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Abstract

Let G = (VG), E(G))be a graph. Let I' be a group. For uel’, let o(u)
denotes
the order of w in I'. Let f: V(G) — I be a function. For each edge uv assign the label
lo (f(w)) —o(f(v)) |- Let vr(i) denote the number of vertices of G having label i under
f. Alsoef(1) ,er(0) respectively denote the number of edges labeled with 1 and not with
1.Now f is called a group difference cordial labeling if |vf(i) - vf(j)| < 1 forevery i,j er,
i # jand |ef(1) — ef(0)| < 1. A graph which admits a group difference cordial labeling is
called group difference cordial graph. In this paper we fix the group I as the group {1,—1,
i,—i} which is the group of fourth roots of unity, that is cyclic with generators i and — i.

We prove that L, © K;,0Open ladder, Slanting ladder and further

characterized O(L,) O K; .
Keywords: cordial labeling, difference labeling, group difference cordial labeling
AMS subject classification: 05C78

1 Introduction

Graphs considered here are finite, undirected and simple. A graph labeling is an
assignment of integers to the vertices or edges or both, subject to certain conditions. Labelled
graphs serve as useful models for a broad range of applications such as : astronomy, circuit
design, communication network addressing and models for constraint programming over
finite domains.

Cahit [2] introduced the concept of cordial labeling.

Definition 1.1. [2] Let f: V(G) — {0,1} be any function. For each edge xy assign the
label |f(x) — f(y)|. f is called a cordial labeling if the number of vertices labeled 0 and the
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number of vertices labeled 1 differ by at most 1. Also the number of edges labelled 0 and the
number of edges labeled 1 differ by at most 1.

In[5] , Ponraj et al. introduced a new labeling called difference cordial labeling .

Definition 1.2. [5] Let G be a (p,q) graph .Let f: V(G) » {1,2...p} be a bijection. For
each edge, assign the label |f(u) —f(v)| . f is called a difference cordial labeling if
fis 1—1 and |ef(0) —e; (1)| = 1 where e(1) and e,(0) denote the number of edges
with 1 and not labeled with 1 respectively. A graph with a difference cordial labeling is
called a difference cordial graph.

Athisayanathan et al.[1] introduced the concept of group A cordial labeling.

Definition 1.3. [1] Let A be a group. We denote the order of an element

acA by o(a).Letf:V(G) - A be a function. For each edgeuvassign the label 1 if
(o(f(u)),o(f(v))) =1 or 0 otherwise . f is called a group A Cordial labeling if |v; (a) —

v (b)| < 1 and |ef (0) — ef(1)| < 1, where vp(x) and ef(n) respectively denote the
number of vertices labeled with an element x and number of edges labeled with n (n =
0,1) A graph which admits a group A cordial labeling is called a group A cordial graph.
Motivated by these, we define group difference cordial labeling of graphs.
Terms not defined here are used in the sense of Harary[4] and Gallian [3].The Cartesian
product of two graphs G, and G, is the graph G, X G, with the vertex set V; X V, and two
vertices u = (uy, u,) and v = (v, v,) are adjacent whenever[ u; = v; and u, adj v, | or
[u, = v, and u; adj vy ] . The graph L,, = P, X P, iscalled a ladder. Let G;, G,
respectively be (p1,q1 ), (p2, g2 ) graphs. The corona of G; with G,, G,®G, is the
graph obtained by taking one copy of G,and p ,copies of G, and joining the i th
vertex of G, with an edge to every vertex in the i copy of G,.An O(L,,) is a ladder graph
with 2n vertices and is got from two paths of length n-1 with V(G) = {u;,v; / 1 <i<n}
and E(G) = {u;, Uiz, vy Vigz1/ 1<i<n—-13}U{yv; / 2<i<n—-1}.SL, is a
ladder graph with 2n vertices and is got from two paths of length n-1 with V(G) =
{u,v;/ 1<i<n} and E(G) = {Wju;41,ViViy1/ 1<i<n—1}U{uvy; / 1<i<

n—1}
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2. Group Difference cordial Graphs

Definition 2.1. Let G = (V(G),E(G)) be a graph. Let I' be a group. For uerl’, let o(w)
denote the order of u in I' . Let f: V(G) —» I' be a function .For each edge uv assign the
label |o(f(w)) — o(fv))|. Let v;(i) denote the number of vertices of G having label i
under f. Also ef (1) ,er (0) respectively denote the number of edges labeled with 1 and not
with 1. Now f is called a group difference cordial labeling if |vf(i) - vf(j)| <1 forevery
i,j elri#jand |ef(1) - ef(0)| < 1. A graph which admits a group difference cordial
labeling is called group difference cordial graph .

In this paper we take the group I as the group {1, —1,i, —i} which is the group of
fourth roots of unity, that is cyclic with generators i and — i.

Example 2.2 The following is a simple example of a group dif ference cordial graph

Fig 2.1

Theorem 2.3. The L, © K; is a group dif ference cordial graph for all ‘n’.

Proof: Let G = L, © K; has 4n vertices and 5n — 2 edges, f be a group difference
cordial labeling of G .Let V(G) = {uy, uy, ... uy, }. ClearlyL, O K, is a group
difference cordial graph for n < 3. Assume n = 4 and define
f :V(@G)- {1,-1,i,—i} as follows

Case (i) n=0(mod4). Let n =4k, k > 1.

Uiy ) = i if 1si<2k and 5Sk+2<i<7k+1
fQuaio1) =1 1 if 2kt1< i< Sk+1 and 7k+2< i< 8k for k2

f( ) _ { —i lf 1<i<2k and 5k+1<i<7k
U2i) = U —1if 2k+1<i< 5k and 7Tk+1< i< 8k

Therefore f is the group difference cordial labeling of G .
Case(ii)n =1 (mod 4).Letn =4k + 1,k > 1.For k =1,
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f(u . ) _ { lif 1<i<2k+1 and 5k+3<i<7k+2
2i-1) = U 1if 2k+2< i< 5k+2 and 7k+3< i< 8k+2

For k = 2,

Flugi 1) ={ i if 1si<2k+1 and 5k+3<i<7k+3
2i-1J = U 1if 2k+2< i< 5k+2 and 7k+4< i< 8k+2

f( ) _ { —i if 1=<i<2k,5k+3<i<7k+2and 7k+3<i<8k+2 for k=1
Uzi) =1 1 if 2k+1<i<5k+2 and 7k+3<i<8k+2 for k=2

er(0) = 10k + 1. Therefore f is the group difference cordial labeling of G .
Case (iii):n = 2 (mod 4), Letn = 4k + 2,k > 1.

f(u _ ) _ { i if 1<i<2k+ 1and 5k+4<i<7k+4
21-17 T U 1if 2k+2<i<5k+3 and 7k+5< i< 8k+4

f( ) = —iif 1<i<2k+1 and 5k+4<i<7k+4
Uzi) = { —1if 2k+2< i< 5k+3and 7k+5 < i < 8k+4

Clearly V; (1) = V; (=1) =V; () =V;(-1) =4k +2ande; (1) = 10k + 4 = e/(0).
Therefore f is the group difference cordial labeling of G .
Case (iv) n =3 (mod 4),Let n =4k + 3,k > 1.

f(u . ) _ { [ if 1<i<2k+2 and 5k+6<i<7k+6
2i-1) = U 1if 2k+3< i< 5k+5 and 7k+7< i< 8k+6

f( ) _ { —i if 1<i<2k+1 and 5k+5<i<7k+6
U2i) = U —1if 2k+2< i< 5k+4 and 7Tk+7< i< 8k+6

Clearly V; (1) = Vy (=1) =V; (i) =V (-i) = 4k + 3.Alsoe; (1) = 10k + 7 and
er(0) = 10k + 6. Therefore f is the group difference cordial labeling of G .
The labeling of the graph Ls O K; is given in the figure:

—i T o L H -
Ty 1 = 1 3 —1 TL g e
TLy o 1] tta -1 TE o 1 e e
-1 -1
Ty g — 1} ey 1 Tl 3 —1f Tty Tt i 5
1
_ill meap 1V e, —i Ly i BTy Haiel _;
Fig .2.2

1187



Turkish Journal of Computer and Mathematics Education Vol.11 No.02 (2020),1184-1192
Research Article

Theorem 2.4. The O(L,,) is a group difference cordial graph for all ‘n’.

Proof :Let G = O(L,) has 2n vertices and 3n — 4 edges, f be a group difference cordial
labeling of G .Let V (G) = {uq, u,, ... uy, }. Clearly 0(L,,) is a group difference cordial
graph forn < 3. Assumen >4 and define f: V(G) » {1,—1,i, —i} as follows.
Case (i) If nis even, fix the labeling of u; as "i" for all the open ladder

Subcase (i): n =0 (mod 4), Let n=4k,k>1.

flugi ) ={-1if 2<i<k+1—-iifk+2<i<2k+11if 2k+2<i<3k+1iif 3k+
2<i<4kfork=2

flu)={1if 1<i<kiif k+1<i<2k —1if 2k+1<i<3k —iif 3k+1<i<4k
Clearly Ve (1) = Ve (=1) = V(i) = Vf(—i)zkand er(1) = 6k —2 = er(0)
Subcase (ii):n=2(mod4), Let n=4k+2, k> 1.

flug ) ={-1if 2<i<k+1—iifk+2<i<2k+21if 2k+3<i<3k+2iif 3k+
3<i<4k+2

flug) ={lif 1<i<k+1iif k+2<i<2k+1—-1if2k+2<i<3k+2 —iif3k+3<
i <4k +2
Clearly Ve (1) =Vp (1) = Vs (i) = Vf(—i)=2k+1and er(1) = 6k +1 = ef(0).
Therefore f is the group difference cordial labeling of G .
Case (ii) If nis odd,
Subcase (i) n=1(mod 4),Let n=4k+1,k>1.

f( . ) _ { 1if 1<i<k+1 and 2k+2<i<3k+1
Uzi-1) = 1 g if k+2<i<2k+1and 3k+2<i<4k+1

Fluy) = —1if 1<i<k and 2k+1<i<3k+1
Uzi) = { —iif k+1<i<2k and 3k+2<i<4k+1

= 6k — 1.

Subcase (ii): n=3(mod4), Let n=4k+3, k>1.

( _ ) . { 1if 1<isk+1land 2 k+3<i<3k+3
f Uzi-1) = i if k+2<i<2k+2 and 3k+4<i<4k+3

f( ) _ ¢ —1lif 1<isk+1and 2k+2<i<3k+2
Uzi) = { —iif k+2<is2k+1land 3k+3<i<4k+3
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Clearly Vp(1) =Vy (=1) =2k +2, V;(i) = Vp(-i) =2k +1and e;(1) = 6k + 3,
er(0) = 6k + 2. Therefore f is the group difference cordial labeling of G .
The labeling of the graph O (L) is given in the figure:

iy

1,

Ty

Tig

Tl U

-i i

1.
Ug Ug Uyg g T gy Mia

Fig 2.3

Theorem 2.5.
The graph O(L,) © K; is a group dif ference cordial graph for all ‘n'..
Proof: Let G = O(L,) © K; has 4n vertices and 5n — 4 edges . f be a group difference

cordial labeling of G. Let V(G) = {uy, uy, ... Usy }. Clearly O(L,) © K; is a group

dif ference cordial graph for n < 3.Assume n > 4 and define f:v(G) -
{1,-1,1i —i}

Case (i) If nis even, fix the labeling of f(u;) = f(u3) =i and f(u,) = f(uy) = —i for all
graphs.

Subcase(i) n =0 (mod 4), Let n=4k, k>1.

_ ¢ 1if 3<i<4k+2
fuzi—i) ={ iif 4k+3<i<8k

_ ¢ —1lif 3<is4k+2
fluz)) ={ _; if 4k+3<i<8k

Clearly V(1) = Vy (=1) = V;(i) =V;(-i) = 4k and e;( 1) = 10k — 2 = /(0).
Subcase (ii): n=2(mod 4), Let n=4k+2, k> 1.

_ ¢ 1if 3<is4k+4
fluzii) =14 if 4k+5<i<8k+4

_ —1if 3<i<4k+4
f(uZi) - { —iif4 k+5<i<8k+4

Clearly V(1) = Vy (=1) = V;(i) = Vs (-i) = 4k + 2and ef( 1) = 10k + 3 = e£(0).
Therefore f is the group difference cordial labeling of G .

Case (ii) If nis odd , fix the labeling of f(u;) =i and f(u,) = —i for all graphs.
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Subcase ()n=1(mod 4),Let n=4k+1, k>1.

_ ¢ 1if 2<i<4k+2
fQuai-1) = { ; if sks<icsior2

¢ —1if 2<is4k+2
fuz) =A{ —iifak+3<i<8k+2

Clearly V(1) = V; (=1) = V;(i) = V; (-i) = 4k + 1and ef( 1) = 10k, e;(0) = 10k + 1.
Sub case (ii): n=3(mod 4), Let n=4k+3, k> 1.

_ ¢ 1if 2s<i<4k+4
fuzic) ={ if 4k+5<i<8k+6

_ ¢ —1if 2<is4k+4
fuz) = { —iif4 k+5<i<8k+6

Clearly Vo (1) =V; (=1) = V(1) =V (-i) =4k +3and e;(1) = 10k + 5,

er(0) = 10k + 6. Therefore £ is the group difference cordial labeling of G .

Theorem 2.6. The Slanting ladder is a group difference cordial graph for all 'n’".

Proof: Let G = SL, has 2n vertices and 3n — 3 edges, f be a group difference cordial
labeling of G .Let V(G) = {uq, u, ... u,, }. Clearly SL, is a group difference cordial
graph for n < 3. Assume n > 4 and define f : V(G) -» {1,—1,i,—i} as follows
Case(i) n=0(mod4). Let n=4k,k>1

Flug_y) = { 1if 1<i <k and 2k+2< i< 3k+1
U2i-1) = U i if k+1<i<2k+1 for k21 and 3k+2s i< 4k for k=2

Fuy) = { —1if 1si<k and 2k+1<i<3k
2i) — U —jifk+1<is< 2k and 3k+1< i< 4k

Therefore f is the group difference cordial labeling of G .
Case(ii)n = 1(mod 4). Letn =4k + 1,k > 1.

Flupy) = 1if 1<isk+1land 2k+2<i<3k+1
Uzi-1) = { [ if k+2<i<2k+1and 3k+2<i<4k+1

f( ) = { —1if 1<i<k and 2k+1<i<3k+1
Uzi) = —iifk+1<i< 2k and 3k+2<i<4k+1

Therefore f is the group difference cordial labeling of G .
Case(iii):n = 2 (mod 4), Letn =4k + 2,k > 1.

f( ) = { 1if 1<isk+land 2k+3<i<3k+2
Uzi-1) = 1 if k+2<i<2k+2and 3k+3<i<4k+2
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f(u ) = ( —1if 1<isk and 2k+2<i<3k+2
20 T U —jifk+1<i<2k+1 and 3k+3< i< 4k+2

6k + 2. Therefore f is the group difference cordial labeling of G .
Case (iv) n =3 (mod 4),Let n=4k + 3,k > 1.

f( _ ) _ { 1if 1<isk+land 2k+3<i<3k+3
U2i—1) = U if k+2<i<2k+2 and 3k+4< i< 4k+3

Flugy) =1 —1if 1<isk+1and 2k+2<i<3k+2
U2i) = U —jifk+2<is<2k+1 and 3k+3< i< 4k+3

Clearly V; (1) =V; (-1) = 2k + 2,V; () = V; (-i) = 2k + 1.Also e; (1) = 6k + 3
=er(0 ). Therefore f is the group difference cordial labeling of G .
The labeling of the graph SLg is given in the figure:

-1

g tie

Fig 2.4

Result and Discussion

The investigation reported in this paper is an effort of group difference cordial labeling .As
all the graphs are not group difference cordial graph, it is very interesting and challenging to
investigate these labeling for the graph which admit these labeling .Here we have contributed
some new results by investigating group difference cordial labeling for some graphs such as
L, O K;,0Open ladder,Slanting ladder, O(L,,) © K;.

Conclusion

In this we have found group difference cordial labeling of different types of graphs such as
L, © K;,0pen ladder,Slanting ladder, O (L, ) © K, are established. Investigating group
difference cordial labeling in other classes of graphs for future work.
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