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ABSTRACT

The Hypergeometric series is the extension of the geometric series and the Confluent Hypergeometric
Function is the solution of the Hypergeometric Differential Equation. Kummer has developed six solutions
for the differential equation and twenty connecting formulas. The connecting formula consist of a solution
expressed as the combination of two other solutions. Further extension was done by Poudel et al. This
research work has extended the nine connecting formulas obtained by Poudel et al. to obtain the other
nine solutions w,(z),w,(z),w,;(z), w,(z), ws(z),and w,(z).

KEYWORDS: Hypergeometric series, Confluent Hypergeometric Function, Kummer’s Formula,
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1. INTRODUCTION
1.1 Hypergeometric series

The hypergeometric series defined by Euler and presently known as Guass hypergeometric series is
represented as

abz _a(a+Db(b+)z*  a(a+(a+Dbb+Db+2) 2

,Fi(a,b;c;z) =1+—
c 1 c(c+1) 2! c(c+1)(c+2) 3!

(11D

where a, b, and c are the scalar parameters with the variable z. The hypergeometric functions are the
rational functions which undergo several transformations [9]. The Guassian hypergeometric series can be
represented by the gamma function given as follows;

_TI'(e)'(c—a-b)
" T(c—a)(c—b)

,Fi(a,b;c;z) ... (1.1.2)

Later Barne[2] defined the generalized hypergeometric function in terms of many scalar numerator and
denominator parameters a, and denominator parameters b, as

qu[al,az,a3,...ap z} :Z(al)k(az)k'“(aq)k zr L (113)

by,b,,b;,..h, ’ (b)) (Dy);-(b,), K
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On 1812 Guass mentioned that the hypergeometric functions are also the solutions of the second order
hypergeometric differential equations. The hypergeometric function is the solution to the hypergeometric
differential equation

d*w

dz?

z(1-2) +(c—(a+b+1)z)fl—w—abw:0 .. (1.1.4)
Z

Also from the property of gamma function

() T(l-a)= ..(1.1.5)

sinar
1.2 Connection Formulas by Kummer
Kummer’s connection formula is an important result in the theory of confluent hypergeometric functions,

particularly the Kummer function (also called the confluent hypergeometric function of the first kind),
usually denoted as:

a
M(a,b,z)=F, 3 Z
b
Kummer’s function M (a,b,z) is a solution to the confluent hypergeometric differential equation:

d*w dw
+(b—-z)——aw=0
22 ( )dz

z

This equation has two linearly independent solutions, and Kummer’s connection formula relates the
behavior of these solutions at different regions of the complex plane, particularly near zero and at infinity.

e Near z=0, M(a,b,z)is regular and expressed as a power series:

2
Mabz)=1+4Z 4@tz
b1 bb+1) 2

e However, for large |z| (especially z—o0z), this expansion is no longer useful.

To analyze the behavior of the solution at infinity (or connect solutions across regions), the connection
formula is needed
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Kummer has showed that the Guass ordinary differential equation has three regular singular at 0,1, infinity
has one solution namely , F)(a,b;c;z) . It is one of the twenty four solutions. There are altogether 24

solutions and Kummer has obtained 20 connection formulas for the principle branches of Kummer’s
solution [19] for (1.1.8). They are listed as follows;

I'l-cl'(a+b—c+1) I'c-DI'(a+b—c+1)

w;(z) = Fa— et DTG —ct]) w(z) + Far®) w,(z) . (1.2.0)
W, (2) = I'l-c)l'(c—a—-b+1) W () + I'e-DI'(c—a-b+1) w, (2) .(122)
I'l—-a)'(1-5) I'c—a)'(c—-b)
wy(2) = I'l-c)'(a—b+1) W (2) + e I'c-DI'(a—-b+1) W, (2) (123)
IF'a—c+HI(1-0) I'(@)'(c—b)
we(z) = Fd=grb-a+1) w,(z) +e'“ " De=DI(b-a+D) w,(z) .. (1.2.4)
Ir'oG-c+Hr'd-a Iro)yxr(c—-a
_I'(e)I'(c—a-D>) relr(a+b-c
w(z) = e —a(c—b) w,(z) + F@r®) w,(z) ... (1.2.5)
W2(Z):F(2—C)F(c—a—b)w3(z)+ re-cl(a+b--c) () L (126)
rd-a)r'd-»s) INa-c+DHI'(b—c+1)

i F(a—b+l)F(c—a—b)W

()4 D(a—b+D(a+b-1)
r1-bc-b) °

I'al(a—c+1)

w,(2) .(12.7)

wi(z)=e

ve L(b—a+ DI (c—a—b) e I'b—a+DHI'(a+b—c)

ws(z)=e F—a)(c—a) wy(z)+ FOT(b—ct ) w,(2) ... (1.2.8)
_T'eI'(b-a) . I'(e)I'(a—->b) z

w,(z) = —F(b)F(c 0 ws(z)+ —F(a)F(c b we(2) ... (1.2.9)

W, (z) = etrom LEZb=Za) | oon TQ@ZT@ZD) |y ... (1.2.10)

Irl-a)(b—c+1) Ira-ml(a—c+1)

Wy(2) = e I'a+b—c+DI'(b—a)

Wy (2)+e " I'a+b—c+DI'(a—-b)

F(b)F(b—c+1) F(a)F(a—c+1) WG(Z) -..(1.2.11)
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-z L(c—a—=b+1DI'(b—a) "
rl-a)l(c—a)

w,(z)=e

(z)+e

(acoym L(c—a—=b+1)'(a—D)

ri-pre—s "®

. (1.2.12)
w (z)=e"” Hofta-c+l) w,(2) + e [Of(a=c+]) ws(z) ... (1.2.13)
IF'a+b—c+DI'(c—b) rora-n+1)
w,(z) = e"” HOrG-c+1) w,(z) +e' " LT -c+1) we(2) ... (1.2.14)
I'a+b—c+DI'(c—a) raro-—a+1l)
w,(z) = plbem I'2-c)'(a) w,(2) + UL ['2-c)l'(a) wy(z)
Fa+b—-c+DHI'(1-b) Fa-b+DI'(b—c+1)
... (1.2.15)
W, (z) = plaetha I'2-c)'(b) W, (z)+ ol I'2-c)'(b) W, (2)
I'a+b—-c+HI'(A-a) I'b-—a+HI'(a—c+1)
.. (1.2.16)
b5y _TOUA=D) o TOMOh)
Fra'(c—a-b+1) Fa-b+DI'(c—a)
. (12.17)
w, (z) = ple b I'(crd-a) w, (2) + et F'rd-a w, (2)
ryrc-—a-ov+1) r'b-a+hHI'(c-b)
.. (1.2.18)
(e eton _TOZOTE=b) e TQ-OTe=b)
INa-c+DHI'(c—a-b+1) IFa-b+DHI'(a—1)
.. (1.2.19)
(et Q) e TQOTe)
IFr'b-—c+HI(c—a-b+1) rb-—a+HI'(A->»)
... (1.2.20)
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1.3 Extension of the above Connection formulas

From the above listed connection formulas (1.2.1)-(1.2.20), the combination of the three solutions for a
given particular solution of the principle branches of Kummer’s solution were derived by Poudel et.al
[10,11]. There are altogether nine linear combination of three solutions for a single solutions. They are
given as follows

()= 1 {e@”’”’ I(b-a)l(1-b) (D) 40 Na-b)I(1-a) (@) [(c—-DI(1-a)'(1-b) " (Z)}
I(1-c¢) I[(c—a) [(c—-b) [c—a)(c-b)
(13.1)
o(2) = 1 {e’” [(b-a)(a) (24 [(a—-b)[(b) o (2) I(1-c)(a)[(b) " (Z)}
I'(c-1) I'b-c+1) IFa—c+1) INa—c+DHI(b—c+1)
(13.2)
. o {F(l —ol(c—b) ()4 Nc-DI(1-b) o (2) Na+b-DI(1-b)(c—b) ", (Z)}
I(c—a-b)| T(a—c+]) I(a) Ha)l(a—c+])
.(1.3.3)
(@i [1y1_ _ _ —g— —
()= I(1-o)(b) @)+ Tc-DI(b—c+1) (D) —” Hc—a-bIBI(b—-c+]) " (Z)}
Ha+b-c)| I(l-a) [(c—a) I'-al(c—a)
(13.4)
W (2) = _ 1 I'(c—a—-b)'(b) W (2)+ I'a+b-c)'(c—a) Wy (2)— ['a-b)I'(b)['(c—a) W, (z)}
(b—a)|  T(c—b) I'(a) T(a)[(c—b)
...(13.5)
(2 = e LA=DIT e =) { M9 oy, T o eos_ Tl-0) (2)}
I'(a—-b) rad-ara-»as) I'(c—a)'(c—b) I'd-al(c—a)
...(13.6)
_ _ (c-2b)ri _ —2bri _ —cri _
i (2) = I'a +1z1 c+DI(c b)[ DT - q) (D) I'(-a) ()-8 Ta-c+1) ws(Z)} )
(a—c+1) T(O)(c—a—b+1) T'(b—a+1)[(c—b) T(b)(a—b+1)
(1.3.7)
i (2) = T(@(c—a-b+1) [ 2 OTT(b—c+1) )+ ECOTT(b—c+1) ()~ e T(1-b) " (2)}
I'(1-b) T(a+b-c+)(c—a) L) (b-—a+1) T(a—b)[(a—b+1)
...(13.8)
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VT -b)(a—c+1)| T(c—a-b) () + C(a+b-c) () e""I(b-a) e (2)
[(a—b) r(1-a)(1-b) ° C(a—c+DI(b—c+1) rl-a)l(b-c+1) °

..(1.3.9)

w,(z) =

2. MAIN RESULTS
In this section, the results given above (1.3.1 —1.3.9) are extended for a single solution to be expressed as

the linear combination of other four solutions. For this, the following formulas holds.

T (b — a)[(1-b) wo(2)4 " (a - b)L(1 - a) wi (2)
I'(c—a) ['(c->)
B 1 —ﬂF(C—d—b)
WiTT-c)| sin(c—1)a (c—a)T(c-
sin(c¢—a)zsin(c—b)al (1-a)l (1-b)T(a+b—-c)
- zsin(c—1)7 wi ()

2.0

b) wy (z)

e’“”iF(b—a)F(a)w (Z)+e*””l'r(a—b)r(b)w (2)
C(b-c+1) > [(a-c+1) ¢
B 1 _sin(c—a)ﬂsm( —b)al (a)T (b)T (¢ —a—b)
WamTe-) zsin(l—-c)z wi(2) |22
7rl“(a+b—c)

T w, (z)

sineal (a—c+1)T(b—c+1)

TU-ONet) | oo Te=DIID
Na—c+l) a)

4T [(a+b—1)[(c—a—b+1)[(a—b) )

w,(z

[(a)(b—c+1) .(23)
sincmsin(c—a)ﬂf (a+b—1)F(1—b)F(c—b)F(c—a—b+l)F(b—a)

> n(z)

w(2)

3 w=——"-—
W [(c—a-b)
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I(1—-o)I(b) ()6 [c—-DI(b—c+1) 1 (2)
[(1-a) [(c—a)
(a—c)mi g — _ — —
4 e é _ iy [(c—a—b)I(c—b+D)[(a+b—c+1)I(b a)WS(Z) 24)
[(a+b-c) F(l—a)F(c—a)F(b—c+1)
sinazsin(c—a)d (c—a—b)T'(D)[ (c—b+1)['(a—b)['(a+b—c+1
_yam (c—a)d (c—a=b)T( 2[2( )T (=) ( )%(Z)
Cle—a=D(b) (y, [letb-oOlc-a)
I['(c-b) I'(a)
1 i i —b)xl (b)T (a—-b)T (c -
W - _sm7rasm(c )72' ( ) (a ) (c a)wl(z) (25)
o -a) zsin(a — b)r
B ﬂ_e(c—l)m’ , (Z)
| sin(a-b)al (a)T(c-b) ° ]
F(I—C) WI(Z)+ F(C_l) Wz(Z)
rd-a)r{->»s) I'(c-—a)T(c-b)
6. e "T(1-b)(c-b) —xel" T (¢ —a - b) .(2.6)
We™ ['(a-b) F(l—a)F(l—b)F(c—a)F(c—b)W3(Z)
_sinaz sin(.c— a)al (a+b-1) W, (2)
i msin(b-a)x |
e(c—zb)mr(l_a) w(2)+ e—aniF(l_a) e (2)
7. _Tatb-c+ DI (c=b)| IO (c—a—-b+1) ) T(b-a+)I(c-b) ° (27
ws I'la-c+1) e T'(1-c)sinbr ez L(c=DI'(a—c+1)
- w(z)—e w,(2)
I'(a)[' () (c—-b)
e (b —c+1) W, (2) + (b —c+1) W, (2)
] _T(@r(c-a-b+)|T(a+b-c+Dl(c-a) F'(a)'(b—a+1) ...(2.8)
W r'(1-5) e "I(1=¢)sin(c —a)z (2) - e "T(1-b)(c—1) (2)
7; W @) (e = b (c—a) W
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_FF(c—a—b) w(2)+ I['a+b—c) ,(2)
(1-a)(1-b) INa—c+DI'(b—c+1)
9. ()= V" T(1-b)(a—c+1) " "T(1-c)x (@) |29
e T(a-b) Fl-a)f(b—c+D)(a—c+DIA-b)sinb-a)r |
_ I'(c-1) sin(c —-b)w w,(2)
| T(@I'(1-b)sin(b—a)r |
Proof:

The proofs of (2.1) — (2.9) are given as follows;

1. From,(1.2.6) and (1.3.1),

e T (b — a)T(1-b) wo(2) + e“""T(a-b)I'(1-a) w(2) ]
T(c-a) ° I'(c—b) °
wl(z)Z; r2-c)yf(c-a->) wy (2)
Fd-¢)| _Le-Dra-arda-5 | Tl-ald->b)
['(c—a)'(c-0) N r2-c)yf(a+b-rc) w,(2)
i I'a—-c+DHI'(b—-c+1) |

(b - a)T(1-b) """ (a-b)L1-a)

Te—o) ws (z)+ Te—b) we (2)
B 1 _F(c—l)F(2—c)F(c—a—b)W (Z)
CT(-c¢) T(c—a)l (c—b) ’

_r(c—l)r(l—a)r(l—b)r(z—c)r(a+b—c)W (2)
i I(c—a)T(c—b)T(a—c+1)T(b-c+1) !

"M (b = ) (1 - b) . (@ = b (1 - a)

T(c-a) ws (2) T(c-b) wa (2)
~ 1 _F(c—l)F(l—(c—l))F(c—a—b)w (2)
T Tr(1-o) T(c—a)(c-b) :

(eI (eI (1-a)l(1=p)T(a+bc)
Fe-a)F(I-(c-a)T(c=b)T(I-(c=b)

Now using (1.1.5), we get
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P (b — a)T(1 - b)
I'(c—a)
_ 1 _ —ﬁF(c—a—b) " (z)
r'(-c)| sin(c—1)a(c—a)T(c-b) °
sin(c—a)zsin(c—b)al (1-a)l(1-b)T(a+b-c)

zsin(c—1)z

T (a - b (1 - a)
W5 (Z)+ r(c_b) 6(2)

w, (2)

2. Using (1.2.8), (1.3.2) and from (1.1.5)

e "C(b-al(a) (Z)+e-b”"r(a—b)r(b)w (2)
C(b-c+1) : C(a—c+1) ¢
W, (z) = 1 ~ F(l—c)F(a)F(b)
I'(c-1) F(a—c+1)r(b—c+1)
8 I'(c)T'(c—a-»b) F'(e)T'(a+b —-c)
F(c—a)F(c—b)W3(Z)+ F(a)F(b) W4(Z) |
_e’“”il"(b—a)l“(a)w (Z)Jre”””l“(a—b)l"(b)w (Z)_
C(b—c+1) ’ I'(a—c+1) °
B 1 ~ F(l—c)F(a)F(b)F(c)F(c—a—b) y (z)
_F(c—l) F(c—a)F(c—b)F(a—c+l)F(b—c+l) ’
F(e)T(1-¢)T(a+b-c)
| T(a-c+1)T(b-c+1) v (2) |
i —ari —-bri ]
e F(b—a)F(a)WS(Z)+e I'(a-b)['(b) w6(z)
I'b-—c+1) I'(a—c+1)
B 1 _sin(c—a);zsin(c—b)ﬂF(a)F(b)F(c—a—b) (2)
" T(c-1) zsin(1-c¢)rx HERS
_ al (a+b—c) v, (2)
| sineal (a—c+1)T(b-c+1) |
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3. Using (1.2.1) ,(1.3.3) and from (1.1.5)

_F(l —olc—b) . " TNe-DI1-b) |
Ma—ct) MO g M@
P ¢ a+b-)(1-b)[(c—b)
w(2)=
[c—a—b) N (a—c+1)
& " Ne—a—b+D(b-a) & Ne—a—b+D(a—b)
(2)+ (2)
[(1-a)l(c—a) i [(1-b)[(c—b) U
I'(1-c)[(c—b) e T (e~ (1-b)
Fa-ctn MO* [(a) #2(2)
_ ean C(a+b-DI(1-bH)(c=b)T(c—a-b+1)T'(b-a)
"T(c-a-b)| L@T(a—c+1)T(1-a)(c—a) ws (2)
T (a+b - (c—a-b+1)T (a-b)
__ I(a) (a—c+1) we (2) |
Frd-c)f(c-» e V(e -1 (1-b)
(F(azc(+1) Loy (2)+ (F(a)) ( w2(2)
_ eran C(a+b-1)T(1=b)0(c=b)T(c—a-b+1)T(b-a)
“Te-a-b)| T(a)r(1—a)l (c—a)l (I-(c—a)] vs(2)
AT (a4 b-1)T(c—a—-b+1)T (a-b)
B T(a)T(b-c+1) vel2)
[T(1-e)(c-b) eV (e =D (1-b)
Fa-c+ ME* @) #2(2)
S _e<”b)’”‘r(a+b_1)r(c_a_b+1)r(a_b)w(Z)
“Tc—a-b) [(a)T(b-c+1) !
_sina;rsin(c—a)ﬁf(a+b—1)F(l—b)F(c—b)F(c—a—b+1)F(b—a)W )

Similarly the other results holds.
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3. CONCLUSION

The hypergeometric function is the solution of the second order differential equation. Kummer has
twenty connecting formulas for the second order hypergeometric differential equation. Through these
formulas listed in (1.2.1-1.2.20) and (1.3.1-1.3.9) respectively, for the hypergeometric differential
equation, I have obtained six extensions [(2.1.1)-(2.1.9)] of the connecting formulas for all six
solutions. Every solution are expressed as the linear combination of other four solutions. Kummer’s
connection formula provides a bridge between solutions of the confluent hypergeometric equation near
the origin and those valid at infinity. It plays a key role in understanding the full analytic behavior of
special functions across the complex plane, in quantum mechanics for Hydrogen atom solutions, in
mathematical physics specially in the field of perturbation theory, wave functions, numerical analysis
for accurate computation of hypergeometric functions and finally on asymptotic analysis for Matching
solutions in different regions.
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