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Abstract

The notions of fuzzy mean e -open and e -closed sets is established. Moreover, some comparative study of these
with other fuzzy mappings are investigated. Finally, we extend fuzzy mean e -open to fuzzy para e -open sets
in fuzzy topology.

Keywords and phrases: Fuzzy minimal e-open, fuzzy mean e-open, fuzzy e- para open.

2010 Mathematics Subject Classification:54A40,03E72.

1. Introduction

Fuzzy sets were established by Zadeh [10] and the perception of fuzzy topology instigated by Chang [2] in 1968.
The ideas of fuzzy minimal (resp. maximal open) [3] sets explored in [3]. Subsequently the concepts of fuzzy mean
open set investigated by Swaminathan [9]. On combining fuzzy mean open [9] and fuzzy paraopen open [4] sets,
we extend the perception of fuzzy mean open (resp. closed) sets and from which we investigate some results.

The following terminologies “fuzzy e-open (resp.closed), fuzzy e-mean open(resp.closed), fuzzy minimal e-

open(resp.maximal), fuzzyminimal e-closed set, (resp.maximal), fuzzy
e-paraopen(resp.paraclosed) and fuzzy e-connected topological space respectively abbreviated as Fe-O, Fe-C,
FMEe-O, FMEe-C, FMle-O, FMAe-O, FMle-C, FMAe-C,

Fe-PO, Fe-PC and Fe-CTS. Entire paper F stands for fuzzy topology (F, 1)”.
2. Preliminaries
Definition 2.1. A fuzzy subset B € f is said to be fuzzy regular open [1] if p = Int [CI(B)]

The union of all fuzzy regular open sets contained in fuzzy subset € g is F e -interior of B .If § = Int3(p) then
fuzzy subset B is called F e -O [8] such that its complement is called F e -C (i.e, p = CI5(B) ).

Definition 2.2. [5] A proper nonzero F e -O set B € y is called (i) FMI e -O if
only F e -O sets contained in B. are § and 0 (ii))FMA e -O if only F e -O sets
containing pare 1 and 3 .

Definition 2.3. A FO set p € pis said to be a FPO [4]set if it is neither FMIO nor FMAO set.
3. Fuzzy e-Paraopen and e-Paraclosed Sets
Definition 3.1. A F e -O set {  f which is neither FMI e -O nor FMA e -O set is said to be F e -PO set .

Definition 3.2. A F e -C set a < f is said to be a F e -PC set iff its complement 1 — o is
F e -PO set.

Remark 3.1. The converse of the statement: Every F e -PO set (resp.F e -PC ) is a FO set(resp.FC set). Need not
to be true proven by following example.

Example 3.2.
Remark 3.3. Union (resp.intersection) of F e -PO (resp. F e -PC) sets need not be F e -PO
(resp. F e -PC) set.

Theorem 3.4. Let p be a FTS and o be a nonempty proper F e -PO subset of ¢, then 3a FMI e -O set { with { <
a.

Proof. Clearly { < o as per the FMI e -O set definition.

Theorem 3.5. Let o be a nonempty proper F e -PO subset of a FTS f, then 3 a vy
FMA e -Osetwitha <y .

Proof. Clearly a <y as per the FMA e -O set definition.
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Theorem 3.6. Suppose that g is a FTS, then

(YcaC=0or{<gforanyFe-POcandaFMle-Oset{.(iijgvi=1org
<A forany F e -PO cand a FMA e -O set A . (iii)Intersection of F e -PO sets
is either F e -PO or FMI e -O set.

Proof. (i) Forany Fe -PO setgand a FMIl e -O openset {inf. ThencAL=00rgA{#0.1fgA (=0, then
proof could be over. Assume C A C # 0 . Then we write
cACisaFOsetandgA{<{.Hence(<g.

(i) For any F e -PO set ¢ and a FMA e -O set & in . Then ¢ vV § = 1 or ¢ V & # 1.
If gv =1, then proof could be over. Assume ¢V & # 1. Clearly, v yisaFOsetand y<gVy.Henceyisa
FMAe-Oset,gvy=yimpliesg<y.

(iii)Letgand EbeaFe-POsetsinf. If ¢ A &isaF e -PO set, then proof could be over. Suppose ¢ A & is not a
F e -PO set. By definition, c A Eisa FMI e -O or FMA e -O set. If ¢ A & isa FMI e -O set, then proof could be
over. Suppose G A & is a FMA e -0 set.
Now ¢ A & < ¢ and ¢ A & < & contradicting the fact that ¢ and & are F e -PO sets.
Hence, cA&isnota FMA e -O set. (i.e.) gAEisaFMI e -O set.

Theorem 3.7. A subset A of a FTS yis F e -PC iff it is neither FMA e -C nor FMI e —C set.
Proof. The complement of FMI e -O set and FMA e -O set are FMA e -C set and FMlI e -
C set respectively.
Theorem 3.8. Let A be a nonempty F e -PC subset of a FTS . Then 3 a FMI e -C set y with y < A .
Proof. Clearly by FMI e -C set definition , it follows that v < A.
Theorem 3.9. Suppose that A is a nonempty F e -PC subset of FTS fthen 3 a FMA e -C set k such that A < « .
Proof. Clearly by FMA e -C set definition, it follows that A < k.
Theorem 3.10. Suppose that g is a FTS then

(()xAn=0orn<kforanyFe-PCsetkand FMle-Csetn. (iij)xVv{=1or

k< (forany Fe-PCsetkand FMAe-Cset(.

(iii) Intersection of F e -PC sets is either F e -PC or FMI e -C set.
Proof. (i) Suppose that k isaF e -PC andnisa FMI e -C setin . Then (1 — k) isF e -PO and (1 —n) is FMA
e -0 setin f. Then by Theorem 3.6 (ii) (1 —x) V(1 —m)=fFor (1 —«x) <(1—n)implyingl—(kAn)=1orn<
k.Hence,k An=00rn<k.
(if) Suppose that « is a F e -PC and { is a FMA e -C set in fp. Then (1 — «x) is
Fe-POand (L) isFMIle-Osetsing. Then by Theorem 3.6(i)) (1 —k)A(L - =0o0r1-{<1—«implying
1-(kv{=0o0rk<{.Hence,kv{=1lorx<¢.
(iii)Suppose that k and EisaF e -PC setsin g . If k A E is a F e -PC set, then proof could be over. Suppose k A
gisnotaF e -PC set. Then clearly, kx A & is FMI e -C or FMA e -C set. Suppose k A & is a FMI e -C set, then
proof could be over. Suppose k A Eisa FMA e -C set. Now k <k A & and & < k A & a contradiction for x and &

are F e -PC sets. Hence,
kAEisnotaFMA e -Cset. (i.e.) k AEisaFMI e -C set.

4. Fuzzy Mean e-Open and e-Closed Sets

Definition 4.1. AF e -O set y c fis said to be a FME e -O set if 3 o1, o1(# y) two distinct proper F e -O sets
such that 0l <y < 2.

Remark 4.1. It could be understood from the succeding example that the union and
intersection of FME e -O need not be FME e -O sets.

Example 4.2. Letp= {X,¥,z, W}. Then  fuzzy sets
ol = {(0.5, X), (0.4, ¥), (0.4, 2), (0.5, w)} ;
2 = {(0.5, X), (0.4, ¥), (0.6, 2), (0.5, w)} ;
®3 = {(0.5, X), (0.6, y), (0.4, 2), (0.5, w)}
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and o4 = {(0.5, x), (0.6, y), (0.6, 2), (0.5, W)} of the fuzzy topology t = {0,
ol, ®2, 3, o4, 1} . Hence ©2 and »3 are FME e -O sets but their union 2 vV ®3 = 4 and intersection
®2 A ©3 = ol are not FME e -O sets.

Definition 4.2. A Fe-Csetvcypissadtobe a FME e -C set if two F e -C sets
El#EL(#v)suchthatEl <v<&2.

Definition 4.3. A F e -O set £ c g which is neither FMI e -O nor FMA e -O set is said to be F e -PO set where
its complement is known to be F e -PC set.

Theorem 4.3. A F e -O set of a fts is a FME e -O set iff its complement is a FME e -C set.
Proof. By deploying definition 4.1 for any FME e -O set y in  we have ol < y < ©2

implyingthat 1 —@2<1-y<l-—wl.Clearlyl-02+#0,1-yandl—wl#1—y,1.Hencel—yisaFME
e -C set.

Conversly, Let 1 —y is a FME e -C set for any FME e -O set y in f . By definition 4.2, Fe -C sets E1# #0, 1 -
vy and & # 1, 1 - wy such that & < 1 - vy < & implying that
1-82 <y<1-E&1.As&#0,yand1—-ELl+#wy,1;yisaFMEe-O set.

Theorem 4.4. A proper F e -PO set is a FME e -O set and vice-e-versa.
Proof. The proof of necessary part is obvious by theorem 1.7 [9].

Conversely, let v be a proper FME e -O set in p . Then two F e -O sets {1 # {2 such that
{1 <y < {2 . Clearly y is neither FMI e -O nor FMA e -O set as (1 # 0, v and (2 # vy, 1 .
Asy #0,1, yisaproper F e -PO set.

Theorem 4.5. A proper F e -PC set is a FME e -C set and vice-e-versa.
Proof. The proof of necessary part is obvious by theorem 1.10 [9].

Conversely, let 8 be a proper FME e -C setin . Then two F e -C sets vl # v2 # 9 such that vl <3 <v2 . Clearly §
is neithera FMl e -CnoraFMA e -Csetasvl #0,9andv2#1,9. As8#0, 1, 3 is a proper F e -PC set.

Theorem 4.6. ([5]) Let f be a fts.

() IflisaFMle-Oand&isaFe-Osetsing,then{AE=0o0r<§&. (ii)If {and x are FMI
e-Osets,then{AE=00r{=&.

Theorem 4.7. ([5]) Let F be a fts.

() IfCisaFMAe-Oand&isaFe-Osetsiny,then{vE=1or&<(. (ii)If and x are FMA
e-Oset, then{vk=1or{=x.

Theorem 4.8. If £E1 is a FMA e -O set and &2 is a FMI e -O set of a fts f, then either £2 < &1 or f is fuzzy e —
disconnected.

Theorem 4.9. LetaF e -CTS pcontainaFMA e -O set (2, a FMI e -O set {1 # (2 and a proper F e -O set & # (1, (2
. Then exactly one of the succeeding could be true on  :

(i)EisaFME e-Osetwith (1 <&<(2.
(ifl<1l-&<2.

@iyl <gdvéE=1land2AE#0.

(iV)E<(2,1A2=0and {1V 2#1.
Proof. By deploying theorem 4.8, a FMI e -O set {1 < {2 a FMA e -O set. This implies either {1 <&or {1 AE=0
and E< 2 or {2 v &= 1. Hence the feasible combinationsare (i) (1 << (2, (i) 1AE=0;2vE=1, (i) (1<
E;02vE=1,(ivVICInE=0andE<(2.
Clearly {1 <1—-&<2if (ii) is true. Also, 0 #{1 <1 A Eas {1 < {2 and (iii) istrue. Again {1V E<{2+#1as(l
< {2 and (iv) is true.
Case(l): As (i) and (ii) are true, then {1 <&V (1 - &) <Q2and L1 <EA(1-§) <C2.Asll<Ev(l-¢<g2(l
< 1 < 2 then Q2 = 1, an absurd result.
Similarly, for {1 <& A (1 — &) < {2 we get {1 = 0, an absurd result.
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Case(ll): As both (i),(iii) are true, then § < {2 and {2 v £ = 1 gives {2 = 1, an absurd result.
Case(l11): As both (i),(iv) are true, then {1 < &and {1 A £ =0 gives {1 = 0, an absurd result.
Case(1V): As both (ii),(iii) are true, then {1 <1 — & and (1 < £ gives {1 = 0, an absurd result.
Case(V): As both (ii),(iv) are true, then 1 — £ < {2 and & < (2 gives {2 = 1, an absurd result.

Case(VI): As both (iii),(iv) are true, then {1 < £ < {2, 2 v E=1and {1 A & =0 . Clearly
2 =1a &< 2 and 2 v & = 1 a contradiction. Simlilarly, we get {1 = 0 as {1 < & and
{1 A & =0 a contradiction.

Theorem 4.10. Leta F e -CTS g contain a FMA e -C set v2 , a FMI e -C set v1 with v1 #v2 and a proper F e -C set
B #v1, v2 .Then any one of them could be true on f :

(i) pisa FME e -C set such that vl < <v2.
(ii)vl<l-Pp<v2.

(i) p<v2,viABp=0andvlvp+1
(iv)vl<B,v2vp=1landv2AB#0.

Proof. Let p be a F e -CTS containing 1 —vl,aFMAe-Oset; 1 —v2aFMIle-Osetand 1 —  a proper F e -O set
suchthatl —vl#1-v2and1-pB#1-vl,1-v2.Bydeploying Theorem 4.9, any one of them could be true:

(1) For any FME e -O set 1§ we get vl < B < v2 as 1-v2 < 1 < 1-vl , Hence, B is a
FME e -C set.

(i) Clearly,vl<l1-pf<v2.asl-v2<1-(1-B)<1l-vl

(iii) If 102 < 1-f; (1-v1) v (1-B) = L and (1-vl) A (1-P) # 0 then p <v2;viAB=0and vl Vv p # 1.

(iv) If1-B <1-vl; (1-v2)A(1-B) =0and (1-v2) v (1-B) #L then vl < B; v2vp=1and v2 AP #0.
Theorem 4.11. Let two distinct FMA e -O and FME e -0 sets in . Then intersection of
the two FMA e -O sets is nonzero.

Proof. By deploying theorem 4.7, k1 v «2 = 1 for any two distinct FMA e -O sets k1 and k1 in . Let c be a FME
e -O set in a fts  then o is neither FMA e -O nor FMI e —O such that, ¢ # k1, k2 and o # 1 . By Theorem 4.7, we
get c = k1l or c \% k1 = 1 and c = K2 or
o V k2 = 1. The feasible combinationsare (i) c $xlandc Fx2, (ilc FxlandovVk2=1, (iiilc = x2and o
vVkl=1and(iv)ovkl=1and oV k2 =1. Case (I): Obviously true.

Case (I): By assuming o A k2 # 0 ,we have to prove that k1 Ak2#0.Asc Ak2#0and ¢ = k1, then there
exists xa € «x1 such that Xxa # 2 . Since o V x2 = 1 xa € «2
So, k1 A k2 #0.

Case (111): Similar to previous case.

Case (IV): Asovikl=1,cvk2=1implythatoc v (k1 Ak2)=1thenc=1ifkl Ax2=0.Againkl Ax2#0
aso£1.

Theorem 4.12. Let two distinct FMI e -O and FME e -O sets in . Then union of the two
FMI e -0 sets is not equal to 1.

Proof. By deploying theorem 4.6,we have x1 v x2 = 0 for any two distinct FMI e -O sets
k1l , k2 in a fts . Let ¢ being a FME e -O set in f, then it is neither FMA e -O nor
FMI e -O. Hence, 6 # k1, k2 and 6 #£0, 1 . By theorem 4.6, we getkl Scorc Akl =0and k2 S c0Orc A«2 =
0. The possible combinationsare () k1l Scandx2 o, (l)xl ScandoAx2=0,(Illk2Ecandc Akl =
Oand (IV)oAxkl=0andoAx2=0asc #1.

Case I: Obviously, if k1 £ o and k2 = o then k1 v k2 # 1.
Case I1: Suppose that 6 V k2 # 1. Since k1 % o, then there exists xa € o such that xa # 1.

As 6 AN k2 = 0 ; clearly xa # x2 . Hence, xa # «x1, 2 imply that «1 v 2 # L
Case I1I: Similar to previous case.

Case IV:Aso Akl =0;0 Ax2=0implythatc A (k1V«k2)=0thenc=0ifklVv k2= .
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Clearlyxlvk2+#1lasc#0.

“On combining theorems 4.11 and 4.12, we get theorems 4.13 and 4.14 and the proofs succeeded by theorems
4.11 and 4.12.%

Theorem 4.13. Let k and g be distinct FMA e -C and FME e -C sets in a FTS respectively. Then the intersection
of two FMA e -O sets is nonzero.

Theorem 4.14. Let { and & be distinct FMI e -C and FME e -C sets in a FTS respectively. Then the union of two
FMI e -C sets is not equal to 1.
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