinlikle saglar, dedigim gibi degerleri anlik olarak gormelerini ve degiskenlerle ilgili daha dogru iliskiler
olusturmalarina katki saglar ...

Aragtirmaci: Sadece statik (kdgit-kalem) ile anlatsak nasil olur?

OA3: Yani tabi yapilabiliv, ama bizim burada dinamik olarak gozlemledigimiz seyi hayal diinyasinda yapmaya
calisacak... Yani burada mesela sonsuz tane veri alabiliyoruz, ama kdgit kalem ile ¢ozdiigiimiizde birkag
veri ile ¢calisabiliriz. Bir de benim yaptigim drnekte oldugu gibi koklii say filan ¢ikiyor. Yani igi biraz daha
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zorlagtirtyor. Burada ise aradaki verilerin hepsini gorebiliyor, buda onlarin diigiinmelerine fayda
saglayacaktir.

Yukarida verilen goriisme kaydinda OA3 kodlu 6gretmen adayi, dinamik geometri yaziliminin anlik olarak
veri alabilme ve analiz edebilme 6zelliklerini vurgulayarak Pisagor teoremi esitligindeki degiskenlerin birbirleri
arasindaki niimerik iligskiyi daha net gérmesine yardimei oldugunu sdylemistir. OA3 kodlu 6gretmen adayinin
ifade ettigi gibi degiskenlere yonelik bazi nimerik degerler kagit-kalem ile de elde edilebilir, fakat dinamik
geometri yazilimi ortamma gore bunun daha kisitli ve zor oldugu asikardir. OA3, dinamik animasyon ile anlik
veri alabilmesi neticesinde nicel operasyonlar1 hizli bir sekilde gerceklestirerek degiskenlerin birlikte degisimine
daha dogru bir sekilde karar verebilmistir. Uzay mekigi etkinliginde ise OA3’{in dinamik animasyon ve kagit-
kalem ¢dziimleri ayn1 kalmustir. Fakat OA3, dinamik animasyonun kendisine degiskenlerin birlikte degisimini
niimerik degerlerle daha net gérmesini sagladigmni ifade etmistir.

3.2. 0A4 Kodlu Ogretmen Aday1
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Sekil 3a. OA4’iin Su Deposu etkinligi igin
kagit-kalem ¢ozimii

Sekil 3b. OA4’iin Su Deposu etkinligi igin
desmos uygulamast ile ¢aligmasmdan bir kesit

Sekil 3a ve Sekil 3b’ye bakildiginda, goriisme yapilan dgretmen adaylarindan bir digeri olan OA4 kodlu
O0gretmen adaymm ¢oziimleri incelendiginde, “Su Deposu” etkinligi igin birincil degiskenlerle fakat
degiskenlerin roliinii degistirerek diisiindiigii goriilmektedir. OA4 kodlu dgretmen adaymin, grafik {izerinde
bagimsiz degiskeni yiikseklik, bagimli degiskeni hacim olarak yerlestirmesine karsin sozel agiklamalarmnda
hacme bagl yiikseklik iizerine konustugu ve grafigi de buna gore ¢izdigi gériilmiistir. OA4’{in degiskenlerin
roliinii degistirerek diislinmesi sozel agiklamalar ile grafik gosterimi arasindaki tutarsizliga sebep olmustur. Web
tabanli desmos uygulamasi ile etkinlikte verilen depo sekli i¢in dinamik bir grafik {izerine ¢alismis ve yukaridaki
grafigi elde etmistir. Kendi ¢izdigi grafik ile web ortaminda olusturdugu dinamik grafik arasindaki benzerligi
vurgulamis ancak dinamik grafik iizerinde keskin bir ge¢isin olmamasma sasirdigini ifade etmistir. Kagit-kalem
ile ¢oziimiinde diger katilimcilarin gogunun yaptig1 gibi keskin gegisli grafik ¢izmesi, OA4’iin degisim oranini
miktar odakli veya yogunluk odakl olarak diisiinemediginin bir gdstergesi olarak yorumlanmugtr.
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Sekil 4b. OA4’{in Dinamik Animasyon
sonrasinda yeniden ¢izdigi grafik

— Sjre L -3 Sure
Sekil 4a. OA4’iin Kayan Merdiven etkinligini kagit-
kalem ile ¢oziimii

Kayan Merdiven etkinligi icin ise OA4’iin ikincil bir degisken (zaman) ile diisiindiigii, dolayisiyla zamana
bagl olarak A noktasmin duvara uzakligini ayr1 bir grafik, zamana bagli B’nin zemine uzakligini ise baska bir
grafik olarak ¢izdigi gorillmektedir (bknz. Sekil 4a). Bu, degiskenleri koordine edememe seklindeki diigiinmenin
tipik bir 6rnegini teskil etmektedir. OA4’iin ilk etapta es zamanli ve birlikte degisen nicelikle arasinda dogrudan
bir iligki kuramadigi, ikincil bir degisken (zaman) {izerinden diisiindiigii goriilmektedir. Noktalarin uzaklik
degisimlerini ise dogrusal olarak diisiinmesi, OA4’{in degisim oranina (hizina) yonelik kabaca veya sezgisel bir
nicellestirme yaptiginin bir gostergesidir.

Kayan merdiven etkinliginin kagit-kalem ile yapilan ¢dziimleri toplandiktan sonra OA4, Sekil 5a’da gériilen
GSP programi ile dinamik animasyonu olusturmustur. Bu animasyonu olusturduktan sonra OA4 ilk olarak kagit-
kalem ¢oziimiine geri donmiis ve yiikseklik ile yatay uzunluk arasindaki iligkinin grafigini Sekil 4bb deki gibi
giincellemistir. Yeni olusturdugu grafikte OA4’iin zaman degiskenini kullanmadan birincil degiskenlerle ve
dogrudan koordinasyon yaparak diisiinmeye basladig1 goriilmektedir.
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Sekil 5a. 0A4’iin Kayan Merdiven igin olusturdugu Sekil 5b. OA4’iin Dinamik animasyon ile
animasyon yaptig1 ¢alisma

OA4 kayan bir merdiven animasyonunu kullanarak merdivenin u¢ noktasmin yerden yiiksekligini |AE|

olarak, diger ucunun duvara uzakligini ise |EB| olarak gdstermis ve GSP programinin 6zelliklerini kullanarak bu

uzunluklarin anlik degerlerini hesaplatmistir. Daha sonra, bu uzunluklarin anlik degerlerini MsExcel elektronik
tablolama progranmina kaydederek Sekil Sb’de goriilen grafigi elde etmistir. OA4’{in kagit-kalem ile yaptigi
¢ozim ile kiyaslandiginda, etkinlik baglaminda verilen birincil degiskenlerle, dogrudan ve sistematik

koordinasyon kullanarak diisiinmeye basladig1 goriilmektedir. OA4 daha sonra, |AE| degerlerini esit miktarlarda

(1’er birim) azaltarak karsilik gelen |EB| degerlerini hesaplatarak kaydetmistir. Burada degiskenlerin dogrudan

ve sistematik koordinasyonu agik sekilde goriilmektedir. Bunun sonucunda OA4, Sekil 5b’de goriilen grafigi
elde etmis fakat MsExcel ile elde ettigi bu grafigin egriligini agiklamakta zorlanmustir. Asagida OA4 kodlu
Ogretmen adaymim Kayan Merdiven etkinliginde dinamik animasyon ile nasil diisiindiigiine yonelik goriisme
kaydindan bir kesit sunulmustur.

Arastirmaci: Evet, ilk ¢izdigin grafikte zamana bagli olarak diisiinmiistiin [Sekil 4a’da goriilen dogrusal grafikler].

OA4: Evet aslinda ben ilk ¢izdigimde zamana bagh diisiindiim. Yani bir ucunun yiiksekligi zamana bagl azalirken,
diger ucunun duvara uzakhgr zamana bagh olarak artmaktadir.

Arastirmaci: Neden bu sekilde dogrusal olarak diigiindiin?

OA4: Aslinda ¢ok fazla diisiinmedim iizerine, yani biri azalirken digeri artar diye diisiindiim.

Aragtirmaci: Daha sonra grafigi degistirdin [Sekil 4b’de goriilen dus biikey grafik]. Neden?

OA4: Evet, GSP’de animasyonu olusturunca yiikseklik ile uzakhgn sabit bir egimde degismedigini hissettim. Merdiven
asag1 dogru kaydik¢a digbiikey bir goriintii olusuyor [Sekil 5a]

Arastirmaci: Bu ne anlama geliyor?

OA4: Egim gittikge azaliyor ... Yani yiikseklikteki degisimin yatay uzunluktaki degisime oram gittikce azaliyor.

Arastirmaci: Peki MsExcel ile bu grafigi elde ettin [i¢ biikey azalan bir grafik] Bunu nasil degerlendiriyorsun? Bu
grafik hakkinda ne diisiiniiyorsun?

OA4: [Bir siire inceliyor]. Su an bilmiyorum, Excel de bu grafik ¢ikinca da sagirmistim... Evet, yani egiminin gittikce
azaldigim diigiinerek bu dis biikey grafigi ¢izdim ve halen oyle olmasi gerektigini diigtiniiyorum. Ama burada
egim gittikge artiyor. Su an kafam ¢ok karisti ...

OA4 kodlu 6gretmen aday1, kagit-kalem ¢dziimiinde bu iki degiskeni zamana bagh ayri birer grafik olarak
diisiindiigiinii ve dogrudan iliskilendiremedigini belirtmistir. OA4 dogrusal olarak ¢izmesinin sebebi olarak ise
iizerinde ¢ok diisiinmedigini belirtmistir. OA4 kodlu 6gretmen adayi, dinamik animasyon olusturdugunda ilk
olarak yiikseklik ve uzaklik degiskenlerini dogrudan iliskilendirerek Sekil 4b’de goriilen disgbiikey azalan grafigi
cizdigini ifade etmistir. Ogretmen adayi, grafigi digbiikey azalan ¢izmesinin sebebi olarak ise dinamik
animasyonda sezgisel olarak dyle goriindiigiinii sdylemistir. OA4, animasyondan elde ettigi verileri kullanarak
MsExcel yardimiyla olusturdugu Sekil 5b’de goriilen grafigin i¢biikkey olmasina ise sasirdigini ve halen bunun
sebebini algilamakta zorlandigini ifade etmistir. Goriismenin devaminda, OA4 kodlu 6gretmen adayindan
MsExcel ile olugturdugu grafigi agiklamasi istenmistir.

Arastirmact: Evet OA4, su ic biikey ve disbiikey ¢izdigin grafikler arasindaki farka biraz daha bakip aciklayabilir
misin?

OA4: [Diisiiniiyor] ... Verilerimizle alakali olabilir diye diisiiniiyorum. Ashnda burada kafamdan cizdim ama verileri
kullaninca bu i¢-biikey grafik ¢ikiyor.

Arastirmaci: Peki bunu nasil agiklayabilirsin?

OA4: Valla anlamaya ¢alisiyorum hocam [diisiiniiyor]. Burada kafamizda kurdugumuz durumda hipoteniisii ve diger
degerleri net bir sekilde bilmedigimiz icin béyle bir sey diye diistiniiyoruz ama gergek Excel de de net bir sekilde
de goriiliiyor ki boyle.

Arastirmaci: O zaman teknoloji veya animasyon olusturmak sana nasil bir fayda sagladi, bu etkinlik i¢in mesela?

OA4: Bu etkinlik icin teknoloji yanls diisiindiigiimiizii gosterdi. Yani veri topladik, gercek degerlerle bir grafik
olusturduk filan, ama 6biir durumda kafadan yaklasik bir grafik diistiniiyoruz. Yani sasirdim dogrusu, benim
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hayal ettigimden ¢ok farkli bir grafik ¢ikti karsima... Yani merdivenin kayma hareketine bakinca benim ilk
¢cizdigim gibi olmasi gerektigini hissediyorum. Yani gergekten su an farkl bir sey diisiinemiyorum su anda.

Yukarida verilen gériisme kaydinda goriildiigii {izere OA4 kodlu 6gretmen adayi, grafigin neden i¢ biikey
azalan olmas1 gerektigine ikna edici bir agiklama getirmekte zorlanmustir. iki degiskenin birlikte degisimini
koordine etmeye calismasi ve dis biikey azalan bir grafik ¢izmesi, dinamik animasyonun OA4’iin en azindan
birincil degiskenlerle diisiinmesini sagladigini gostermektedir. OA4, dogrudan ve sistematik koordinasyon
kullanarak degiskenlerin degerlerini anlik olarak olanak hesaplamis ve MsExcel kullanarak grafige ulagmustir.
Fakat bu grafigi aciklamakta zorlanmasi, OA4’{in dogrudan ve sistematik koordinasyon becerisini zihinden
yapamadigin1 gostermektedir. Benzer sekilde, 6gretmen aday1 degisim oranmimn (hizinin) nicellestirmesini miktar
odakli veya yogunluk odakli olarak degil de, kabaca ve sezgisel olarak yapmaya devam etmistir. Dolayisiyla
teknoloji ve animasyon kullanimi OA4 igin zihinsel yiikii hafifletici bir arag rolii oynamustir. Uzay mekigi
etkinliginin kagit-kalem ¢dziimiinde ise OA4 birincil degiskenlerle diisiinmiis, dogrudan koordinasyon kullanmis
ve degisim oranini yine kabaca nicellestirmistir. Uzay Mekigi etkinliginde OA4 dinamik animasyonu kullanarak
veri toplamis ve dogrudan ve sistematik koordinasyonu ilk defa dogru bir sekilde kullanarak digbiikey artan bir
grafigi agiklayabilmistir. Dinamik animasyon kullanimi OA4 i¢in Kayan Merdiven etkinliginde zihinsel yiikiinii
hafifleten bir ara¢ iken Uzay Mekigi etkinliginde ise dogrudan ve sistematik koordinasyonu kullanabilmesine
olanak saglamistir.

3.3. 0A6 Kodlu Ogretmen Aday

OAG6 kodlu gretmen adayinin farkli etkinliklerdeki diisiinme siireci incelendiginde, Su Deposu etkinliginde
birincil degiskenlerle diisiindiigii ve degiskenleri dogrudan koordine edebildigi goriilmektedir (bkz. Sekil 6-a).
Fakat grafige yonelik sozel agiklamasi ve dogrusal bir grafik ¢izmesi, OA6’nin degisim oranma yonelik sezgisel
veya kabaca bir nicellestirme yaptigmi gostermektedir. Asagida Sekil-6-a-b-c’de goriildiigii iizere OA6 kodlu
dgretmen aday1 diger etkinlikler icin de grafikleri dogrusal olarak ¢izmistir. Yani OA6 her etkinlikte birincil
degiskenlerle diisiinmiis, degiskenleri dogrudan koordine etmis fakat degisim oranini kabaca veya sezgisel olarak
nicellestirmistir.

h.
ke
k
Sekil 6-a. OA6’nin Su Sekil 6-b. OA6’ ninKayan Sekil 6-c. OA6’nn
Deposu i¢in kagit-kalem Merdiven i¢in kagit-kalem  Uzay Mekigi i¢in kagt-
¢Oziimii ¢Oziimii kalem ¢Oziimii

Dinamik animasyonlar olusturduktan sonra OA6, Su Deposu etkinliginde ilk kisim igin artarak artan bir
grafik, gecis noktasinda keskin bir gecis yaparak ikinci kisim igin ise dogrusal bir grafik olusturmustur. QA6
kodlu 6gretmen adayr Kayan Merdiven etkinliginde ise dinamik animasyonu olusturabilmis fakat grafikte bir
degisiklige gitmeden yine dogrusal olmasi gerektigini ifade etmistirr OA6 Kayan Merdiven igin dinamik
animasyon olusturmasina ragmen veri alma 6zelligini kullanmadan sadece animasyonu izleyerek karar vermistir.
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Sekil-7. OA6’1n Uzay Mekigi i¢in olusturdugu dinamik animasyon

OA6, Uzay Mekigi etkinliginde ise kagit-kalem ile dogrusal ¢izdigi grafigi dis-biikey artan bir grafik olarak
giincellemistir (bkz. Sekil-7). OA6 bu etkinlik igin olusturdugu dinamik animasyonda nokta izleme 6zelligini
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kullanarak Sekil-7°deki agiya bagl yiikseklik degisim grafigini elde etmistir. Asagida OA6 kodlu dgretmen
adaymnin Uzay Mekigi etkinliginde nasil diigiindiigiine yonelik goriisme kaydindan bir kesit sunulmustur.

Arastirmact: Evet OA6, simdi Uzay Mekigi sorusuna gegelim. Orada nasul diisiinmiistiin?

OA6: Aslinda evet kagit kalemle ¢ozerken yine dogrusal diisiinmiistiim ama sonradan hatami anladim. Yani burada
uzay mekigi havalandik¢a h artarken agi da artar diye diistiindiim ve dogrusal ¢izdim. Ama dinamik
animasyon olusturup agi ve yiikseklik élciilerinin grafigini olusturdugumda béyle olmadigint gérdiim.

Arastirmaci: Peki bu yeni grafik ne demek oluyor, bunu bir agiklayabilir misin?

OAG: simdi ashinda s6yle biri yiikseklik yani metre, digeri ise aci yani derece. Dolayisiyla esit artmalarin
beklememeliyiz. Ya da soyle diisiineyim yine aciyi esit degistireyim alfa bivimlik ve yiikseklik degisimine
bakayim. Agiyr egit birim tutmak zor ama yaklasik olarak soyle olur.

ha Yy
Sekil 8. OA6’mn Uzay Mekigi igin goriisme esnasinda yaptig1 bir ¢izim

Arastirmaci: Tamam ne gozlemliyorsun?

OAG: Hmm, evet a¢i gittikge daha fazla artiyor. Bariz bir sekilde goriiniiyor. Hatta bir alfa daha yaparsak yiikseklik
artisimin daha fazla oldugunu gérebiliyoruz.

Arastirmaci: Peki bunu grafige aktarirsak ne demek oluyor?

OA6: Grafige aktarirsak ne olacak, yine alfay esit miktarlarda artirirsak... Mesela buraya h dersek burast 3h olacak
ornegin. Yani h gittikce daha fazla artryor. Artarak artan bir grafik oluyor.

Arastirmact: Peki OA6, son olarak bu dinamik animasyonlar sana bir fayda sagladi mi?

OA6: Aslinda saglayabilirmis, cok diiz ve yiizeysel baktigimi anladim. Yani ashnda animasyonlarda kayan merdivende
de verilere de bakarak daha detayl diigiinebilirmigim. Veri olusturmay: diistinmemisim mesela...

Arastirmacy: Peki dinamik animasyonlar simiflarda baska nasil kullanilabilir?

OA6: Bence boyle seyler gerekiyor ¢iinkii bir 6grenciye su grafigi direk ¢izip vermektense burada dinamik olarak
kendisinin gérmesi daha iyi. Yani fiizeyi ugurabiliyoruz ve ayni zamanda istedigimiz grafigi ¢izdirebiliyoruz,
bu daha alalda kalic bir sey olur. Ogrencilerin anlamasini daha da kolaylastirir diye diigiiniiyorum.

OA6 kodlu dgretmen aday: ile yapilan goriisme kaydina bakildiginda, dgretmen adaymnin kagit-kalem
¢oziimlerinde dogrusal diisiindiigii ve degiskenlerin birbiriyle iliskili degisimi {izerine ¢ok detayli diisinmedigi
anlagilmaktadir. OA6 birincil degiskenlerle diisiinmesine ragmen dogrudan ve sistematik koordinasyonu
kullanmamis ve degisim oranini (hizini) kabaca veya sezgisel olarak nicellestirmistir. Dinamik programlarin veri
toplama ve grafik ¢izdirme gibi 6zelliklerini kullanmadan sadece animasyon olusturmanin, OA6’nm diisiinme
bigimi iizerine ¢ok az etkisinin oldugu goriilmektedir. OA6 kodlu 6gretmen aday: dinamik geometri yazilimmin
veri toplama ve grafik ¢izdirme 6zelligini en son uygulanan Uzay Mekigi etkinliginde kullanabilmistir. Uzay
Mekigi etkinliginde OA6 dinamik geometri yazilimiyla farkl bir grafik elde ettikten sonra kagit-kalem grafigi
iizerine tekrar diisiinme ihtiyaci hissetmistir. OA6 kodlu gretmen aday: degiskenleri koordine ederken ac1
degerlerini esit miktarlarda artirip yiikseklik degisimlerine bakarak ilk defa dogrudan ve sistematik
koordinasyonu kullanmistir. Gériisme esnasinda OA6 kodlu dgretmen adayindan Kayan Merdiven etkinligi igin
de dinamik bir grafik olusturmasi istenmistir. OA6 nokta izleme 6zelligi ile i¢ biikey azalan bir grafik elde etmis,
fakat bu grafigi yorumlayarak dogrulamakta oldukg¢a zorlanmistir. Dinamik animasyonlarin diisiinme becerisi
lizerinde faydasinin olup olmadig1 sorusuna ise diger dgretmen adaylar1 gibi OA6 da dinamik geometri yazilimi
ile veri toplama ve inceleyebilme o6zelliginin 6nemini vurgulamis ve dinamik animasyonlarin anlik veri
saglamas1 bakimindan ¢ok kullanigl olabilecegini fark etmistir.

3.4. OA11 Kodlu Ogretmen Aday:

OA11 kodlu 6gretmen aday: ise Su Deposu etkinligi i¢in birincil degiskenlerle fakat degiskenlerin roliinii
degistirerek diisiinmiis ve degiskenleri dogrudan koordine edebilmistir (bkz. Sekil 9-a). Yiikseklige bagl hacim
grafiginde OA11, deponun her iki kismi i¢in dogrusal bir grafik olusturmustur. Bu durum OA11’in degisim
oranina yonelik kabaca veya sezgisel bir nicellestirme yaptiginin bir gostergesi olarak yorumlanmustir. Sekil 9-
b’de goriildiigii iizere OA11 Kayan Merdiven etkinliginde tamamen cebirsel ifadeye bagh kalarak ¢eyrek cember

grafigi olusturmustur. Fakat (r merdivenin uzunlugunu gostermek iizere) X* +y” = r’ cebirsel esitligini

kullanarak grafigi olusturmus ve sozel agiklamalarinda cebirsel ifadenin grafigine bagh kaldigindan
kovaryasyonel diisinme 6gelerini agik bir sekilde yansitmamistir. Uzay Mekigi etkinliginde ise OA11l sadece
sozel ifade ile agiklama yapmis ve yiikseklik ile aginin dogru orantili bir sekilde degisecegini ifade etmistir (bkz.
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Sekil 9-¢). Yani OA11, Su Deposu ve Uzay Mekigi etkinliklerinde birincil degiskenlerle diisiinmiis, degiskenleri
bazen dogrudan koordine edebilmis veya edememis, degisim oranini ise sezgisel olarak nicellestirmistir.
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Sekil 9-a. OA11’in Sekil 9-b. OA11’in Sekil 9-c. OA11’in Uzay Mekigi
Su Deposu i¢in kagit- Kayan Merdiven i¢in icin kagit-kalem ¢oztimii
kalem ¢oztimi kagit-kalem ¢6ziimii

Dinamik animasyonlar olusturduktan sonra OA11 Su Deposu etkinligi ile birincil degiskenlerle diisiinmeye
baslamis ve deponun alt kismui i¢in artarak artan bir grafik, ikinci kismi i¢in ise dogrusal bir grafik olusturmustur.
OA11 koniden silindire gecis noktasini grafik iizerinde keskin bir kirilma noktasi olarak ¢izmistir. Kayan
merdiven etkinliginde ise OA11 cebirsel ifadeye bagh kalarak olusturdugu grafikten emin oldugundan dolay1
dinamik animasyon olusturduktan sonra durum iizerine bir s6zel agiklama geregi duymamig ve grafikte de bir
degisiklige gitmemistir. Uzay mekigi etkinliginde de OAl11 kagit-kalem ¢oziimiinde oldugu gibi dinamik
animasyonu olusturduktan sonra sadece sozel agiklama yapmis ve agi ile yiiksekligin dogru orantili olarak
degisecegini ifade etmistir. Asagida OAIll kodlu Ogretmen adaymm Uzay Mekigi etkinliginde nasil
diisiindiigiine yonelik gériigme kaydindan bir kesit sunulmustur.

Arastirmaci: Peki Uzay Mekigi sorusu hakkinda nasil diisiindiin? Kagit-kalem ¢éziimiinde bir grafik géremiyorum,
sadece sozel agiklama yapmuissin.

OAl11: Evet, grafik cizmedim. Soyle, uzay mekigi ¢iktikca kameranin agist artiyor. Bundan dolayr dogru ovantili dedim.
Ama burada egim gittikge artiyor ...

Arastirmaci: Animasyona bakalim istersen... Yani grafik olustursan nasil bir grafik ortaya ¢ikar? Agu ile yiikseklik
birlikte nasil degisiyor diye soruyordu.

OAl1: Evet grafik ¢cizmemistim, ikisi de artacak... Burada simdi zemin sabit kaliyor bir tlicgen olarak diisiiniirsek. Yani
iste ona dogru orantili dedim, a¢i arttikga yiikseklik te artiyor ...

Arastirmaci: Dogru oranti ne demek?

OAl1: Biri arttik¢a digeri de artiyor anlaminda...

Arastirmaci: Peki dogrusal mi?

OAl1: Dogrusal degil, yiikseklik hep artacak, dolayisiyla a¢t da hep artacak. Yine parabolik bir sey olmast gerekiyor
yani... Yani bire-bir degil, parabolik bir sekilde artacak ciinkii egim siirekli degisiyor. Ichiikey ya da disbiikey
artan olabilir.

Arastirmaci: Peki hangisi olur? Dinamik animasyona da bakabilirsin tekrar ...

OA11: [Dinamik animasyonu inceliyor] ben act degerlerini élgtiirmemisim. Onu lgeyim, evet su anda aci 45 derece ve
yiikseklik ise 7,57 goriiniiyor (birkag deger daha bakiyor). A¢t ¢ok artarken, yiikseklik daha az artiyor ...

Arastirmaci: A¢1 ¢ok artarken yiikseklik daha az artacak, buna tam olarak nasil karar verdin?

OA11: [Animasyonu inceliyor] evet ac: ¢ok artarken yiikseklik daha az artiyor.

Sekil 9-c’de ve yukaridaki gériisme kaydindan alnan kesitte goriildiigii iizere OA11, ac1 ve yiikseklik
degerlerinin her ikisinin de artmasint dogru orantili degisim olarak nitelendirmektedir. Fakat grafigin dogrusal
olmayacagini belirtmesi OA11’in dogru orant1 kavramu ile ilgili kavram yanilgis1 olabilecegini gostermektedir.
Act ve yiikseklik degerlerini anlik olarak Olgtiirerek dinamik animasyonu tekrar izlediginde “a¢i ¢ok artarken,
yiikseklik daha az artiyor” seklindeki sozel ifadesi OA11%in ac1 ve yiikseklik degiskenlerin birlikte degisimini
koordine etmeden ac1y1 ayri, yiiksekligi ayr1 birer degisken olarak diisiindiigiinii gdstermektedir. OA11’in diger
etkinliklerde de degiskenleri grafik {izerine dogru yerlestirmesine ragmen sodzel agiklamalarinda degiskenleri
dogrudan koordine etmekte zorlandig1 goriilmiistiir. Goriismenin devaminda OA11, ancak arastrmacmn ipucu
vermesi sonucunda degiskenleri dogrudan ve sistematik koordine edebilme fikrini kullanabilmistir.

Arastirmac: Istersen bazi degerleri kaydedelim. Ornegin ag1 36 dereceyken yiikseklik 5,47, agi degerlerini esit
miktarlarda artirsak ne oluyor?

OAll: Hmm, tamam, agt degerlerini esit miktar artiralim. 36 iken 5,47, 45 oldugunda yiikseklik 7,40 oldu, bir dokuz
birim daha artiralim, 54 oldugunda yiikseklik 10,15 oldu, 63 oldugunda ise 14,33 oldu...

Arastirmaci: Burada ne gézlemliyorsun?

OAl1: Bunlari hep 9 ar artirdik, burada yaklasik 2 birimlik artti, sonra 3 birim kadar (tam ii¢ degil ama), burada 4
birim kadar artti. Hum tamam, yiikseklik daha ¢ok artti o zaman.
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Sekil 10: OA11’in griisme esnasinda Uzay Mekigi icin yaptig1 calisma

Arastirmact: Evet OAl1, bu ne demek oluyor simdi?

OA11: Yani burada agilar: sabit araliklarla degistirdigimde yiikseklik giderek daha fazla artiyor. Benim ¢izdigim
grafikte azalarak gidiyordu, o zaman grafigimiz séyle (Dig biikey artan) bir sey oluyor galiba.

Arastirmact: Peki OAll, o zaman dinamik animasyon net bir fikir vermedi diyebilir miyiz?

OAll: Evet, animasyonu izleyince yanhs diisiinmiisim ama aciyr hesaplatip degerlere bakinca ise yaradi. Yani
yiikseklik ve egimi de hesaplatmistim ama agiyi hesaplatmak aklima gelmedi. Aslinda degerleri bu sekilde
incelemek aklima gelseydi baya faydali olabilirmis.

Dogrudan ve sistematik koordinasyon yapabilme iist diizey kovaryasyonel diisiinme becerisinin 6nemli
gostergelerinden birisidir. OA11’in diisiinme bicimi incelendiginde, arastirmaci tarafindan ipucu olarak verilen
degiskenlerden birisini esit miktarlarda degistirme fikrine kadar degiskenleri dogrudan koordine edemedigi veya
dolayl1 koordine etmeye calistig1 goriilmiistiir. Yukarida verilen goriisme kaydinda OA11’in, degiskenlerden
birisini sabit miktarlarda degistirme fikrini Uzay Mekigi baglaminda etkili bir sekilde kullanabildigi
goriilmektedir. Sekil 10°da goriildiigii izere OA11 dinamik animasyon ile birkag veri toplayip degiskenlerin
birbirleriyle iligkili olarak nasil degistigini agiklayabilmistir. Dinamik animasyonun faydasi soruldugunda ise
OALl1 elde edilen anlik degerleri bu sekilde (dogrudan ve sistematik koordinasyon ile) incelemek igin faydali
oldugunu ve kendisinin bunu goriisme esnasinda fark ettigini ifade etmistir. Dinamik animasyon kullaniminin,
anlik veri toplama ve grafik cizdirme gibi ozelliklerini kullanmadigindan dolay: baslangicta OA11’in
matematiksel diisiinme siirecine bir katkis1 olmadigi goriilmektedir.

4. Tartisma ve Sonuc¢

Ogretmen adaylarmin verilen etkinliklere kagit-kalem ile yaptiklar1 ¢oziimlerde sergiledikleri diisiinme
bigimleri alan yazmndaki Ogretmen, Ogretmen adayr veya farkli seviyelerden Ogrenci gruplariyla yapilan
calismalarin sonuglariyla bircok agidan tutarlilik gostermektedir. Ilk olarak, alan yazinda bircok ¢alismada da
gbzlemlendigi gibi 6gretmen adaylarmm bir¢ogu kagit-kalem ¢6ziimlerinde ikincil degiskenlerle diistinmiistiir
(6r., Carlson ve ark., 2002; Johnson, 2012; Kertil, 2014; Kertil ve ark., 2019; Stalvey & Vidakovic, 2015; Sen-
Zeytun ve ark., 2010). Universite dgrencileri ve ortadgretim diizeyindeki dgrencilerle yapilan ¢ahismalarda
gbzlemlendigi gibi, bu ¢aligmada da 6gretmen adaylar1 kagit-kalem ¢oziimlerde hacim-yiikseklik, agi-yiikseklik
gibi es zamanli degisen degiskenlerin her ikisini de zamana bagli olarak diisinme egilimi gostermislerdir
(Johnson, 2012; Keene, 2007; Stalvey & Vidakovic, 2015). Burada zaman gibi ikincil degiskenlerle diisiinmenin
yanlis olmasi degil kovaryasyonel diislinmenin sonraki adimlarinda bazi zorluklara sebep olmasi s6z konusudur.
Universite 8grencilerinde, dgretmen adaylarinda ve hatta 8gretmenlerde benzer diisiinme egiliminin goriilmesi
kovaryasyonel diisinme becerisinin  ilkdgretimden itibaren higbir egitim kademesinde yeterince
vurgulanmadiginin bir gostergesi olarak yorumlanabilir. Ayrica, 6 gretmen adaylarinda ki zamana bagl diisiinme
egilimi, fonksiyonlarin gergek hayat yorumlarmimn &gretiminde genellikle zamanm bagimsiz degisken olarak
kullanimmin dogal bir sonucu olabilir (Herbert & Pierce, 2011, 2012; Jones, 2017; Kertil ve ark., 2019). Ote
yandan, Tablo 2’de goriuldigi tizere dinamik animasyonlar ile yapilan ¢alismalar sonrasinda ikincil
degiskenlerle diisiinmenin ¢ok azalmasi, 6grencileri birincil degiskenlerle diisiinmeye yonlendirme bakimindan
teknolojinin faydali olabilecegini gostermektedir.

Degiskenlerin koordine edilme sekline bakildiginda ise dogrudan ve sistematik koordinasyonun ¢ok az
kullanilabildigi bulgusu yine benzer ¢aligmalarin sonuglariyla tutarhidir (6r., Carlson ve ark., 2002). Bu ikincil
degiskenler diisiinmenin bir sonucu olabilecegi gibi 6grencilerin fonksiyon kavramini degiskenlerin dinamik
degisimi olarak degil de birebir esleme odakli 6grenmesinden kaynakli olabilir (Carlson ve ark., 2003;
Hoffkamp, 2011; Monk, 1992). Dinamik degisimlere odaklanmada ve iki degiskenin birlikte degisimini
incelemede dogrudan ve sistematik koordinasyon kritik 6neme sahiptir ve iist diizey kovaryasyonel diigsiinme
becerisinin en 6nemli gostergesidir. Bu diisiinme seklini kullanabilen 6grenciler problem durumlarini daha iyi
kavramakta, grafikleri daha dogru okuyabilmekte ve sozel olarak ifade edebilmektedir. Bu caligmada da
gorildigi lizere 6gretmen adaylarmin ¢ok azi bu diisiinme seklini kullanabilmektedir. Fakat farkli etkinlik ve
uygulamalarla tiizerinde duruldugunda ve siirekli vurgulandifinda en azindan sistematik ve dogrudan
koordinasyon becerisinin gelistirilebilir bir beceri oldugu goriilmektedir. Ornegin, OA6 ve OAIl kodlu
Ogretmen adaylar1 ilk baslarda bu beceriyi kullanmazken sonraki siirecte dinamik animasyonlarla beraber
kullanabilmiglerdir.
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Birincil veya ikincil degiskenlerle diisiinme ve sonrasinda degiskenleri koordine etme bi¢imi degisim oranint
(hizin1) nicellestirme seklini de etkilemektedir. Bu caligmada &gretmen adaylarinin, iki degiskenin birlikte
degisimini grafik iizerinde, sozel, niimerik veya cebirsel olarak agiklarken degisim oranina deginmedikleri,
biikeyligi belirlerken kabaca nicellestirmeyi siklikla kullandiklar1 goriilmiistiir. Dogrudan koordinasyon veya
dogrudan sistematik koordinasyon kullanabilen Ogretmen adaylarmin ise miktar odakli nicellestirme
yapabildikleri gozlemlenmistir. Yogunluk odakli nicellestirme ¢ok daha az gozlemlenmistir. Kertil ve
arkadaglarinin (2019) calismasinda da deginildigi gibi, birincil degiskenlerle diisiinme ile dogrudan ve
sistematik koordinasyon kullanimi degisim oranmm miktar odakli veya yogunluk odakli olarak
nicellestirilebilmesini garanti etmemektedir. Dogrudan ve sistematik koordinasyon kovaryasyonel diisiinme
becerisinin 6nemli gostergelerinden biri olsa da Kayan Merdiven etkinliginde goriildiigii iizere uygun bir nicel
operasyon kullanimi kritik Oneme sahiptir. Niceliksel diisiinme teorisine goére, nicel operasyonlar bilgisi
matematiksel kavramlarm farkli gergek hayat baglamlarinda anlamlandirilabilmesi ile ilgilidir (Thompson, 1994,
2011). Yani, kovaryasyonel diisiinmenin degisim oranmi nicellestirme asamasinda niceliksel diigiinme
gerekmektedir. Ogrenciler bagimsiz degiskenin birim degisiminde bagimli degiskenin nasil degistigini
gorebilmeleri i¢in niimerik bir operasyona (Bazi degerler hesaplayabilecekleri bir matematiksel isleme) ihtiyag
duymaktadirlar. Eger uygun bir nicel operasyon ve sonrasinda niimerik bir operasyon kullanimi olmazsa degisim
oranini nicellestirmede nihai hedefe ulasmakta zorlanmaktadirlar. Bu ¢alismada gézlemlenen degisim oraninin
sezgisel ve kabaca nicellestirilmesi 6gretmen adaylarindaki niceliksel diisiinme becerisinin eksikligi ile ilgili
olabilir. Ogrencilere niceliksel diisiinme ve uygulama becerilerinin kazandirilmas1 da dgretim siirecinde baglam
temelli uygulamalarin kullanim sikligma baghidir (Thompson, 2011). Dolayistyla 6gretmen adaylarinin
kovaryasyonel diisiinme becerilerinin gelistirilmesi i¢in farkli baglamlardan dinamik degisim igeren daha fazla
problem ¢d6zme deneyimine ihtiyaglarinin oldugu sonucu ¢ikarilabilir.

Bu ¢aligmada, sadece bilgisayar destekli dinamik geometri yazilimlari ile dinamik animasyon olusturmanin
ve onu izlemenin o6gretmen adaylarmm kagit-kalem ¢6ziimlerine etkisinin minimum diizeyde oldugu
goriilmiigtiir. Calismanin odagi olmamakla birlikte bu sonug, literatiirde bahsedilen dinamik geometri
yazilimlarinin ve bilgisayar cebir sistemlerinin derslerde basit diizeyde kullanimm 6grencilerin §grenmeleri
tizerine fazla etkisinin olmadig1 sonucunu dogrulamaktadir (Donevska-Todorova, 2018). Dinamik animasyonlar
veri alma ve grafik cizdirme gibi 6zellikleri ile birlikte kullanildiginda, oncelikle kovaryasyonel diisiinmede
zorluklara sebep olan ikincil degiskenlerle diisiinmeyi en aza indirgedigi goriilmektedir. Ogretmen adaylarmnimn,
dogrudan koordinasyon veya dogrudan sistematik koordinasyonu daha kolay yapabilir hale geldikleri
gorilmiistiir. Baz1 6gretmen adaylari, kagit-kalem ¢oziimleri ile dinamik animasyon destekli ¢6ziim arasindaki
fark {izerine tekrar diisiinme ihtiyaci hissetmislerdir. Bu anlamda dinamik animasyonlar, 6gretmen adaylarinin
diigiinme bigimlerini tekrar gbzden gecirmelerini saglayarak farkli boyutlarda kovaryasyonel diigiinmeyi
destekleyici bir unsur olmustur. Ogretmen adaylarinda bazilar1 i¢in ise dinamik animasyonlar, kovaryasyonel
diistinme becerilerini gelistirmeden daha ziyade onlarin zihinsel yiikiinii hafifletmis ve derin diisiinme ihtiyacini
ortadan kaldirmistir. Bu durumda dinamik animasyonlar 6gretmen adaylari igin ¢6ziime odaklh ve diisiinme
becerisine bir katkisi olmayan bir arag roliinii almistir. Teknoloji ve dinamik programlarin veri toplama 6zelligi
kullanilarak kovaryasyonel diisinme becerileri desteklenebilir (Zbiek, Heid, Blume & Dick, 2007). Burada
Ogretmenin Ogrencileri teknoloji ile elde ettikleri sonuglarin ne anlama geldigini sorgulamasi ve 6grencileri
durum iizerinde diisiinmeye zorlamasi onemli goriinmektedir. Bazi 6grenciler igin teknoloji kullanarak elde
edilen sonuglar durum {izerinde tekrar ve derinlemesine diigiinmeyi saglama bakimindan Ggretmenin
yonlendirmesine ihtiya¢ olmadan kendiliginden tetikleyici bir unsur olabilmekte fakat her 6grenci igin bu s6z
konusu degildir. Teknoloji kullaniminin faydali olabilmesi i¢in 6gretmenin durum iizerine sorgulama yapmasi en
azindan bazi1 6grenciler i¢in gerekli gdrinmektedir.

5. Oneriler

Son olarak bu g¢alisma alan yazindaki ¢aligmalarla tutarhilik gdsterse de elde edilen bulgular galigmada
kullanilan etkinlikler ve ¢alismanin katilicilari ile sinirlidir. Nitekim Johnson ve arkadaslar1 (2017) tarafindan
yapilan ¢aligmada kullanilan etkinliklerin dogasina gore 6grencilerin farli kovaryasyonel diisiinme bigimlerini
ortaya koyabildikleri ve bir etkinlik baglaminda gosterdikleri diisiinme bi¢imini diger baglama kolayca
aktaramadiklar1 gosterilmistir. Bu baglamda, her seviyeden farki 6grenci gruplari ile kovaryasyonel diisiinme
becerilerinin mevcut durumu ve gelistirilmesine yonelik benzer calismalar yapilabilir. Bu tiir ¢aligmalarin
artmas1 kovaryasyonel diistinme becerisini a¢ik bir sekilde tanimlamamiza ve dolayisiyla bu beceriyi gelistirmek
igin daha etkili pedagojik yaklagimlar gelistirmemize yardimci olabilir. Ornegin, bu calismada da gozlemlendigi
gibi cebirsel denklemler olusturarak diisiinen 6grencilerin kovaryasyonel diisiinme 6gelerini yansitmamasinin ne
anlama geldigi (Thompson ve ark., 2017) ve kovaryasyonel diigiinme becerisinin niceliksel diigiinme gibi diger
becerilerle iliskisi lizerine ¢aligmalar yapilabilir. Farkli 6grenci seviyelerinde, 6gretmenlerin kullanim ydntemine
bagli olarak matematik derslerinde teknoloji kullaniminin kovaryasyonel diisiinme becerisini nasil destekledigi
aragtirilabilir. Yine oran-oranti, dogrusal denklemler, fonksiyon, tiirev ve integral gibi bazi kavramlarin
anlagilmasinda kovaryasyonel diigiinmenin rolii tizerine daha kapsamli caligmalar yapilabilir. Bu konu ve
kavramlarin ders kitaplarinda ve miifredat ile ilgili diger kaynaklarda ele alinig bigimi kovaryasyonel diisiinmeye
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vurgu bakimindan incelenmelidir. Zira 6gretmenlerde, 6gretmen adaylarinda ve farkli seviyelerden 6grencilerde
kovaryasyonel diisinme becerisinin yeterli olmamasi, sorunun ilkdgretimden itibaren bir¢ok matematiksel
kavramin 6gretim yaklasimiyla ilgili olabilecegini gostermektedir.

Ek 1. Su Deposu, Kayan Merdiven ve Uzay Mekigi modelleme etkinlikleri
Su Deposu

Yanda bir depo sekli goriilmektedir. Bu depo sabit debili bir musluk ile
doldurulmaktadir. Hacme bagli olarak yiiksekligin nasil degistigini agiklayniz.

Kayan Merdiven

Duvara kars1 dik pozisyonda duran bir merdivenin u¢ noktalar1 sekilde
goriildiigii izere A ve B olsun. Merdiven A noktasindan tutularak zemin
iizerinde ok yoniinde sabit hizla ¢ekilmektedir. Merdiven zemin {izerinde
kaydik¢a; Merdivenin B noktasinin zemine olan uzakligi ile A noktasinin
duvara olan uzaklig1 birlikte nasil degismektedir? Grafigini de ¢izerek
aciklaymiz.

Duvar

Uzay Mekigi

Bir uzay mekiginin uzaya firlatilmasimi goriintiilemek isteyen bir ket
kameraman kameranin agisimi uzay mekigi goriintiiden kaybolana
kadar siirekli degistirmek zorundadir. Buna gore kamera acis1 (o) ile
uzay mekiginin yerden yiiksekligi birlikte nasil degismektedir?

Grafigini de ¢izerek ac¢iklayiniz. ?ii/“
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