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1.Introduction

In 1922, S. Banach proved a fixed point theorem for contraction mapping in metric space. Since then a
number of fixed point theorems have been proved by different authors, and many generalizations of this theorem
have been established. Jungck [7] generalized the Banach contraction principle by introducing a contractive condition
for a pair of commuting self-mappings on metric space and pointed out the potential of commuting mappings for
generalizing fixed point theorems in metric spaces. Jungck’s [7] results have been further generalized.

Sessa [24], initiated the tradition of improving commutativity conditions in metrical common fixed point
theorems. While doing so Sessa [24] introduced the notion of weak commutativity. Motivated by Sessa [24], Jungck [8]
defined the concept of compatibility of two mappings, which includes weakly commuting mappings as a proper
subclass. Jungck and Rhoades [10] introduced the notion of weakly compatible (coincidentally commuting) mappings
and showed that compatible mappings are weakly compatible but not conversely. Many interesting fixed point theorems
for weakly compatible maps satisfying contractive type conditions have been obtained by various authors. The concept
of compatible mappings was frequently used to show the existence of common fixed points. However, the study of the
existence of common fixed points for noncompatible mappings is also very interesting. Aamri and Moutawakil [4] gave
a notion (E.A) which generalizes the concept of noncompatible mappings in metric spaces.

Branciari [2] introduced the notion of contraction of integral type and proved first fixed point theorem for this
class of mapping. Further results on this class of mappings were obtained by Rhoades [22], Aliouche [3], Djoudi and
Merghadi [6] and many others.

. Matthews [11] introduced some concepts of metric domains in the context of domain theory The notion of a
dislocated metric (d-metric) space was introduced by Pascal Hitzler in [12] as a part of the study of logic
programming semantics. The study of common fixed point mappings in dislocated metric space satisfying certain
contractive conditions has been at the center of vigorous research activity, see for example in [13-21].

In this article, we have established some common fixed point results of integral type contractive
conditions using the concept of weakly compatible mappings with (E. A.) property in dislocated metric (d-metric)
space. Our obtained results generalizes some well known results of the literature.

2. Preliminary Notes
We begin by recalling some basic concepts of the theory of dislocated metric (d-metric) spaces.

Definition 2.1 Let X be a non empty set and let d:X = X — [0,02) be a function satisfying the following
conditions:

(i) dlx,y) = d(y.x)

(ii) dlx,y) = dly.x) =0 impliesx = y

(iii) dlx,v) =dlx,z) +d(z.y) forallx,y.z e X

Then d is called dislocated metric (or simply d-metric) on X.

Definition 2.2 A sequence {x,} in a d-metric space {.X.d] is called a Cauchy sequence if for given & = 0, there
exists 1, € N such that for all m.n = ny,we have d{x,.x,} < &

Definition 2.3 A sequence in d-metric space converges if there exists x € X such that d{x,.x} = 0 asn — o,
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Definition 2.4 A d-metric space (X, d is called complete if every Cauchy sequence is convergent.

Definition 2.5 Let (X, d) be a d-metric space. A map T: X — X is called contraction if there exists a number 1
with 0 = 4 < 1 such that d{Tx, Ty} = Ad(x.v).

Definition 2.6 Let A and S be two self mappings on a set X. Mappings A and S are said to be
commuting if ASx =54x vx e X.

Definition 2.7. Let S and T be mappings of a metric space (X d) into itself. Then (S, T) is said to be weakly
commuting pair if

d(5Tx, TSx) = d(Tx Sx) forallx € X.

Obviously a commuting pair is weakly commuting but its converse need not be true as is evident from the following
example.

Example 2.1. Consider the set X = [0, 1] with the usual metric. Let 5x =
xeX

X

and Tx = i for every x € X. Then for all

STx = ——, TSx = — .
4+Ix 4+%

Hence 5T = TS Thus S and T do not commute.

Again
d(S5Tx, TSx) = | x _x|___ &
4+IK 4+X (442 rd+2x
x= " x
= aemg 2 zex d(5x, Tx),

and so, S and T commute weakly.
Obviously, the class of weakly commuting is wider and includes commuting mappings as subclass.

Definition 2.8. Two self mappings S and T from a d-metric space {X,d] into itself are called compatible if
and only if

lim d(5Tx, T5x,) = 0, whenever {x,} is a sequence in ¥ such that

M—too

lim §x, = limTx, =t for some t e X.

Mi—to fl—to

Very recently concept of weakly compatible obtained by Jungck-Rhoades [10] stated as the pair of mappings
is said to be weakly compatible if they commute at their coincidence point.

Example 2.2
Let X = [0, 3] be equipped with the usual d- metric space d(x, v} = |x — vl.

Define S, T: [0, 3] —= [0, 3] by
_f{x, xel01) _ {3 -x xel01)
¥ = IE.xE 3] M= Lo
Then for any x € [1, 3], 5Tx = T5x, showing that S and T are weakly compatible maps on [0, 3].

Definition 2.9: Let S and T be two self mappings of a d-metric space (X.d7. We say that S and T satisfy the property
(E.A) if there exist a sequence {x,} such that

lim Sx, = lim Tx, = u ,for some ue X.
===

| e

Proposition 2.1 Let S and T be compatible mappings from a d-metric space (X, d) into itself. Suppose that

lim §x, = limTx, = x forsome x e X.

M—cs n—tos

if S is continuous then limT5x, = 5x.

M—tee

Theorem 2.1 Let {(X.,d} be a complete d-metric space and let T: X — X be a contraction mapping, then T has
a unique fixed point.

1982




Turkish Journal of Computer and Mathematics Education Vol.10 No.02 (2019), 1981-1991

Research Article
3. Main Results
Now, we establish a common fixed point theorem for two pairs of weakly compatiblemappings using E. A. property.

Theorem 3.1 Let {X.d)} be a complete dislocated metric space. Let A, B.5T.I.J:X —= X satisfying the
following conditions

(i) AB(X) € J(X) and ST(X) € I(X) (D)

i) fy " owar <k ;7 o at ke [0.8) Q)

for all {x.y) € X = X where @:R* — R* is a Lebesgue integrable mapping which is summable, non-negative and such
that

f; e(t)dt = oforall e= 0. . (3)
MQx,y) =dx.Jy) + dUx, ABx) + d(Jy,5Ty) + d(Ix,5Ty) + d(Jy, ABx) (4

(iii) The pairs (AE, I} or (5T, ] satisfy E.A. property.
(iv) The pairs (AB,I} and (5T, ] are weakly compatible.

If I{X) is closed then the mappings AB,ST,I and J have a unique common fixed point in X. Furthermore, if the pairs
(A,B), (A1), (B,I), (S§T), (S,J) and (T,J) are commuting mappings then A, B, S, T, | and J have a unique common fixed
point in X.
Proof:
Assume that the pair (AR, I satisfy E. A. property, so there exists a sequence {x»} € X Such that
lim ABx, = rEL_'n; Ix, =u ...(%

M=o

For some u = X. Since AB (X} < J( X}, so there exists a sequence {y,} € X suchthat  AE=x, = Jwv,. Hence,
lim ABx, = ilim Jve =u ...(6)

f—soe

From condition (2), we have

de'ASx,z ST MXy !

5 ol)dt <k | o(t)dt, . (7

where
M, v, =dUx,.Jv,) +dUx  ABx, )+ d(Jv,. 5Ty, ) + dUx . 5Ty, )+ d(Jy, ABx,)

Taking limit as n — oo, we get

lim [T 0le)de < k lim [0

==

olt) dt .. (8)

Since
Lim dU x,.Jy,) = limd{Ux,, ABx,) = limd{Jy,.ABx,) =0
N—=== M=o N—===

rEim d(5T vy, J¥n) = rEim dUIx,,5Ty,) = rEim d (5T y,. u)

Therefore, we have

fdl AT ¥y}

d s 'IZI
. ot)dt < 2k lim [ 7

lim 0 olt) dt,

M—s==

which is a contradiction, since k = [Ui] Hence rEim:?lf';rﬂ =u. Since ST{X}  I{X7, so there exists a sequence
x, € X such that 5Tx, = Ix,. Hence, we have

limABx, = limJy, = imSTy, = limlx, =u
11— == Fl—s = ===

==

Assume I{X) is closed, then there exists v € X such that I+ = «. We claim that ABw = u. Now from condition (2),

er'ﬁﬂi; T ¥l Lyl

. o)ds =k f, "™ o) dt,
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where
M.y} = dJ v ABv) + dUv, Jy, )} + dIv, ABv)
+d (5T v, Jyn ) + dUv, 5T y,) ...(9)
Since itﬂd{f;.-ﬂ.aaﬂ = d (u, ABv)
Alﬂd{fu.h‘ﬂ] = rELn;d(STj'n._.i’yﬂ] = rl!i_.rrzncln"ffv.5!"}'?!] =0

So, taking limit as n — @2 in (9), we conclude that

dlu.ARe)

di ol
T o) dt = 2k [

glt)dt ...(10)

which is a contradiction, since k & [Ué) Hence, d{(4Bv,u) = 0 = ABv = u.
Now, we have

ABv =u=1Ivr (1D
This proves that v is the coincidence point of {AB.I}.

Again AE (X} < J(X) so there exists w € ¥ such that

ABv =Jw =u
Now, we claim that 5Tw = u. From condition (2), we have
dlze sl di »ATW M {ewed
e @de = [T o dr =k f, 7 o) dt, where

My, w) = dllv, Jw) + d{Iv, ABv) + d(Jw,5Tw), d(Iv, STw) + d(Jw, ABv)
= dlu,u) + dlww) + dla, STw) + du, STw) + dlu, u)
= 3d (. w) + 2d (u, 5Tw)
< 3{d(u, 5Tw) + d(5Tw,w)} + 2d (u, STw)

= 8d(u, 5Tw)
dlin 5Tl gl ST
Hence, f; = o(dt=8kf, " o()adt,

which is a contradiction, since k € [ni]

Hence, d(u, 5Tw) = 0 = 5Tw = u.
Therefore, 5Tw = u = Jw.
This represents that w is the coincidence point of the maps 5T and j.
Hence,
u =5Tw = jw = Iv = ABv
Since the pair (5T, ) and { AE. I} are weakly compatible so,
STjw = J5Tw, IABv = ABIv
Since fu = [ABv = ABIv = ABu and Ju = [5Tw = 5TJw = 5Tu, we claim that 5Tu = u. From condition (2),

we have

de'u:.\?'u' dlABY STl
o

olt)dt = [ o(ede < k[, " olt)dt, where

My, u) = dv, Ju) + d(Iv, ABv) + d(Ju. 5Tw) + d{Iv, 5Tu) + d(Ju, ABv)
= dlu, 5Tu) + duw, w) + d(8Tw, 5Tu) + diu, STu) + d(STu, u)
= 3dlu,5Tw + dlu,w) + d(5Tu, 5Tuw)
= 7d(u, 5Tu)

dleesTuwl

olt)dt < 7k [ o(t)dt,

which is a contradiction, since & & [Ué)

Hence, d (u, 5Tu) = 0= 5Tu = u.

Therefore, uw = 5Tu = Ju. Similarly, ABu = u = Ju.

Hence, u = ABu = 5Tu = Iu = Ju.

This represents that u is a common fixed point of the mappings AE, 5T.J and J.

Uniqueness:
If possible, let z{= u) be other common fixed point of the mappings, then by the condition (2)

dlwzl 4l ST Ml |
[ owde = [T o0de = k f)" T o(t)dt, where

d o 5Tl
Hence, J,
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M(u,z) = du,Jz) + dUu. ABuw) + d{Jz,5T=z) + d (1w, 5T=z) + d{Jz, ABu)
=dluz) +dluw +dlzz) +diuz) +dlzuw
= 3d(u.z) + du,w) +dlz.z)
< 7d(u,z)

di ] di ]
Hence, [, — oldt =7k [,  olt)dt,
which is a contradiction, since &k & [ni]

Hence, d{x,z) = 0 = u = z. This establishes the uniqueness of the common fixed point of mappings AE, 5T.I
and . Finally, we prove that « is also a common fixed pointof A, B, S, T, | and J.
Let both the pairs (AE.I') and {5T. ) have a unique common fixed point .
Then,
Au = A(ABu) = A(BAu) = AB(4u)
Az = A(lu) = I(Au)
Bu = B(ABu) = B(A(Bw)) = BA(Bu) = AB(Bu)
Bu = B{Iu) = I(Bu)
which implies that (AE.I} has common fixed points which are Au and Eu. We get thereby
Au =u= Bu =Iu = ABu.
Similarly, using the commutativity of (5, TJ,(5.J) and (T.J), 5u = u = Tu = Ju = 5Tu can be shown.
Now, we need to show that Au = Su (Bu = Tu).
By using condition (2), we have

diAu.5u) d LA ABU).S(5Tw)) dlA[(BAU S (TSu))

JFD Ausu (P':f]dt=rn AfAFu u (p':t]n’t=_rn u u (P':ﬂn’t
dLAB[Au ST 5u))

JrD AB[Au u @{t] dt

w(t)dt

= Jr[;\f'du Suld

where ,

M{Au, Su) = dU (Au). J(Su)) + dU(Au). AB(Au))+d (J(5u). ST(Su)) + dUI{Au). ST(Su))+d(J(Su). AB (Au))
= d{Au. 5u) + d(Au, Au) + d(Su. Su)+d(Au. 5u) + d(Su, Au)
= 3d{Au, Su) + d{Au, Au) + d(05u, Su)
< 7d(Au, Su)

Therefore, J“:"“ . plt)dt < 7k J’:W o

which is a contradiction, since k € [Ui]
Hence,

wlt) dt,

J,Ddl.-l.,e.ml (F":t] df =10
= dlAu,S5u) =0
= Au = Su.
Similarly, Bu = Tu can be shown.
Consequently, = is a unique common fixed point of A, B, S, T, 1 and J.

If we put AB = A, ST = B in Theorem (3.1), we get the following, which generalize the result of Panthi and Subedi [20]
in dislocated metric spaces.

Corollary 3.1. Let {X.d} be a complete dislocated metric space. Let A,E.I [: X — X satisfying the following
conditions

0) AlX) € j(Xyand B(X) S I(X)
de'.-LrB_}"

iy [ o@ar =k [, oat, k e [0.3)

forall (x v) e X = X where @&: R* — R* is a Lebesgue integrable mapping which is summable, non-negative and such
that

fDE @(t)dt = 0 forall e= 0.

M, y) =dIx.jy) + dUx, Ax) + d(Jy.By) + d{x, By) + d(Jy, Ax)
(iii) The pairs (4.1} or (E, [ satisfy E.A. property.

(iv) The pairs (A.I'} and {E.]) are weakly compatible.
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If I{X) is closed then the mappings A,B,I and J have a unique common fixed point in X.

If we put A=B in the above Corollary 3.1, we can obtain the following corollary easily.

Corollary 3.2. Let (X,d)} be a complete dislocated metric space. Let A.I.J:X — X satisfying the following
conditions

0) AlX) € j(Xyand A(X) € I(X)

@ T owar < k[ o ar k € [0.2)

forall (x v) e X = X where @&: R* — R* is a Lebesgue integrable mapping which is summable, non-negative and such
that

J“[,E @(t)dt = 0 forall e= 0.

MG, y) =dIx.Jy) + dUx, Ax) + d(y. Ay) + dUx, Ay) + d(Jy, Ax)
(iii) The pairs (A, Iy or (A, ] satisfy E.A. property.

(iv) The pairs (4.1} and {A.]) are weakly compatible.

If I{X) is closed then the mappings A, and J have a unique common fixed point in X.

If we put I1=J in the above Corollary 3.1,we can obtain the following corollaries easily.

Corollary 3.3. Let {X.d} be a complete dislocated metric space. Let A4,E,I: X — X satisfying the following
conditions

0] AlX) e I(X)and B(X) € I(X)

@ T owar <k [ oleat, ke [0.%)

forall (x,y) e X x X where @: R* — R* is a Lebesgue integrable mapping which is summable, non-negative and such
that

f; o(6)dt = 0 forall e= 0.

M, y) =dlIx.Iy) + dx, Ax) + dIy.By) + d{x,By) + d(Iy, Ax)
(iii) The pairs (A, I} or (E, I} satisfy E.A. property.

(iv) The pairs (4.1} and (E,I) are weakly compatible.

If I{X) is closed then the mappings A,B and | have a unique common fixed point in X.

If we put A=B and I=J in the above Corollary 3.1, we can obtain the following corollaries easily.

Corollary 3.4. Let (X.d) be a complete dislocated metric space. Let 4,[:X — X satisfying the following
conditions

0) AX) e 1(x)
(i)

dlAx.Ay) Ml 1
N o(d)dt <kf, " ol®)dt ke [0.3)

for all {x.y) € X = X where @:R* — R* is a Lebesgue integrable mapping which is summable, non-negative and such
that

Jf p(t)dt = 0 forall = 0.
Mx,y) =dlx Iy} + dlx, Ax) + dUy. Ay) + dUx, Ay) + d Uy, Ax)

(iii) The pairs (4, I} satisfy E.A. property.

(iv) The pairs { A, I'y are weakly compatible.

If I{X} is closed then the mappings A and | have a uniqgue common fixed point in X.

Now, we establish the following theorem for six mappings involving Ciric’s[5] type contractive
condition in complete dislocated metric spaces.

Theorem 3.2 Let {X.d} be a complete dislocated metric space. Let A, B.5T.I.]J:X —= X satisfying the
following conditions

(i) AB(X) € J(X)and ST(X) € I(X) ..(12)
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(ii) 2} ... (13)

I

el Tyl Mlxyl
fy T owar <k [y e@at, ke o,

for all {x.y) € X = X where @:R* — R* is a Lebesgue integrable mapping which is summable, non-negative and such
that

[y o(t)dt = 0 forall e= 0. ... (14)
MCx,y) = max{dUx.Jy), dUx,ABx),d(Jy.5Ty).d{Ix,5Ty).d{Jy.ABx)}, ...(15)

(iif)  The pairs (AB,I) or (5T, satisfy E.A. property.
(iv) The pairs (AE.I'y and (5T, ] are weakly compatible.

If I{X) is closed then the mappings AB,ST,l and J have a unique common fixed point in X. Furthermore, if the pairs
(A,B), (A1), (B,]), (S§,T), (S,J) and (T,J) are commuting mappings then A, B, S, T, | and J have a unique common fixed
point in X.

Proof:

Assume that the pair (A5, I satisfy E. A. property, so there exists a sequence {xy} e X Such that
lim ABx, = ilim Ixy=u ...(16)

f—soe

For some u £ X. Since AB(X) < J{X}, so there exists a sequence {y,} € X suchthat  ABx, = Jw,.
Hence,
lim ABx, = lim Jy, = u ...(17)
M=

M=o

From condition (13), we have

Jad'Aqu ST Wl Mlxy Vel

X olt)dt <k [, o(t)dt ... (18)

where,
M, v,) =maxldUx . Jy, ) dUx  ABx_ ) d(y,. 5Ty, ). d(Ix,. STy, ). d(Jy,. AR x 1}
Taking limit as n — oo, we get

dlABxy ST ! M X !

lim [ o(t)dt <k lim N

==

olt) dt ... (19)
Since

Lim dx . Jye) = rl!i_ﬁn:d{fxn.ﬂﬁxn] = Ai@cd{fj‘n.ﬂﬁxn] =0

lim d(5T v, J¥,) = limd (Ix,.5Ty,) = rl!i_ﬂn‘{.ﬂ"j‘n. u)

Therefore, we have

fdl AT ¥y}

dlipes 'IZI
. o(t)dt < k lim [

lim 5 olt)dt, ...(20)

M=o
which is a contradiction, since k = [Uf) Hence rEim:?lf';rﬂ =u. Since ST{X} < I{X7, so there exists a sequence
x, € X such that 5Tx, = Ix,. Hence, we have

imABx, = limJy, = HimSTy, = limlx, =u

Nn—os MN—=o= o

==

Assume I'(X) is closed, then there exists v € X such that I'v = u. We claim that ABv = u. Now from condition (13)

J.-dlABt: ST ¥l Mlryg)

X olt)dt <k, olt) dt .. (21)

where
M(v,v,) = max{d(Jy,, ABv), dUv,Jy,). d (v, ABv), d(STy,, [y, ). dIv, 5Ty, )} ...(22)
Since r{i_ﬂd(fj‘ﬂ.ﬂﬁv] = d(u, ABv)

lim d(Iv, Jy,) = lim d(5T vy, Jyn) = lim d{Iv,5Ty,) =0

So, taking limit as n — o= in (22), we conclude that

dlu.ARw)

dlasy .l
T o0 de = k )

olt) dt ...(23)
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which is a contradiction, since k [Uf) Hence, d (4Bv.u) = 0 = ABv = u.

Now, we have

ABv =u=1Ir ...(24)
This proves that v is the coincidence point of {AE.I.
Again AE (X} = J(X) so there exists w € ¥ such that

ABv =Jw=u

Now, we claim that 5Tw = u. From condition (13), we have
Jfr.“ wSTWw) d AR, 5Tw) ML)

s o(t)dt = [, o(t)dt =k [ olt) dt
where
M(v,w)= max{d{v, Jw), d{Iv, ABv), d(w, 5Tw), d{Iv, 5Tw), d Jw, ABv) }
= max {dlu, w), dlu,uw), dlu, STw), d(u, 5Tw), d(u, ul}
= max{d(u,u), dlu.STwl}

max{duuldlusTul

Hence [} olt)dt < k [ olt)dt,

Since dlu, u) = 2d(u. 5Tw)
So if max{d(u,w), d (Bw,u)} = d(u, u) or d(5Tw,u) we get the contradiction, since
glensTw) dlesTwl
™ olede < 2k [T ol dt
d e, 5Twed & lesTwe)

or [y “oewar=kfy T owdtand k € 0.2
We have, d(u, 5Tw) = 0= 5Tw = u.
Therefore, 5Tw = u = Jw.
This represents that w is the coincidence point of the maps 5T and j.
Hence,

u =5Tw = jw = Iv = ABv
Since the pair (5T, ) and { AE, I} are weakly compatible so,

STjw = J5Tw, IABv = ABIv
Since Iu = IABv = ABlv = ABu and Ju = J§Tw = 5TJw = 5Tu, we claim that 5Tu = u. From condition

(13), we have
dlwsTuw
Iy

LeLSTw)

1
o

dlABy STl

olthdt = [,
M(v,u)

Mleneel

oltldt < k [, o(t)dt, where

max{d(Iv, Ju), d{v, ABv), d (Ju, 5Tw), d(Iv, 5Tu). d (Ju, ABv)}
max{ d(u, 5Tu), du, w), d(5Tu, 5Tu), d (u, 5Tw), d(5Tu, u)}
maxld(u, 5Tu), du, u), d(5Tu, 5Tul}

maxld(usTuldluuw) d(sTusTull
olt)dt

o) de < k [,

d o 5Tl
Hence J,

Since
dlu.w) = 2d(u, 5Tu) and d{(5Tu. 5Tu) = 2d(u, 5Tu)

So if mazx{d(u, 5Tuw), d (w, w),d (5Tu, 5Twl} = d{u. 5Tu), d(5Tu, 5Tu) or d(u, u), we get the contradiction, since

d 5T

dlesTw)
T ole)de < 2k o(H)dt
dlsTe dlesTuw)
or [y ™ oedr=kfy T o@dtandk € [0.2).

We have, d{u,5Tu) = 0 = 5Tu = u.

Therefore, uw = 5Tu = Ju. Similarly, ABu = u = Ju.

Hence, u = ABu = 5Tu = Iu = Ju.

This represents that u is a commpn fixed point of the mappings AE, 5T.J and J.

Uniqueness:
If possible, let z{= u) be other common fixed point of the mappings, then by the condition (13)
[ o) ae = [0 o) ae = k[ ole) dt, where

M(u, z) = max{d(Tu,jz), d{lu,ABu), d(Jz,5T=), d{Ju, 5Tz), d{jz, ABu) }
max {d(u, 2}, d(w, ), dlz, z), dlu, ), d(z, ul}
max{d(u,z), d(u ), d(z, z)}

max{dluzldliuuldizz)}

Hence J; % o) dt = k |, olt)dt
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Since
d{u.u) = 2d(u.z) and dlz, z) = 2d(z. u)
So if max{d(u,z), du, u), d(z,2)} = d{u,z) or d(u,u) or d(z,z) we get the contradiction, since
[ olorar = 2k [ olt)at
or [ eat <k [y o@atandk e [0.2).
We have, dlu.z) =0 = u = =.
This establishes the uniqueness of the common fixed point of mappings AE. 5T.I and J. Finally, we prove
that u is also a common fixed point of A, B, S, T, l and J.
Let both the pairs { AE. I} and (5T. [} have a unique common fixed point .
Then,
Au = A(ABu) = A(BAw) = AB(4u)
Az = Allu) = I{Au)
Bu = B(ABu) = B(A(Bw)) = BA(Bw) = AB(Bu)
Bu = B(Ju) = I(Bu)
which implies that (AE.I} has common fixed points which are Au and EBu. We get thereby
Au = u= Bu =[u = ABu.
Similarly, using the commutativity of (5, T, (5.])and (T.J}, Su = u = Tu = Ju = 5Tu can be shown.
Now, we need to show that Au = Su (Bu = Tu).
By using_condition (13), we have_ o
Jfan.-L.,e.wm cp{i‘] dt = J.-Dd A[ABW)S[5TU) cp{t]n’t _ and A[BAW S [TSU) cp{t] dt
_ Jde'.rLFIdHI.'\TI.'\HI' cp{i‘] dt
<

= plt)dt
where , M (Au, Su) = max {d(1(4w), J(5u) ), d(1(4u), AB (Au)),
d(j(5u), ST(Sw) ), d(I1(4w), ST(Su)), d(] (Su), AB(Au) )}
= max {d{Au, 5u), d (Au, Au), d (5u, Su), d (Au, Su), d(Su, Aul}
= max {d(Au, Su), d (Au, Au), d (Su, Su)}

Jr[;\f'rli.! Sl

Hence, JfD AuSu cp{i‘] dtﬂk_lrnm“[ Ausud dlduAu U5t} cp{t] dt,
Since
d(Au, Au) = 2d (Au, 5u) and d(5u, Su) = 2d(Au. 5u)

So if max {d(Au, Su), d{Au, Au), d(5u, Su)} = d(Au. Su) or d(Au, Au) or d(5u, 5u) we get the contradiction, since

J.-dlﬁu.\'u' d L, e
o

olt)dt < 2k [, olt)dt

dlAe, sl

or o) de <k [ o(d)dt and k  [0.%).

We have, d{Au.5u) = 0 = Au = 5u.
Similarly, Bu = Tu can be shown.
Consequently, u is a uniqgue common fixed point of A, B, S, T, I and J.

Jde LA, See)

If we put AB = A, ST = B in Theorem (3.2), we get the following, which generalize the result of Panthi and Kumari [20]
in dislocated metric spaces.

Corollary 3.5. Let {X.d} be a complete dislocated metric space. Let A,E.I [: X — X satisfying the following
conditions

(i) A cjxyand BX) < I(X)

i) ™ o@ar < k ;" ol)at, k € o,

I+

3

for all {x.y) € X = X where @:R* — R* is a Lebesgue integrable mapping which is summable, non-negative and such
that

fDE @(t)dt = 0 forall e= 0.

MCx,y) = max{d(x,Jy), dx, Ax),d(Jy,By),d(Ix,By).d(Jy, Ax)}

(iii)  The pairs (4,1 or (B, ] satisfy E.A. property.

(iv) The pairs {A,Iyand (B.]) are weakly compatible.
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If I{X) is closed then the mappings A,B,I and J have a unique common fixed point in X.

If we put A=B in the above Corollary 3.5, we can obtain the following corollary easily.

Corollary 3.6. Let (X,d) be a complete dislocated metric space. Let A.I.]J:X —= X satisfying the following
conditions

(i) A cjXyand A(X) € I(X)
(i)
forall {x,v) e X = X where @: B* — R* is a Lebesgue integrable mapping which is summable, non-negative and such
that

s o =k, ot ke [0.2)

f; o(8)dt = o forall e= 0.

MCx,y) = max{d(x,Jy), dx, Ax), d(Jy ., Ay). d(Ix, Ay), d(Jy, Ax) }
(iii)  The pairs (4,1 or (A, ] satisfy E.A. property.

(iv) The pairs (A.I)and (A.]) are weakly compatible.
If I{X) is closed then the mappings A,l and J have a unique common fixed point in X.
If we put I1=J in the above Corollary 3.5, we can obtain the following corollaries easily.

Corollary 3.7. Let {X.d} be a complete dislocated metric space. Let A,E,I: X — X satisfying the following
conditions

(i) A ciXxyand B(X)cI(X)

@) Jy ™ omar =k, o@)dt, k € [0.2)

forall (x v)e X =X where @:R* = R*isa Lebesg_ue integrable mapping which is summable, non-negative and such
that

J:,E @(t)dt = 0 forall e= 0.
M(x,y) = max{d{x,Iy), dUx,Ax),dUy, By).d{x,By),d{Iy, Ax)}

(iii)  The pairs (4, I or (B, I} satisfy E.A. property.

(iv)  Thepairs (4,17 and (B,I) are weakly compatible.

If I{X) is closed then the mappings A,B and | have a unique common fixed point in X.

If we putA=B and I=J in the above Corollary 3.5, we can obtain the following corollaries easily.

Corollary 3.8. Let (X.d} be a complete dislocated metric space. Let A.I:X — X satisfying the following
conditions

(i) Al cix)

@ 5 owde <k ;7 o@at &k e [0.8)

forall (x v) e X = X where @: R* — R* is a Lebesgue integrable mapping which is summable, non-negative and such
that

J:,E @(t)dt = 0 forall e= 0.

Mx,y) = max{dUx,Iy), dUx,Ax),d{y, Ay).dUx, Ay),d{y, Ax)}
(iii)  The pairs (4,1 satisfy E.A. property.

(iv)  The pairs (4,1 are weakly compatible.

If I{X} is closed then the mappings A and | have a unique common fixed point in X.
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