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Abstract

The aim of the paper is to introduce the notions of fuzzy maximal and fuzzy minimal o -clopen sets in fuzzy
topological spaces. The notions of fuzzy maximal and minimal o -clopen sets are respectively independent to the
notions of fuzzy maximal and fuzzy minimal a -open (resp.closed) sets. Further, fuzzy maximal o -clopen and
fuzzy minimal a -clopen sets are discussed using fuzzy o -disconnectedness.
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1 Introduction

The idea of fuzzy sets introduced by Zadeh[7]. Chang introduced the notion of fuzzy topology in [1]. The notions
of minimal open, maximal open, minimal closed, maximal closed sets introduced by Nakaoka and Oda in [3] and
[4]. The notion of fuzzy minimal open[6] set explored by Swaminathan and Sivaraja. In [5], Sankari discussed
some properties of fuzzy minimal a -open and fuzzy maximal a -open sets and shown that if a fuzzy topological
space having both fuzzy minimal o -open and fuzzy maximal open set, then it may be fuzzy o -disconnected. With
respect to the theorem 2.9 of this current paper, it reveals that a fuzzy set which is both fuzzy maximal o -clopen
and fuzzy minimal o -clopen set satisfy not only the disconnectedness of the fuzzy space but also a fuzzy set
which is both fuzzy maximal a -clopen and fuzzy minimal.

a -clopen and these are the only fuzzy o -clopen sets in the fuzzy space. It is the odd behavior observed among the
notions of fuzzy minimal a -open and fuzzy maximal o -open with respect to fuzzy minimal a -clopen and fuzzy
maximal o -clopen and it is the finest of its own.

2 Fuzzy Maximal and Minimal a-clopen Sets

To proceed main results, we recall basic definitions and results:

Definition 2.1. ([5]) A proper fuzzy a -open set p of X is said to be a fuzzy maximal o -open set if A is an fuzzy
a -open set such that p <X, then A = poriA =1x

Definition 2.2. ([5]) A proper fuzzy open set i of X is said to be a fuzzy minimal a -open set if A is an
fuzzy o -open set such that A < p , then A = por A = 0x

Definition 2.3. ([5]) A proper fuzzy closed set y of X is said to be a fuzzy minimal a -closed set if a is an
fuzzy a -closed set such that o <y, then a =y or a = Ox

Definition 2.4. ([5]) A proper fuzzy closed set y of X is said to be a fuzzy maximal o -closed set if o is an
fuzzy a -closed set such thaty <o, thena =y ora = 1x .

Theorem 2.1. ([5]) If 9 is a fuzzy maximal a -open set and a is a fuzzy minimal a -open set in a fuzzy
topological space X with o < 9, then 3 = 1x —a

Definition 2.5. A proper fuzzy o -clopen set a of a fuzzy topological space )( is said to be fuzzy minimal o -
clopen if g is a fuzzy a -clopen set such that < a , then = a. or § = Ox

Example 2.2. Let X = {a, b, ¢, d} . Then fuzzy sets y1 = 0 1 1 0 »Y2=

b d
3= 0,20, 2 and yd=1+-+=  are defined as follows “Considerfhe fuzzy ¢ ° ¢
topoloagy T= {Ox, Y1, v2, v3, v4, 1x} Here v4 is fuzzy minimal o -clopen set but it is neither fuzzy minimal

o -open nor fuzzy minimal o -closed set.
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It is clear that a fuzzy minimal o -open set or a fuzzy minimal o -closed set need not to be a fuzzy minimal o -
clopen set. Hence the notion of fuzzy minimal o -clopen sets is independent to the notions of fuzzy
minimal o -open set as well as fuzzy minimal a -closed sets. It is also easy to see that if a set a is both fuzzy
minimal a -open and fuzzy minimal a -closed, then a is fuzzy minimal o -clopen. Again, a fuzzy o -clopen set
is fuzzy minimal o -clopen if it is either fuzzy minimal o -open or fuzzy minimal o -closed.

Definition 2.6. A proper fuzzy o -clopen set a of a fuzzy topological space X is said to be fuzzy maximal a -
clopen if g is a fuzzy a -clopen set such thata < ,then  f=a or f=1x

It is evident that a fuzzy maximal o -open or a fuzzy maximal a -closed sets may not be a fuzzy maximal o -
clopen set. Therefore, it follows that the notion of fuzzy maximal o -clopen sets is independent to the notions
of fuzzy maximal o -open as well as fuzzy maximal a -closed sets. It is also easy to see that if a set vy is both
fuzzy maximal o -open and fuzzy maximal a -closed, then v is fuzzy maximal o -clopen. In fact, a fuzzy o -
clopen set is fuzzy maximal o -clopen if it is either fuzzy maximal open or fuzzy maximal a -closed. In [5],
we observed that if a fuzzy topological space has only one proper fuzzy a -open set, then it is both fuzzy
maximal a -open and fuzzy minimal o -open. Even we observe that it is neither fuzzy maximal a-
clopen nor fuzzy minimal a -clopen. If a space has only two proper fuzzy a -open sets such that one is not
contained in other, then both are fuzzy maximal a -clopen and fuzzy minimal a -clopen. In addition, fuzzy
maximal or fuzzy minimal a -clopen sets can exists only in a fuzzy o -disconnected space. As theorems 2.3 to
corollary 2.6 are obvious, the proofs of them are omitted.

Theorem 2.3. If a is a fuzzy minimal o -clopen set and § is a fuzzy o -clopen set in X , then either o A = Ox or

a<p
Corollary 2.4. If a and g are distinct fuzzy minimal o -clopen sets in X , then a AS = 0x

Theorem 2.5. If a is a fuzzy maximal a -clopen set and $ is a fuzzy a -clopen set in X, then either a vV § = 1x
orf<a

Corollary 2.6. If a and g are distinct fuzzy maximal a -clopen sets in X , then aVvp=1x.

Lemma 2.7. If a is fuzzy minimal o -clopen in a fuzzy topological space X , then 1x —a is fuzzy maximal a -
clopen in X and conversely.

Proof: Let a, # be any two proper fuzzy o -clopen sets such that 1x — o <f. Now we have 1x — <o .Asa
is being a fuzzy minimal a -clopen, set we have 1x — f = a or 1x —f = Ox implies that 1x —a = g or f = 1x.
Hence, 1x—a is a fuzzy maximal a -clopen set. Similarly follows the converse.

Similar to Theorem 3.1 of [5], we have the following theorem.

Theorem 2.8. If a is fuzzy minimal a -clopen and g is fuzzy maximal a -clopen in X, then either a < f or o <1x
,ﬁ .
Proof: Similar to the proof of Theorem 3.1 of [5].
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Theorem 2.9. If a fuzzy topological space X contains a fuzzy set a which is both fuzzy maximal and minimal o -
clopen, then (i) o and 1x —a are the only fuzzy sets in the space which are both fuzzy maximal and minimal a -
clopen and (ii) o and 1x —o are the only proper fuzzy o -clopen sets in the space.

Proof: (i) By Lemma 2.7, 1x —a is both fuzzy maximal and minimal o -clopen for any fuzzy maximal and
minimal a -clopen set o in X . Let there exist fuzzy maximal and minimal o —clopen set g in X distinct from o .
By Lemma 2.7, 1x—f is also both fuzzy maximal and minimal a -clopen. As a, § both being fuzzy minimal and
maximal a -clopen, by corollary 2.4, and 2.6, we have oo A S =0xand a vV = 1x . Hence = 1x—a . If for any o
# B, p and 1x —p are identical to 1x —a and o respectively. Hence, the result follows for all possible
combinations of a, #, 1x —a.and 1x —4.

(ii) Let y be a proper fuzzy o -clopen set in X . For a fuzzy maximal o -clopen set o, we have a Vy = 1xory<a
. For a fuzzy minimal o -clopen set a we have a Ay=0xo0ra < y.aVy=1x and a Ay =0x implies thaty =
Ix—a.aVy=1xand o< y impliesthaty=1x.y < aand a Ay =0x implies that y = Ox .

Theorem 2.10. In a fuzzy topological space X , fuzzy maximal a -clopen and minimal o -clopen sets appear in
pairs.

Proof: By Theorem 2.9, if a is both fuzzy maximal and minimal o -clopen in fuzzy topological space X , then
1x —a is also both fuzzy maximal and minimal o -clopen, also such pairs of sets in X are unique. By Lemma
2.7, if o is fuzzy maximal (resp.minimal) o -clopen in X , then 1x —a is fuzzy minimal (resp.maximal) o -clopen
inX.

Theorem 2.11. If a is a fuzzy maximal open set and S is a fuzzy minimal o -open set of fuzzy topological space
X with a < g, then a is a fuzzy maximal o -clqpen and g is a fuzzy minimal o -clopen set.

Proof: On deploying maximality of o by 2.1 o = 1x— 8. Hence both o, g are fuzzy o -clopen. Since a is both
fuzzy o -clopen and fuzzy maximal a —open (resp. fuzzy minimal a -open), it is easy to see that a is fuzzy
maximal a -clopen. Similarly g holds.

On combining this result, we obtain another result whose proof is same and omitted.

Theorem 2.12. If y is a fuzzy maximal a -clopen set in X , then y v W is not a proper fuzzy o -clopen set distinct
from y for any proper fuzzy open or fuzzy closed set W in X.

Proof: Let y v be a proper fuzzy o -clopen set in X . As vy is a fuzzy maximal a -clopen setand y <y

VU, eithery v u=1xory =y VH. Theny =y v implies that
n < Y
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Theorem 2.13. If vy is a fuzzy minimal o -clopen set in X, then y A p is not a proper fuzzy a -clopen set
distinct from y for any proper fuzzy o -open or fuzzy o -closed set pin X .

From 2.12, Theorem 2.13 it is observed that the form of fuzzy a -clopen sets in fuzzy topological space consists
of a fuzzy maximal or minimal a -clopen set.

Theorem 2.14.  If A is a collection of distinct fuzzy maximal o -clopen sets and o € A, then A B #
Ox. If A is a finite collection, then A f is a fuzzy minimal
peA—{o} peA—{o}
a—clopen if and only if 1x—a = A .
peA—{a}

Proof: As feEA— a is a fuzzy maximal o -clopen set, 1x —f is a fuzzy minimal o — clopen set. Then by Theorem
2.8, 1x - <a.Hence we get, 1x—A S <a which
peA—{a}

implies a = 1x if A p=0x. This is a contradiction to our assumption that a is a

peA—{a}

fuzzy maximal o -clopen set. Hence, A—{a}#0x .

Evidently, A—{o}g is a fuzzy minimal o -clopen if 1x—a = A—{a}S . Now let

peN—{a} pen—{a}

A—{a}pbe a fuzzy minimal a -clopen set. If A is a finite collection, then A— {a}g is a
pen—{a} peN—{a}
fuzzy o -clopen set. Since 1x —A—{a}f < a we have 1x—a <A—{a}s . As a is a fuzzy

peA—{o} pen—{a}
maximala. -clopen, then 1x —a is fuzzy minimal a -clopen. If A—{a}p is a fuzzy
pen—{a}
minimal a -clopen set distinct from 1x —a then by corollary 2.4 we have (A—{a}5)
pen—{a}
A(lx —a) = Ox . This implies A—{a}8 < a . So we get, 1X —a <A—{o}S < a which is
pen—{a} pen—{a}
wrong. Hence, we obtain 1x —a =A—{a}p .
peN—{o}

Theorem 2.15. If A is a collection of distinct fuzzy minimal o -clopen sets and o. € A , then
A—{a}p#1LX . If Ais a finite collection, then A—{a}S is a fuzzy maximal a -clopen if and only
pen—{a} peA—{a}

if 1X —a =A—{a}s
peA—{a}

It is observed that if y is fuzzy a -clopen in (X, 1) , then o Ay is fuzzy a -clopen in (o, Ta) . In addition, if a is
fuzzy a -clopen in (X, t) then a set fuzzy o -clopen in (0, Ta) is also fuzzy a -clopen in (X, 1) .

Theorem 2.16. Let o, 9 be fuzzy a -clopen sets in X such that a A 8 # Ox then a A 9 is a fuzzy minimal a
-clopen set in (o, Ta) if 9 is fuzzy minimal o -clopenin (X, 1) .

Proof: Similar to that of Theorem 4.11 in [5].
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