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1.Introduction

The concept of dislocated metric (d-metric) was introduced by Hitzler and Seda in [8,9] which is
very useful in Logic Programming Semantics. With the passage of time many papers have been
published concerning fixed point and common fixed point theorems satisfying certain contractive
conditions in dislocated metric space (see [14]-[22]).

Branciari [5] introduced the notion of contraction of integral type and proved first fixed point theorem for this
class of mapping. Further results on this class of mappings were obtained by Rhoades [21], Aliouche[2], Djoudi
and Merghadi [7] and many others.

Sessa [25], initiated the tradition of improving commutativity conditions in metrical common fixed point
theorems. While doing so Sessa [24] introduced the notion of weak commutativity. Motivated by Sessa [25],
Jungck [11] defined the concept of compatibility of two mappings, which includes weakly commuting mappings
as a proper subclass. Jungck and Rhoades [12] introduced the notion of weakly compatible (coincidentally
commuting) mappings and showed that compatible mappings are weakly compatible but not conversely. Many
interesting fixed point theorems for weakly compatible maps satisfying contractive type conditions have been
obtained by various authors. The concept of compatible mappings was frequently used to show the existence of
common fixed points. However, the study of the existence of common fixed points for noncompatible mappings is
also very interesting. Amari and Moutawakil [1] gave a notion (E.A) which generalizes the concept of
noncompatible mappings in metric spaces. The concept of E.A. property allows to replace the completeness
requirement of the space with a more natural condition of closeness of the range. Sintunavarat and Kumam [25]
introduce the CLR property which is so called “common limit in the range” for two self-mappings.

In this article, we have established some common fixed point results of integral type contractive conditions
using the concept of weak compatible mappings, commutativity with (CLR) property in dislocated metric (d-
metric) space. Our obtained results generalize some well-known results of the literature.

2. Preliminary Notes
We begin by recalling some basic concepts of the theory of dislocated metric (d-metric) spaces.

Throughout this work B* represent the set of non-negative real numbers. Now, we collect some known
definitions and results from the literature which are helpful in the proof of our results.

Definition.2.1: Let X be a nonempty set. Suppose that a mapping d: X = X — E* satisfies:

d(x.x)

@) f;
(i) [ o ae = [[" oldt =0= x = y

plt)dt =0vzxeX
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(iii) f o) de = J’d'”'ra{t]dt

dix. ) dix.z)

@) L5 o0 dr = [2 o0 de + [F p(e)at forall x.y.z € X,

where @ : R* —R*is a Lebesgue integrable mapping which is summable on each compact subset of
R*, non-negative and such that for any s = 0 J’; @(t) dt = 0.The mapping d is called a metric on X and (X, d)
is called a metric space. If d satisfies the conditions from(ii)- (iv), then d is said to be dislocated metric
(OR) shortly (d-metric) on X and the pair (X, d) is called dislocated metric space. If d satisfies only (ii)
and (iv), then d is called dislocated quasi-metric (OR) shortly (dg-metric) on X and the pair (X, d) is called
dislocated quasi-metric space.

Every metric space is dislocated metric and dislocated quasi metric space but the converse is not true.
Also, every dislocated metric space is dislocated quasi-metric space but the converse is not necessarily true.

Remark 2.1. The above definition change to usual definition of metric space if @{t} =1

Definition 2.2 A sequence {x,} in a d-metric space (X.d} is called a Cauchy sequence if for given £ = 0,
there exists n; € N such that for all m.n = ny,we have d{x,,.x,) < e

The following simple but important results can be seen in [8].

Definition 2.3 A sequence in d-metric space converges if there exists x £ ¥ such that d{x,.x) = 0 as
n — oo,

Definition 2.4 A d-metric space {X.d} is called complete if every Cauchy sequence is convergent.
Definition 2.5 Let (X.d) be ad-metric space. A map T: X — X is called contraction if there exists a number
Awith0 =14 <1 such that d(Tx, Ty) = Ad(x,y).

As per Branciari [5], it is straightforward to demonstrate the theorem for dislocated metric spaces.

Theorem 2.1. Let(X.d} be a complete metric space for a € (0,1). Let T: ¥ — X be a mapping such that
for all x,y € X satisfying

Jrndl‘!'x‘!'_'l.'l

odt < a [0 o) dt,

where @ : B* —R*is a Lebesgue integrable mapping which is summable on each compact subset of R,
. L]
non-negative and such that for any s = 0, [, @(t)dt = 0.

Definition 2.6 Let S and T be two self mappings on a set X. Mappings S and T are said to be
commuting if 5Tx =TSxvx e X.

In alignment with Sessa [25], we present the concept of weakly commuting mapping in the following manner.
Definition 2.7. Let S and T be mappings of a dislocated metric space (X.d) into itself. Then (5, T} is said to be
weakly commuting pair if

d(STx,TSx) < d(Tx,5x) forall x € X.

Obviously, a commuting pair is weakly commuting but its converse need not be true as is evident from the
following example.

Example 2.1. Consider the set ¥ = [0,1] with the usual metric d(x.y) = llx— yll. Let Sx = Zand Tx = —— , for
every x € X. Then, forall x e X

5Txr = —and TSx = —
4+2x 4

+X

Hence, 5T = T5. Thus, 5 and T do not commute.

Again, d(5Tx.TSx) = “ . .1+x||

442x
2

T la+x)a+zx)

==X —4(5x.Tx)
4+2x 2 Z+Xx

and thus, 5 and T commute weakly.
Obviously, the class of weakly commuting is wider and includes commuting mappings as subclass.
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In accordance with Jungck [11], we present the concept of compatibility as follows.

Definition 2.8. Two self mappings S and T of a complete dislocated metric space (X.d jare compatible if and
only if lim J’;’"\”"'T’\x"lqp{t] dt = 0 whenever {x,} is a sequence in X such that lim Sx, = lim Tx,, = ¢ for
some t g X.

In accordance with Jungck-Rhoades [10], we present the concept of compatibility as follows.

Definition 2.9. Let 5§ and T be self maps of a set X. If w = fx = gx for some x in X, then x is called a
coincidence point of £ and g, and w is called a point of coincidence of f and g.

Definition 2.10. [12] Let A and S be mappings on d-metric space (X, d7, then A and S are said to be
weakly compatible mappings if they commute at their coincident points such that Ax = 5x implies
ASx = 5Ax.The point x € X is called coincident point of A and S. It is easy to see that compatible mapping
commute at their coincidence points.

Lemma 2.1. ([13]): Let A and E be weakly compatible self maps of a set X. If A and E have a unique point of
coincidence w = Ax = Ex, then w is the unique common fixed point of 4 and E.
Example 2.2.

Let X = [0, 3] be equipped with the usual d- metric space d{x.y) = |x — yl.
Define S, T: [0, 3] — [0, 3] by

Sy = I.r. x e [0.1) 3—x xel0l)
“l3xe[L3] 3 xe[L3]

Then for any x & [1.3], 5Tx = TS5x, showing that S and T are weakly compatible maps on [0, 3].

and Tx = {

Proposition 2.1. Let S and T be compatible mappings from a d-metric space (X.d] into itself. Suppose
that

lim Sx, = limTx, = x for some x € X.

fMl—tos Ml—too

if S is continuous then lim T5x, = 5x.

M—es

Theorem 2.2. Let (X.d) be a complete d-metric space and let T: X — X be a contraction mapping, then
T has a unique fixed point.

Definition 2.11. The function @ : R* —R* is called sub additive integrable function if and only if for all a, b €
H+
[P oo dt = [£ o at + [} ol dt

Example 2.3. Let d(x, y)} = |x — yland () =— forall £ = 0. Then forall a.b € R*,
L+t
a+b dr . a dt ) b de )
[ m:{n{n+b+l].fnm={n{n+u.fnm:{n{.{:+i].
Sinceab = 0.thena +b+1=a+b+1+ab={(a +1Mb +1).

Therefore, Inla + b + 1) =inla + 1)(b + 1) = Inla + 1) + In(b + 1) This shows that ¢ is an example of sub
additive integrable function.

Definition 2.12: Let S and T be two self mappings of a d-metric space {X.d}. We say that S and T satisfy the
property (E.A) if there exist a sequence {x,1 such that

lim 5x, = lim Tx, = u, forsome x € X.
11— ==

N—oo

Definition 2.13: Let S and T be two self mappings defined on a d-metric space (X.d). We say that the

mappings S and T satisfy the common limit in the range of S (CLRs) property if there exists a sequence {x,} in
X such that

lim S5x, = lim Tx, = 5x,forsome x € X.
f—oc

M=o
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3.Main Results

Theorem 3.1 Let (X, d) be a complete dislocated metric space. Let A,B,5. T.P.Q:X — X satisfying the
following conditions

(i) AB(X) = @(X) and ST(X) € P(X) ..(3.1)
(ii) The pairs (AB, P} or (5T, @) are weakly compatible. - 3.2
(iii) The pairs (AB. P) satisfy (CLR,z ) or (5T. @) satisfy (CLR.) property,
(v) S owar < a 7T owar+ g0 P owar+y [ o) dt

u 5P o ar + 6 1Y o) ae ..(33)

forall (x.y) eX =X and . B.y. 6=z 0With0 2 a+P+y+u+d<1l a+2f +2y+2u+ 6= land
2a+ 2+ v+ u+ 6= 1where @R* — R* is a Lebesgue integrable mapping which is summable, non-
negative and such that

f; o(e)dt = 0 forall e= 0. ...3.9)
If any one of AB, ST, P and Q is continuous for all x,y £ X, then AB, ST, P and Q have a unique common
fixed point in X. Furthermore, if the pairs (A, B), (A, P), (B, P), (S, T), (S, Q) and (T, Q) are commuting mappings
then A, B, S, T, P and Q have a unique common fixed point in X.

Proof.

Assume that the pair (4B, P satisfy (CLR,z) property, so there exists a sequence {x»} € X Such that
lim ABx, = lim Px, = ABx ...(3.5)
=== M=
For some u £ X. Since AB (X} = @ (X}, so there exists a sequence {y,} £ X such that
lim ABx, = iLim Qv, = ABx. ...(3.6)

M=o

We claimthat lim5Tx, = ABx.From condition (3.3), we have
M=o

JFDd'f‘Bxlzt\"TJ-'u'E{t]dt = o andlpxlz'ﬁsxlzla{t]dt_l_ E _IFDH’IQ}I':‘\T}I“IB(t]dt + }’_Iﬂndlpx“'mlulﬁ{t]dt
-|—I|l_,| JdeIPx|: -\Tlllglm{t] dt+£JrDﬂ,l:ﬁEIu'Q}'u:G{t]dt _____ (37)
Taking limit as n — oz, we get
ym Jrndlﬁsxu.\?‘}'n:'la{ﬂdt < n'r|;im J,Dn’l.quu“:an,'G{t:l dt + Erl||.m J,Dn’lr?l'lz.\?'}'mg{t] it
+y Jﬂndlpxlz IQ}II:IG{{'] n’t-|—l.ur|;im J,Dn’lpxun\?'}'l:ng{t]dt
+81im [ o) g —(38)
Since
FI:.im dPx,.Qv,) = iLim d(Px,.ABx_ ) = r{imd{r’leﬁ.QJ-‘n] =10
iLim d{ABx,.5Ty,) = r{imd{AB.r.STjrn] = r{imd{ST’yﬁ.QJ-‘ﬁ]
Hence
rl;im Jpndlﬁsx.\?'}'lg'g{t]dt = ':]"+.“] ilim rﬂdlﬁﬂx.\?‘}'mg{ﬂ dt’
which is a contradiction, since (¥ + u) = 1.
Therefore, lim [RAETE ) e = 0 = limd(4Bx,STy,) = 0 = limSTy, = ABx.

Since ST{X) = P(X), so there exists a sequence x,, € X such that 5Tx, = Px,. Hence, we have
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limABx, = limPx, = lim 5Ty, = limJy, = ABx
11— == 11— = Fl—s =

|

Assume AE(X) < Q(X), then there exists v € X such that ABx = Quv.

We claim that 5T+ = @v. Now from condition (3.3), we have

J.-ci'l v ST dlPx, .

ol ST d [Py . i
Jp AR X ATE By, AR X, . G{t]dt+yfn v G{t]dt

A olt)dt < a [ plt)dt + B

dlP X, ST
+uly

ol T gt}
ulf, olt)de+g [

eltddte e (3.9)
Since

Lim d(Px,.5Tv) = d(ABx,5Tv) = d{Qv, 5Tv)

==

limd(Px,.Qv) = limd(Px,,ABx,) = limd(Qv, ABx,) =0
=== N—=

M=o
So, taking limit as n — == in (3.9), we conclude that

J.-d'c?zs.\?'zs'

0 odt< (B + ) [F O

5 olt) dt, ... (3.10)

which is a contradiction, since ( + u) = 1.

dioe sTE
Hence, f; =" o(f)dt = 0= d(Qu,STv) = 0= Qv = 5Tv.

This proves that 1 is the coincidence point of maps Q and ST.

Therefore, v = 5Tv = ABx = w (Say).

Since the pair (5T, Q7 is weakly compatible, so 5TQv = Q5Tv = STw = Qw.

Since ST{X) < P(X), there exists a point « € X such that STv = Pu. We show that
Pu=ABu =w

From condition (3.3), we have

di AT i | d o 5T d (D, ond)
JFD ABu STE o(F) dt < nrJ’D Pu ABu o(t) dt + 3 J:;. QUATY Eﬁ':ﬂdt-l-]r’fn PG o(t)dt
dlPu, ST ar. o)
ruly T o0de + 6 0y T olar
disTr.AFul dI5Te STr) dSTRSTY)
=al; oltldt + £} o(t)dt+y [, o(t)dt
dIsTrsTE) di STl
T e dees [y ol de
dlABu ST
=(a+28+2y+ 2048 [ e®d. . (3.11)

which is a contradiction, since e + 2B + 2y + Zp + 6= 1

Therefore, [} """ o(¢) dt = 0 = d(ABu,5Tv) = 0 = ABu = S5Tv.
ABu = 5Tvr = Pu = w.
This proves that u is the coincidence point of the maps AE and P.
Since the pair {AB. P} are weakly compatible so, ABPu = PABu = ABw = Pw.
We claim that ABw = w.
From condition (3.3), we have

dlABwW STl

dlagwwl
[ a@de = [ o(e) dt
d [Pw.ABw ) dlge.sTe) dlow,ger)
<af ode+ gl T o@dr+y [T olt)dt
diPw 5T di ABW.Qu)
+u [T ode+ 6 [ e ar
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d5Tw.sTwl

o(dt + B,

dlABw, 5T d{ABW ST

+ufy olt)dt+ & [, “olt)dt

dlAaBw ST

= g [ A o(e)dt +y |, olt) dt

dlaBw ST

=2a+2B+yv+u+dl o(t)dt, --(3.12)
which is a contradiction, since 2a + 2B + v+ u+ & = 1.
i ABW 5T
Hence, [ =" p(t)dt = 0 = d(4Bw.w) = 0 = ABw = w.
Similarly, we obtain 5Tw = wr.

ABw = 5Tw = Qw = Pw = w.
Hence, w is a common fixed point of four mappings AE, 5T.F and Q.
Uniqueness:
Let z(= w) be other common fixed point of the mappings AE, 5T. P and @, then by the condition (3.3)

diw=l dl ATl
Y oy de = [7 7 (o) dr

= ﬂJpDI:I".PH‘..":BH" J,u’lr;lz.\?'zl

o(t)dt+ 8 [ olt)dt +y Jflpw'qz' o(t) dt

dlPw sTz)

+ul; o) de+ 6 [7“7 % o(t)ar

=aff " o@adt+ gL o®adr+y [ o) dt

dluwrzl Wz}

+ufy T olddt+ [ oldat
—@a+2B+y+u+s)fy " oldat,

which is a contradiction, since 2o + 2B + v+ p+ 8 = 1.
diw.zl
Hence, [~ o(ldt=0=dw,z2) =0=>w ==z

This establishes the uniqueness of the common fixed point of mappings AE.5T.P and . Finally, we prove
that w is also a common fixed point of A, B, S, T, P and Q.
Let both the pairs {AB. P and {5T. @) have a unique common fixed point u.
Then,
Aw = A(ABw) = A(BAW) = AB(Aw), Aw = A(Pw) = P(Aw)
and Bw = B(4Bw) = B(A(Bw)) = BA(Bw) = AB(Bw), Bw = B(Pw) = P(Bw),

which implies that {AB.P)} has common fixed points which are Aw and Bw. We get thereby
Aw = w = Bw = Pw = ABw.

Similarly, using the commutativity of (5, TJ, (5, @) and (T, @}, 5w = w = Tw = Qw = 5Tw can be shown.
Hence Aw = Bw = 5S5w = Tw = Pw = Qw = w.

Consequently, w is a unique common fixed point of A, B, S, T, Pand Q.

If we put AB = A, ST = B in Theorem (3.1), we get the following, which generalize the result of Panthi and
Kumari [19] in dislocated metric spaces.

Corollary 3.1. Let (X.d) be a complete dislocated metric space. Let A.E.FP.Q: X — X satisfying the
following conditions

(i) A(X) = @(X)and B(X) S P(X)
(if) The pairs {A. P} and (B. Q7 are weakly compatible.
(iii) The pairs (4. P satisfiy (CLR,) or (B, Q) satisfy (CLRz) property

A [gv.Bv) d [ Px.ond
(iv) gv.By E¥al

dl rl dl |
[ o o dt + v olt)ds

: o(tddt < a [ o)t + B Jy

dl ] ArAx.0v
+ufy T e@dr+ s [y oat,
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forall (x,y) eX=xX and . B.y. 6=z 0 wWith0=a+B+y+u+8=<1, a+ 2 +2y+ 2u+ &= land
2a+ 2+ v+ u+ 5= 1where @R* — R* is a Lebesgue integrable mapping which is summable, non-
negative and such that

[; o) dt = 0 forall e> 0,

then the mappings A, B, P and Q have a unique common fixed point in X.
If we put A=B in the above Corollary 3.1, we can obtain the following corollary easily.

Corollary 3.2. Let {X.d3} be a complete dislocated metric space. Let 4,P.Q:X — X satisfying the
following conditions

(i) A(X) € Q(x)and A(X) S P(X)
(if) The pairs (A. P} and (4. Q) are weakly compatible.
(iii) The pairs {A. P} or (A, @) satisfy (CLR,) property

dlAx.Ay) dlPx.Ax)

(IV) .IF[:. G':ﬂfft = o -IF[:' dl P )

oodt+ 8 [P o(0adt + olt)dt
+u [T o ae + 6 [ o(e)at,
forall (z,y}eX=Xand aByv.é=z0wthl=a+p+y+p+d=1 a+2 +2y+2p+4&=1land
2a+ 2B+ v+ n+ 6= 1where @:R* — R* is a Lebesgue integrable mapping which is summable, non-
negative and such that
fDE gltlde = 0 forall e= 0,
then the mappings A, P and Q have a unique common fixed point in X.
If we put P=Q in the above Corollary 3.1, we can obtain the following corollaries easily.

Corollary 3.3. Let {X.d3} be a complete dislocated metric space. Let 4,B.P:X — X satisfying the
following conditions

(i) AX) = P(X)yand B(X) S P(X)

(if) The pairs (A, P} and (B, P are weakly compatible,

(iii) The pairs (A, P) satisfy (CLR,) or (B, P) satisfy (CLRg) property,

dlAx By P Ax) dl Py By (P Py

(iv) [ eltldt = a [ olthdt + 8 |, o(t)dt + ¥ Jf o(t)dt
+.“ Jan’IPx.B}'I B{t] dt + andlﬁxf}':ﬁ{t]dt

forall (x,y)eX=xX¥and afy.8=z0wWithl0=a+f+y+pu+d=<l a+t2f +2y4+2p+86=1and
a4+ 28+ v+ u+ 8= 1where @:E* — R* is a Lebesgue integrable mapping which is summable, non-
negative and such that

fDE o(t)dt = 0 forall e= 0,

then the mappings A, B and | have a unique common fixed point in X.
If we put A=B and P=Q in the above Corollary 3.1, we can obtain the following corollaries easily.

Corollary 3.4. Let (X.d) be a complete dislocated metric space. Let 4,FP:X — X satisfying the following
conditions

(i) AlX) S P(X)
(if) The pair (4., P} is weakly compatible.

(iii) The pairs (4. P satisfy {(CLR,) property
(IV) de'.-Lr.-l_'l." dlPx.Ax)

dl Py Ay)
N B(Hdt < a .

dlexpy)
. o dt+y [,

o(t)dt + B glt)dt

dl " i )
ruly T o@ar+ 6 [ o) at

forall (x.y)eXxXYanda.By.dz0with0 Z=a+f+y+pu+d<sla+2B+2y+2p+8=21and
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2a+ 2B+ v+n+86=1, where @R* = R* is a Lebesque integrable mapping which is summable, non-
negative and such that

[y @(t)de = o forall e= 0,

then the mappings A and | have a unique common fixed point in X.

Now, we establish the following theorem for six mappings involving Ciric’s[6] type contractive
condition using the concept of weak compatible mappings , commutativity with (CLR) property in complete
dislocated metric spaces.

Theorem 3.2 Let (X.d) be a complete dislocated metric space. Let 4. B.5 T.I.J: X — X satisfying the
following conditions

(i) AB(X) € J(X)and ST(X) < I(X), ... (3.13)
(if) The pairs (AB.I) and (5T.]) are weakly compatible,
(iii) The pairs (AB,I) satisfy(CLR,5 ) or (ST.]) satisfy (CLR.;) property,

I

@) i owar <k ;" oloat, k € [0.2) . (3.14)

for all {x, v} € X = X where @: R* — RE* is a Lebesgue integrable mapping which is summable, non-negative and
such that

f; o(e)dt = 0 forall e= 0, ... (3.15)

Mx.y) = max{dUx.Jy), dUx. ABx).d(Jy.5Ty).dUx.5Ty).d{Jy.ABx)}. ... (3.16)

Then the mappings AB, ST, | and J have a unique common fixed point in X. Furthermore, if the pairs (A, B), (A, 1),
B, D, (S,T),(S,J) and (T, J) are commuting mappings then A, B, S, T, | and J have a unique common fixed point
in X.
Proof:

Assume that the pair (4B, I satisfy (CLR,) property, so there exists a sequence {*»} € X Such that

lim ABx, = rl|im Ix, = ABx ... (317)

M=o

For some x € X. Since A(X) = 5(X), so there exists a sequence {y,} € X such that
lim ABx, = i‘Eim v, = ABx. ...(3.18)

=iz

We claim that ilim.S'T.rﬂ = ABx

From condition (14), we have

J.-d'}‘:Bxu ST Wl MLy

X olt)dt <k | o(t)dt, ... (3.19)

where
Mx,.v,) = max{dUx . Jyv, ). dUx ABx ). d(J v, 5Ty, ) dUx,. 5Ty, ). d{J y,. AB x . )}

Taking limit as n — oz, we get

WXy

. dLAR X, ST ¥yt
lim fn ' '

M=o

o(t)dt < k lim [, olt) dt ... (3.20)
===

Since
FI:.Em d xp.Jy,) = iLimn’{J'.Jr:n..--‘JE’_Jr:n:I = i’l|im d(Jy, ABx,) =0

limd{ABx,. 5Ty,) = Aimd{ﬂﬁx..ﬂ'rj‘n] = r{imd{ﬂ'ﬁ'ﬁ.h‘n]

M=o

Hence, we have

dl ST ¥ [ ST V)
lim [ AT o),

M=o

I d
o(tddt < 2k lim
o

which is a contradiction, since k £ [Ufj
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Therefore, #L@:duax.sr;h] = 0= lim 5Ty, = ABx.
Now, we have

am ARy = Jimlxy = i STy, = Jimfyn = ABx
Assume AB (X} = J(X), then there exists v € X such that ABx = Jv.
We claim that 5Tv = Jv.

Now from condition (14), we have

J.-d'lf:sx,,.\?'zsl o()dt < kJFMI:x':'HG':t]dt, ...(3.21
o o
where

Mx, 1) = max{dUx,.Jv),dUx . ABx, ) d (v, 5Tv), dx . 5Tv). d(Jv, ABx )},
Since rl||._.ﬂ="]= d{lx,.5Tv) = d{ABx, 5Tv) = d{Ju. 5Tv)

limd{Jx,,Jv) = limd(x,, ABx,) = limd{Jv,ABx,) =0
A—soc A== fl—=

So, taking limit as n — c= in (3.21), we conclude that

dl e 5Tw) dl for 57wl
N olt)de = 2k [, olt) dt, ...(3.22)

which is a contradiction since k = [Uf)

Hence, d{ju,5Tv) = 0 = Ju = STwv.

This proves that v is the coincidence point of maps J and ST.

Therefore, Jjv = 5Tv = ABx = w (Say).

Since the pair (5T, is weakly compatible, so 5Tjv = J5Tr = 5Tw = Jw.

Since 5T(X) = I(X), there exists a point u € X such that 5Tv = Ju. We show that
Iu =ABu = w

From condition (3.14), we have

dleges)

dlABu STw)
N oltldt < k [

o(t) dt,
where,
Mu, v} = max{dUu, Jv), d{lu, ABw).d(Jv.5Tv). d([u.5Tv).d(Jv. ABul}
= max{d(5Tv, 5Tv), d(5Tv,ABu),d (5Tv,5Tv), d (5Tv, STv), d(5Tv, ABu) }

= max{d(5Tv,5Tv), d(5Tv, ABu)}
Hence we have

mee (d(STesTr) d(5Te.ABull

o(e)de < k [
Since d{5Tv,5Tv) = 2d(5Tv, ABu)
So if max{d (5Tv, 5Tv), d(5Tv, ABu)} = d(5Tv. 5Tv) or d(5Tv, ABu),

we get the contradiction since

d (ABu STV d (AU ST
T ode < 2k [T ole) dt

dl ST
fameT ol(F) de,

dlARu, 5T dlARu ST

o plt)dt <k Jj o(t)dt

Therefore, d{ABu.5Tv) =0 = ABu = 5Tv.

ABu = 5Tv = Tu = w.
This proves that u is the coincidence point of the maps AE and I.
Since the pair (AB.I} is weakly compatible so, ABIu = JABu = ABw = Jw.
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We claim that ABw = w. From condition (3.14)

J.-dlAEw.wl dlABw ST
o

o®)dt = | oWdt <k [, " olt)dt,

where

M (W, V) = max{d(Iw, ), dllw, ABw), d(Jv, 5Tv), d{lw, STv), d (Jv, ABw)}
= max{d{ABw,w), d(ABw, ABw), d(ABw,w), d{ABw.w), d(ABw, ABw)}
= max{d(ABw,w), d(ABw, ABw]}

J,m.:x [dlazwwl.d (A5w.A5wl]}
v

Hence J’:'m‘w plt)de <k Bit)dt

Since

dlABw, ABw) =< 2d(ABw,w)
So if max{d(ABw, w), d{ABw, ABw)} = (ABw,.w) or d{ABw, ABw)
we get the contradiction,

dlABw W)

. dlAgwwl
since  f; " o(0)de < 2k f, o) dt
dl vowl) dl v
or [T e@ar<kfy T oloat,

which is a contradiction since & = [05)

Hence, d{ABw,w) = 0 = ABw = w.

Therefore, w = ABw = [w. Similarly, 5Tw = w = Jw.
Hence, w = ABw = STw = Iw = Jw.
This represents that « is a common fixed point of the mappings AB. ST.I and |.

Uniqueness:
If possible, let z(= u) be other common fixed point of the mappings, then by the condition (3.14)

[ ol de =
where

[ owae = k f)T 7 ole)at,

M(u, 2) = max{d(Tu, Jz), d{Iu, ABu), d(Jz, 5Tz), d(Ju, 5Tz}, d{jz, ABu) }
max {d(u, z), dlu, u), dz. 2), dlu, z), diz, u)}

max{d(u, z), dlu,u), dlz, 21}

maxld(uzldluuldiz=)

Hence [ % o) dt = k |, ole)dt

Since
dlu, u) < 2d{u.z) and diz, z) < 2d(z.u)

So if max{d(u.z), dlu,u), d(z.2}} = d(w. z) or d(u. u) or d{z.z) we get the contradiction,

. dlw.z) Al |
since [, odt=2kf,  olt)dt

dle,z)

dl ]
or [y eldr =k ],
which is a contradiction.

oltldt ,

Hence, dlu.z) =0 = u = z.
This establishes the uniqueness of the common fixed point of mappings AE, §T.I and | . Finally, we prove
that « is also a common fixed point of A, B, S, T, l and J.
Let both the pairs (AE. I} and {5T. ) have a uniqgue common fixed point .
Then,
Au = A(ABu) = A(BAw) = AB(Au)
Az = Allu) = I{Au)
Bu = B(ABu) = B(A(Bu)) = BA(Bu) = AB(Bu)
Bu = B(Iu) = I{Bu)
which implies that (AB.I7 has common fixed points which are Au and Bu. We get thereby
Au = u= Bu =Iu = ABu.
Similarly, using the commutativity of (5, T),(5.J)and (T.J), 5u = u = Tu = Ju = 5Tu can be shown.
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Hence
Au=Bu=5u=Tu=lu=Ju=u
Consequently, u is a unique common fixed point of A, B, S, T, I and J.

If we put AB = A, ST = B in Theorem (3.2), we get the following, which generalize the result of Panthi and Subedi
[20] in dislocated metric spaces.

Corollary 3.5. Let {(X.d} be a complete dislocated metric space. Let A.B.I.J:X — X satisfying the
following conditions

(i) AX) = J(X)yand B(X) < I(X),
(i) The pairs (A.I)and (B.]) are weakly compatible,
(iii) The pairs (A.I) satisfy (CLR,) or (B.]) satisfy (CLRg) property,

@) [y o <k ;" o)at k e [0.%)

for all (x,y) e X x X , where &:R* = R*isa L_ebesgue integrable mapping which is summable, non-negative
and such that

[y e(t)dt = o forall e= 0,
Mx.y) = max{dUx.Jy). dUx.Ax).d(Jy.By).dUx, By).d(Jy. Ax)},
then the mappings A, B, I and J have a unique common fixed point in X.

If we put A=B in the above Corollary 3.5, we can obtain the following corollary easily.

Corollary 3.6. Let (X, d) be a complete dislocated metric space. Let A.I,[J:X — X satisfying the following
conditions

(i) A(X) J(xyand A(X) € I(X)
(ii) The pairs {A.Iyand (A, ]} are weakly compatible.
(iii) The pairs (4,17 or (A4, ] satisfy (CLE,) property

i) ;e <k ;" 0@ dt ke [0.2)

forall (x.v)e X =X, where @:R* = R* is a I__ebesgue integrable mapping which is summable, non-negative
and such that

fDE gltlde = 0 forall e= 0,
Mix,y) = max{dUx,Jy), dIx, Ax), d(Jy. Ay).d (Ix, Ay}, d(Jy. Ax) }.
then the mappings A, | and J have a unique common fixed point in X.

If we put I=J in the above Corollary 3.5, we can obtain the following corollaries easily.

Corollary 3.7. Let {X.d) be a complete dislocated metric space. Let A.E.I:X — X satisfying the
following conditions

() AK) = I(X)yand B(X) S I(X)
(ii) The pairs {A.Iyand (B, I are weakly compatible.
(iii) The pairs (A, satisfy (CLR,) or (B.I) satisfy (CLRz) property

@) fi ™ o@ar <k [y oe)dt, ke [0.2)

forall (x.v)e X =X , where @ R* = R* is a Lebesgue integrable mapping which is summable, non-negative
and such that

fDE @it)de = 0 forall e= 0,
M{x.ﬂ = mﬂx{d{f.r.fy], d{f_r”..‘j_r:]lduyl By]'d{f-r-g_‘]']-d{fj‘.ﬂx]},

then the mappings A, B and | have a unique common fixed point in X.
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If we put A=B and I=J in the above Corollary 3.5, we can obtain the following corollaries easily.

Corollary 3.8. Let (X.d) be a complete dislocated metric space. Let A,I: X — X satisfying the following
conditions

(i) AX) e 1(X)
(if) The pair (A, I is weakly compatible.
(iii) The pairs (A, I') satisfy (CLR,) property

@) £ owdr =k [ o0 dt, k [05]

forall (x,v)e X =X, where @ R* — R* is a Lebesgue integrable mapping which is summable, non-negative
and such that

fDE @it)dt = 0 forall e= 0,

Mx,v) = max{d(Ix, Iv), d(Ix, Ax), d(Iy, Ay), d (Ix, Ay), d(Iy, Ax) },
then the mappings A and | have a unique common fixed point in X.

4 Conclusion

Fixed point theory is a rich, interesting, and exciting branch of mathematics. It is relatively young but
fully developed area of research. Study of the existence of fixed points falls within several domains such as
functional analysis, operator theory, general topology. Fixed points and fixed point theorems have always been a
major theoretical tool in fields as widely apart as topology, mathematical economics, game theory, approximation
theory and initial and boundary value problems in ordinary and partial differential equations. Moreover, recently,
the usefulness of this concept for applications increased enormously by the development of accurate and efficient
techniques for computing fixed points, making fixed point methods a major tool in the arsenal of mathematics. In
recent years several definitions of conditions weaker than commutativity have appeared which facilitated
significantly to extend the Jungck’s theorem and several others. In this paper, we employ the concepts of
commutativity, weak compatibility and common limit in the range (CLR) property to derive some common fixed
point theorems for six mappings satisfying integral type contractive conditions in complete dislocated metric
spaces. Our findings improve and extends some previous results found in the literature. In this way we can see that
our result is superior to many other results.

Acknowledgement. We express our grateful thanks to the Editor and Reviewer for their valuable suggestions to
bring the manuscript in its present form.
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