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Abstract. In this paper, we prove common fixed-point theorems in complete b-metric spaces using
rational type contraction for two self-mappings. Our result improves and extends the results proved by
Mlaiki et al. [1] for a single continuous self-mapping in extended complete b- metric space. We improve
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continuity of any mapping.

AMS Mathematics Subject Classification. 47H10, 54H25.

Keywords: Fixed point, rational contractions, self-mappings, b-metric space.

DOI: https://doi.org/10.61841/turcomat.v12i1.14939

1. Introduction.

Banach [2] in demonstrated a highly consequential theorem in the context of complete metric spaces,
establishing the existence of a unique fixed point. Since then, the fixed-point theory is one of the most
important tools in many branches of science, economics, computer science, engineering and the develop-
ment of nonlinear analysis.

As an extension of metric spaces, the concept of b-metric spaces was introduced by Backhtin [3]. Czerwik
[4] first presented a generalization of Banach fixed point theorem in b-metric spaces. Mehmet et al. [5],
Boriceanu [6], Bota [7], Pacurar [8] extended used this idea and proved fixed point theorems and its
applications in b-metric spaces.

In this paper, we extend the results of Mlaiki et al. [1] and prove a common fixed-point theorem in
complete b-metric spaces using rational type contraction for two self-mappings. Our result improves
and extends the results proved by Mlaiki et al. [1] for a single continuous self- mapping in extended
complete b-metric space. We improve the results of Mlaiki et al. [1] to complete b-metric spaces for two
self-mappings without assuming the continuity of any mapping.

2. Preliminaries.

Definition 2.1 [3] Let X be a non empty set and b > 1 be a given real number.

A function dp : X x X — [0,00) is called b-metric if it satisfies the following properties for each
Y,z € X—

(b1) dol,y) =0 & o = y;

(b2) db(xvy) = d(y,l’%

(bs) dy (i, 2) < bldy(,y) + do(y, 2)]-

The pair (X, dp) is called a b-metric space.

Example 2.1. Let X = [,(R) with 0 < p < 1, where
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L(R) = (e} € R: 2 a7)
n=1
Define dp : X x X — RT as-

oo 1/p
dy(,y) = (Z @ —yn|”>
n=1

where © = {x,,},y = {yn}. Then (X, d}) is a b—metric space with the coefficient b = 2/,

Example 2.2. Let X = L,[0, 1] be the space of all real functions z(t), ¢ € [0,1] such that fol lz(t)|P dt <
00,0 <p< 1. Definedy: X x X - R as-

i) = ( | ety - y<t>|”dt)1/p

Then (X, d) is a b—metric space with the coefficient b = 21/P.

The above examples show that the class of b-metric spaces is larger than the class of metric spaces.
When b = 1, the concept of b-metric space coincides with the concept of metric space.

Definition 2.2. [9] Let (X, d,) be a b-metric space. A sequence {z,} in is said to be:
(I) Cauchy if and only if d(z,,,z,) — 0 as n,m — co.
(IT) Convergent if and only if there exist x € X such that d(z,,z) — 0 as n — oo and we write

lim z, = x.
n—o0

(III) The b-metric space (X, dp) is complete if every Cauchy sequence is convergent.
3.Main Result.

Theorem 3.1. Let S,T : X — X be self-mappings with (X,d,) be a complete b-metric space and
for all distinct =,y € X—

v(x, Sx)dy(y, Sx) + dy(y, Ty)dy(x, Ty)

d
db(svay) S f1db(x,y) +€2 db(x Ty) +db(y SZ‘)

where dp (x, Ty) + dp (y,Sx) # 0,0 < & + & < 1,£,& € [0,1). Then S and T have a unique common
fixed point in X.
Proof. Let zg € X be arbitrary and {z,} be a sequence in X such that

Tn+1 = Smnaxn+2 = Tanrl-
Then

dp(Tpa1, Tnao) = dp(Szp, Txpyq)

(Tn, Sxpn)dp(Tny1, STn) + dp(Tng1, TTnt1)dp(Tn, TThy1)
dy(zp, Tpy1) + dp(Tpt1, STr)

(xm anrl)db(anrl’ anrl) + db($n+1a $n+2)db(xna $n+2)
db(xnv xn+2) + db(xn-&-la zn-&-l)

= &1dy(Tn, Tnt1) + E2db(Tny1, Tnto)

d
S gldb(xnaxn—i-l) + 52 b

d
=&idp(2p, Tni1) + &2 b

which implies

&
1=&

= &dp(Tn, Tng1)

db(anrlal'nJrZ) S db(xnaanrl)

where ¢ = 5 € [0, 1).
Applying it recursively, we get-
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db(mn+laxn) S §db(9€m$n71) S €2db(xn71a (En72) S R PPPRPR S Sndb(xlamO)
for all n.
By triangular inequality, for any m > 1
db(ﬂ?n, $n+m) < b[db(xna xn+1) + db($n+17 anrm)]
< bdb(xnv xn+1) + b2[db(mn+1a xn+2) + db(xn+27 xn+m)]

< bdb(-rru xn+1) + deb($n+17 J,‘n+2) + b3 [db(xn-&-% an+3) + db(xn+37 xn-‘rm)] ~~~~~~~

Therefore
dp (T, Ty ) < [BE™ + D2 3¢ 2 L Jdy (o, 1)
= bEP [+ (bE) + (bE) + -+ . Jdb(o, 1) = ?;db(xo,wl)
Therefore, we have
dp(Tn, Tnam) < %db(wo’xl)

As n — o0, we conclude that {z,} is a Cauchy sequence in complete b-metric space (X, dp). Hence there
exists * € X such that-

lim z, = z*.

n— oo

Now to show that-

Sz* = a*.

We have

dy(Sz™, ) < b[dy(Sz*, Txpi1) + dp(Txpi1, )]

dy(x*, Sa™)dy(Tpi1, S2™) + dy(Tpg1, Tpqr )dp (2", T2y
< bdp(Tpyo, ™)+ b |:€1db($*,1'n+1)+£2 (@, 527)dy(@n 1, 927) + dp(@ns1, TEnir)dy (2", Tw H)}

dy(x*, Txpir) + dy(Tny1, ST*)
(*, Sa”)dy(zn1, ST*) + db(‘rn-f—la$n+2)db(x*axn+2):|
dy(x*, Tng2) + do(Tp41, Sx*)

d
= bdp(Tpio, %)+ b {ﬁldb(z*,l‘n+1) + & b
As n — oo,
dp(Sz™,x*) < b€dp(Sz™, ™)
which is a contradiction as € € [0,1). Hence
Saz* =z,

Similarly, we can show
Tx* = z*.

Therefore S and T have a common fixed point in X i.e.
Sz* =Tx* =x*.
To show uniqueness of the fixed point, let z # z* be another fixed point of S and T i.e.
Sz=Tz=z;8c" =Tz* = z*.
Then
dp(z,2") = dp(Sz,Tx")
dp(z,82)dp(*, Sz) + dp(x*, Tx*)dy(z, Tx*)
dp(z, Tx*) + dp(z*, Sz)

(z,2)dp(x", 2) + dy (2™, z")dp (2, ")
dp(z,2*) + dp(z*, 2)

< §1db(2’,x*) + 62

=&idy(z,27) + & b

= &idp(2,77).
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Since & € [0,1), we have d¢(z,2*) =0 ie. z =™
This completes the proof.

Theorem 3.2. Let (X,d;) be a complete b-metric space and S,T : X — X be self-mappings sat-
isfying:

dp(Sz,y)dy(y, Ty) + dp(Sz, x)dy(x, Ty)
db(xa Ty) + db(S‘Ta y)

dp(Sz, Ty) < ady(x,y) + Bldy(Sz,y) + do(z, Ty)] + v

for all z,y € X and «, 8,7 € [0,1) such that 0 < a+ 5+ < 1. Then S, T have a unique common fixed
point in X.
Proof. Let xp € X and {x,} be a sequence in X such that

Tok+1 = STok, Tapt2 = TTopy1.

Then

dp(T2r+1, Tart2) = dp(Swor, Tropy1)
< ady(@ok, Tog+1) + Bldp(STor, Tors1) + do(T2r, TTop41)]
dy(Sok, Tok+1)do(Tort1, Toop41) + do(Swok, Tor)dy (g, Tx2k41)
dy(wor, Twogs1) + dp(Swop, Tops1)
= ady(Tar, Topg1) + Bldp(ori1, Tars1) + dy(22k, Tory2)]
dy(Tor41, Tor+1)dy (Tor, Tant2) + dp(Tort1, Tor)dy (T2k, Takt2)
dy(@ok, Tart2) + dp(T2p41, Toky1)
= (o + v)dp(@2k, Tor+1) + Bdp(w2k, Tar42)

+

+

Therefore
dy(Tok41, Tort2) < (@ + 7)do(Tor, Tors1) + Bb[d(T2r, Tort1) + dp(Tor41, Tort2)]
Which implies

a+ Bb+
dp(Ton+41, Tont2) < 1?7/%7%(96%,562%1) = hdy(Tok, Tak+1)

where h = %l;}-g—y € [0,1).
Applying it recursively, we get-

db(anrlaxn) S hdb(xnawnfl) S h2db(xnflaxn72) S BRREEETREEE S hndb(l'l,l'o).
for all n. By triangular inequality for any m > 1

db(xna xn-i—m) S b[db(xna xn-&-l) + db(xn-i-h xn-i—m)]
S bdb(xna anrl) + b2 [db(xn+1; xn+2) + db(aner $n+m)]

S bdb(xnv xn—i—l) + b2db(xn+17 xn+2) + b3 [db(xn-‘r% xn+3) + db(xn+37 xn-‘rm)] ~~~~~~~

Therefore
dp(Tp, Tnrm) < [BA™ + B2R"T L BPRT2 4L dy (20, 71)
= bh™[1 + bh + (bh)? + (bh)* + - -- ...]dy(w0, 21) = %db(xo,xl)
Therefore, we have
Ap(Tny Tpm) < 1%7;hdb(1:0,x1)

As n — oo, we conclude that {z,} is a Cauchy sequence in complete b-metric space (X, dp).
Hence there exists * € X such that-
lim z, = z*.
n—oo
Now to show that
Sz* =z,
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We have

db(Sl‘*, 1‘*) < b[db(Sm*, Tl‘gk.:,_l) + db(TIQk_H, x*)]
bldy(zor12, ™) + dp(Sz™, Taop41)]

[ dy(zort2, o) + ady (%, mopg1) + Bldp(S2*, Top41) + dy(2*, Txor41)]
+7db(593*, Tog41)dp(Tor1, Toory1) + dp(Sz*, 2% )dy (2", Twop 1)
L dy(z*, Txops1) + dp(Sa*, Tagy1)
db($2k+27 1‘*) + adb(a:*, l‘gk.:,_l) + 5[db(833*, x2k+1) + db(LE*, 1:2k+2)]
= b +7db(553*,$2k+1)db($2k+17$2k+2) +dp(Sx*, 2% )dy (z*, Top42)
i dp(x*, Topy2) + dp(Sx*, Tag11)

IN
>

As k — oo, we have
dp(Sz™, x*) < bBdy(Sz™, ")

which is a contradiction.
Hence

Similarly we can show

Thus
Sz* =Tx" = x*.

Therefore z* is a common fixed point of S and T.
To show uniqueness, let u* be another fixed point of S and T such that

u* #£ x*
ie.
Sz* =Tz = x*,
Su* =Tu" =u*.
We have

dy(u*,z*) = dp(Su™*, Tx™)
< ady (u*,z*) + Bldp(Su™, x™) + dp(u*, Tx")]
dp(Su*, x*)dp(z*, Tx*) + dp(Su*, v )dp(u*, Tx*)
dp(u*, Ta*) + dp(Su*, z*)
= adp(u™, 2") + Bldp(u™, ") + dp(u™, z")]
)+ dp(u*, u*)dy(u*, z*)
)+ dp(u*, z*)

+7

+7

dp(u*, 2*)dp(2*, x
dp(u*, z*

which implies
dp(u*, %) < (a+28)dp(u™, ")

which is a contradiction as a + 25 < 1.
Therefore

This completes the proof.
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