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Abstract

We present some features of intuitionistic fuzzy subsets on an abundant semi-
group in this study. Also presented the concept of intuitionistic fuzzy abundant
semigroups, as well as some of its features.We also define homomorphism and
investigate the image and inverse image of an intuitionistic fuzzy abundant
semigroup when homomorphism is applied.
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1. Introduction

Lofti A. Zadeh [1] proposed the concept of fuzzy sets. Azriel Rosenfeld [2]
ap- plied it to the fundamentals of group theory. He started the fuzzification of
some algebraic structures using the concept of characteristics function. Various
types of fuzzy semigroups have been presented by a number of writers. J B
Fountain[3]studied the Abundant Semigroup, while Chunhua Li [4] extended the
Abundant Semigroup to the Fuzzy Abundant Semigroup. Intuitionistic fuzzy
sets, whichare a generalisation of fuzzy sets, were developed by K Atanassov
[5]. The idea of an intuitionistic fuzzy abundant semigroup is introduced, and the
image and inverse image of intuitionistic fuzzy abundant semigroups are
examined under homomorphism.

Email addresses: annaancy.09@gmail.com (Ancy Varghese), pibmct@gmail.com (Paul
Isaac)

2. Preliminaries

Definition 2.1. [6] A semigroup (S, .) is a set S together with an associative
binary operation (.) on S. If the semigroup S does not have an identity then it
is easy to adjoin an element 1 to S to form a monoid and is denoted as S*. We
define 1.s=s=s.1forallsesS, and 1.1 = 1.
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Definition 2.2. [6] A non-empty subset T of a semigroup S is called a sub-
semigroup if T2c T.
That is vx,y € T,xy €T.

Definition 2.3. [6] A non-empty subset A of a semigroup S is called a left
idealif SA € A and a right ideal if AS € A.

A is said to be an ideal if it is both left ideal and right ideal. Every ideal is a
subsemigroup but the converse is not true.

The notion of ideal leads to the consideration of certain equivalence relations
on a semigroup.These equivalences first studied by James Alexander Green[1951]
have played a fundamental role in the development of semigroup theory.

If a is an element of a semigroup S, the smallest left ideal of S containing
a is Sa U a and we denote it by S'a and call it as principal left ideal of Sgenerated
by a. Similarly aS' is the principal right ideal of S generated by a. The
principal two-sided ideal of S generated by a is denoted by S*aS™.

Definition 2.4. [6] Green’s Equivalence relations on a semigroup S is
definedas follows:

Va,be S.

(1) aLb & S*a = S'b

(2) aRb & aS! = bs!

(3) alb & S'as' = S'bs*

If L-R = ReL, then we have the equivalence relations D = L°R = R°L =
LvRand H=LNR

The relations L* and R* defined below are the generalization of Green’s
relations L and R. They are known as Generalized Green’s relations.

Definition 2.5. [3] For a,b €S aL*b & vx,y € S, ax = ay © bx = byaR*b
o vx,yeS, xa=yaexb=yb
alh & vx,y €S', axa = aya < bxb = byb

The relations L* and R* are equivalence relations, Ly is the L*-class con-
taining a and Rjis the R*-class containing a. L* is a right congruence and R*
is a left congruence relation on a semigroup.

Lemma 2.6. [3] If e is an idempotent in a semigroup S for a €S. Then
(1) aL*e @ ae = a Vx,y €S, ax = ay = ex = ey

(2) aR*e @ea=a Vvx,y €S xa=ya=xe =ye
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An idempotent element in an abundant semigroup act as a right identity
within L+-class and left identity within R:-class. We denote by a* and a* the
idempotents in L3 and R respectively.

We have intersection of two equivalence relation is an equivalence relation.
Hence H* = L*NR* is an equivalence relation and H} is the H+-class containing
a.

Definition 2.7. [3] A semigroup in which each L+-class and R*-class
contains atleast one idempotent is called an abundant semigroup.

Definition 2.8. [7] A map ¢ : S — T where (S, .)and(T, ) are semigroups
is called a homomorphism if for all x,y €S
p(x.y) = p(X) * p(y)

Definition 2.9. [7] A homomorphism ¢ from an abundant semigroup S into a
semigroup T is good if for all x,y €S

aLbin S =¢(@)Le) in T

aR*b in S = p(@)R*pM) in T

Definition 2.10. [7] Let S be a semigroup E(S) denotes the set of idempotent
in S. A semigroup S is said to satisfy regularity condition if E(S) is a
subsemi-group of S.

Lemma 2.11. [7] Let S be an abundant semigroup satisfying the regularity
condition, let ¢ be a good homomorphism from S into a semigroup T and let ¢ (a)
be an idempotent of T for some a of S. Then there is an idempotent e € E(S)
such that ¢(a) = ¢(e).

Definition 2.12. [1] Let X be a non-empty set. A fuzzy subset A of X is
defined as A = {(Xx, Hp) : X € X} where W, is the membership function from X
into [O, 1].

Definition 2.13. [1] Let X be a non-empty set, and let A be a fuzzy subset
of X, t € [0, 1], A'= {x € X : pa(x) >t}. Then A" is called a t— cut. Also
A™ = {x € X : pa(x) >t} is called a strong t— cut.

Definition 2.14. [8] Let A, B be two fuzzy subsets of a set X with membership
functions pa and g respectively. We have the following definitions:

(1) ASB @ pua(X) <ps(X) ¥XES,
(2) (ANB)(X) = Ha(X¥) AHe(X); (A UB)(X) = Ha(X) V He(X)

Definition 2.15. [8] Let A, B be two fuzzy subsets of a semigroup S with mem-
bership functions ps and pg respectively. We define
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(A B)(X) :VX:yz{uA(y) As (@)} ifiy,zeS,x=yz

0 otherwise

Definition 2.16. [8] A fuzzy subset A = {(x, Ua): x € S} of a semigroup S is
called a fuzzy subsemigroup of S, if pa(ab) > min(pa(a), pa(b)) v a,b €S .

Definition 2.17. [4] Let A = {(X, Ma): X € S} be a fuzzy subsemigroup of
an abundant semigroup S. If there are a* € R}, a* € L} such that pa(a®) >

Ha(@), ua(@) > pa(d) Ya € S then A is called a fuzzy abundant subsemigroup
of S.

Theorem 2.18. [4] Let A = {(X, Ma): X € S} be a fuzzy subset of an
abundantsemigroup S then following properties hold

(1) A ={(x, Hp) : X € S} is a fuzzy abundant subsemigroup of S if and only if
A' is an abundant subsemigroup of S vt € [0, 1]

(2) A ={(x,Hn) : x € S} is a fuzzy abundant subsemigroup of S if and only if
A" is an abundant subsemigroup of S vt € [0, 1]

Definition 2.19. [5] An intuitionistic fuzzy set A defined on a non-empty set
X is given by A = {(X, Ua, va): X € X}. The functions ps : X — [0, 1],
va X — [0, 1] denote degree of membership and degree of non-membership of
theelement x € X to the set A respectively and 0 <pa(X) + va(X) <1 vx € X.
Simply we denote an intuitionistic fuzzy subset A of X by (Ha, va)-

Definition 2.20. [9] Let A be an intuitionistic fuzzy set of a universe set X.
Then (a, p)-cut of A is denoted by C,;(A) and is given by

Cup(A) = {x € X : ua(X) = @, va(X) <p}, where a, p € [0,1] with a + <1

Definition 2.21. [10] Let X and Y be two non-empty sets and ¢ : X — Y
be a mapping. Let A and B be intuitionistic fuzzy subsets of X and Y respec-
tively. Then the image of A under the map ¢ is denoted by ¢(A) and is defined
as

P(A)Y) = (Ko (), Vo) (¥))

where
V X X e X’ X = H i -1 /: 0
Mo (y) = ¥ a0 | p(x) =y} ifp (y)
0 otherwise
and
Vo (y) = A va () X € X 0(x) =y}, ifp(y) 1= 0
1 otherwise
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Also the pre-image of B under ¢ is denoted by ¢ * (B)(x) and is given by
9 1 (B)X) = (Mpr@)(X), vp1m)(X))
where ;1) (X) = He(e(X)), vo18)(X) = ve(e(X))

3. Intuitionistic Fuzzy subset of an Abundant Semigroup

In this section we deal with intuitionistic fuzzy subsets of an abundant semi-
group. We provide definitions and results for intuitionistic fuzzy subsets of an
abundant semigroup that are similar to those presented for regular semigroups in
[11].

Definition 3.1. Let S be an semigroup and let A =(ua, va) be an
intuitionistic fuzzy subset of S. Then A is called an intuitionistic fuzzy
subsemi- group of S if for any x, y € S, pa(xy) = min(pa(x), Ha(y)) and
va(Xy) < max(va(x), va(y)).

Remark 3.2. Note that an semigroup S can be considered as an intuitionistic
fuzzy subset of itself. S = (Us, vs) where ps(X) = 1,vs(X) = 0¥X €S.

Definition 3.3. Let A be an intuitionistic fuzzy subset of an abundant semi-
group S. Then A is called an

(1) intuitionistic fuzzy left ideal of of S, if pa(ab) > pa(b) and va(ab) <va(b)
For all a,b €S.

(2) intuitionistic fuzzy right ideal of of S, if pa(ab) > pa(a) and va(ab) <
va(a@) for all a,b €S.

(3) Intuitionistic fuzzy ideal of of S, if it is both intuitionistic fuzzy left
idealand intuitionistic fuzzy right ideal of S.

Proposition 3.4. Let A be a non-empty subset of an abundant semigroup S
and let ya be the characteristic function of A.

(1) A is a left ideal of S if and only if (ya,xac) IS an intuitionistic fuzzy
leftideal of S.

(2) A is aright ideal of S if and only if (ya, xac) iS an intuitionistic fuzzy
rightideal of S.

(3) A is an ideal of S if and only if (ya, xac) is an intuitionistic fuzzy ideal of
S.

Proposition 3.5. Let A = (H1a, va) be an intuitionistic fuzzy subset of an
abundant semigroup S. Then
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(1) A = (Ma, va) is an intuitionistic fuzzy left ideal of S if and only if ScA € A
i, (s °Ha € Ha, Vs °Va =Va)

(2) A = (Ma, va) is an intuitionistic fuzzy right ideal of S if and only if A-S c
Ai,e (Ma °Ms € Ha, Va °Vs =Va)

(3) A = (Ua, va) is an intuitionistic fuzzy ideal of S if and only if A-S € A
and S°ACA

4. Intuitionistic Fuzzy Abundant Subsemigroup

In this section we define intuitionistic fuzzy abundant subsemigroup of an
abundant subsemigroup and derive some results in this direction.

Definition 4.1. An intuitionistic fuzzy subset A = {(X, Ua, va) : X € S} of an
abundant semigroup S is called an intuitionistic fuzzy abundant subsemigroup
of S, if there are a* € Ry, a € Lj such that pa(a®) > pa(a), pa(a’) > pa(a)
and va(@*) <va(a),va(a) <va(a) va€es .

Proposition 4.2. Let A be a subset of a semigroup S and let y, be the
char-acteristic function of A. A is an Abundant subsemigroup of S if and
only if (xa, xac) is an intuitionistic fuzzy abundant subsemigroup of S.

Definition 4.3. Let A = (Ua va) and B = (Ug, vg) are two intuitionistic
fuzzy subset of a semigroup S. The product of A and B is an intuitionistic
fuzzy subset A - B defined as follows: A ° B = {(X, (Ua ° Mg), (va ° vg)) : X € S}
where
]

Vy=y{Ha(Y) A Ms(2)} if 3y,z €S, x=yz

(Ha° K )(x) =
B 0 otherwise

Ul
Ny=yz Vvg(z if 3y, z €S, x=yz
(va o v )(X) = yAva(y) Vve(2)} y y
5 1 otherwise

Lemma 4.4. Let A = (Ma, va) be an intuitionistic fuzzy subset of a semigroup

S. A is an intuitionistic fuzzy subsemigroup if and only if pa cpa S pa and
va °va >va. ie. if and only if AcA C A
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Proof. First we prove if A = (Ua, va) is an intuitionistic fuzzy subsemigroup
ofa semigroup S then pa °da S Ha and va ©va > va.

Suppose A is an intuitionistic fuzzy subsemigroup of a semigroup S. Fory,z €S
with x = yz, we have

Ha(X) = Ha(Yz) = Ha(Y) AHa(2). = HA(X) = Viy{HA(Y) A HA(2)}. e
Ha(X) = (Ha ° Ha)(X). Hence pa = (Ha © Ha)-

Similarly we can prove vp °va > va.

Conversely suppose Ua ° Ua S Ha and va © va > va. TO prove that A is an
intuitionistic fuzzy subsemigroup of a semigroup S. As (Ha ° Ha)(X) < Ha(X),
for x = yz with y,z € S we get
HA(X) = Vi=yAHA(Y) A Ha(2)} = Ha(Y) A Ha(2). That is pa(yz) = pa(y) A Ha(2).
Similarly va(yz) < (va(y) V va(2)). Hence A is an intuitionistic fuzzy

subsemigroup of the semigroup S.
|

Proposition 4.5. Let S be an abundant semigroup. If A is an intuitionistic
fuzzy abundant subsemigroup of S then pa °pa = Ha @nd va o va = va.

Proof. From lemma 4.4 we get pa °Ma S Ma and va °va > va. It is enoughto
ShOW M ° Ma = Ha @and vaeova S va. Leta €S, if pa(a) = 0, then pa
Ha(@) > pa(a@). If pa(a) /= 0, then there is a* € S such that pa(a) >
Ma(@). Since S is abundant, here a* € Lj act as right identity and a.a* = a.

Thus (Ha ° Ha)(@) = Vasy{Ha(X) A HAW)F = (Ha(®) A HA(@)) =
Ma(@). Therefore pa © s = Ha. Similarly we can prove v cva = va.

Proposition 4.6. Let S be an abundant semigroup and A be a®
intuitionistic fuzzy abundant subsemigroup of S. Then A is an intuitionistic
fuzzy left ideal of S if and only if S°cA=A, i.e. Us °Hda = Ha aNd vg ova =

VA.

Proof. From proposition 3.5 we get s °© ha S Ha and vs © va > va. It is
enough to show g °a > Ha and vs cva S va. Let a €8S, if pa(a) = 0, then
Hs °Ha(@) = pa(@). If pa(@) 0, then there are two cases

Case 1: a*e Ly
We have A is an intuitionistic fuzzy abundant subsemigroup of S such that
Ha(a?) > pa(a). Since S is abundant, here a* € L} act as right identity. Thus
Hs °Ha(@) = Veoy{Hs(X) AHA(Y) T = (Ms(@) Aba(@)) = (1 Apa(@)) =
Ha(a’) 2 Ha(a).
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Case 2: a' e R}
We have A is an intuitionistic fuzzy abundant subsemigroup of S such that
Ha(@") > pa(a). Since S is abundant, here a* € R} act as left identity. Thus

Hs © Ha(@) = Vemy{Hs(X) A Ha(Y)} = (Us(@") A pa(@)) = (1 A pa(@)) = pa(a).
Therefore s o da = Ha. Similarly we can prove vg cva = va.
|

Now we state the following result, the proof of which is similar to the above.

Proposition 4.7. Let S be an abundant semigroup and A be an
intuitionistic fuzzy abundant subsemigroup of S. Then A is an intuitionistic
fuzzy right idealof S if and only if A°S = A, i.e. Ha ° s = Ma and va °vg

= Va.

Now the following proposition is an immediate consequence of the above two
results.

Proposition 4.8. Let S be an abundant semigroup and A be an intuitionistic
fuzzy abundant subsemigroup of S. Then A is an intuitionistic fuzzy ideal of S
if and only if AcS=S-A

5. (a, f)-cut of Intuitionistic Fuzzy set

Definition 5.1. Let A = (Ua, va) be an intuitionistic fuzzy subsemigroup of
asemigroup S. Then (a, p)-cut of A is denoted by C,x(A) and is given by
Cop(A) = {X ES : Ha(X) = a, va(X) <f}, where o, # €[0,1] with a +p <1
Proposition 5.2. Let S be an abundant semigroup and let A be an

intuitionistic fuzzy abundant subsemigroup of S if and only if for any o, # € [0,
1],(e, p)-cut C, 4(A) is an abundant subsemigroup of S.

Proof. Given that A = (Ma va) is an intuitionistic fuzzy abundant subsemi-
group of S. To prove C,4(A) is a subsemigroup of S. Let x,y € C,z(A)
then pa(X) = a, Ha(Y) = a, va(X) < B and va(y) < B. Since A = (Ma, va)is
an intuitionistic fuzzy subsemigroup of S pa(Xy) = (Ha(X) A Ha(Y)) and va(xy)
< (va(X) V va(y)). This implies pa(xy) > a and va(xy) <. Thus xy €
C.s(A). Hence C,4(A) is a subsemigroup of S.

Now it is enough to prove C,4(A) is abundant. Let a € C,z(A) then
Ha(@) = a, va(@) < B. As A is intuitionistic fuzzy abundant subsemigroup of
S, we have ua(a") > pa(a) > a pa(@) > pa(@) > a and va(@') <va(a) <p
va(@) <va(a) <p, fora"eR; a'€ Ly Thatisa’,a € C, 4z(A) and hence
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C.4(A) is abundant subsemigroup of S for all &, g € [0, 1]with a + f < 1.
Conversely assume that C, 4(A) is a non-empty abundant subsemigroup of S,
to prove A is an intuitionistic abundant subsemigroup of S.

We first prove A is a subsemigroup of S. Let a,b € S with pa(a) > a pa(b) >«
va(@) < B va(b) <p

ie a,b € C,4(A), as C,4(A) is subsemigroup ab € C, 4(A)

ie pa(ab) = min(ua(a), pa(b) also va(ab) < max(va(a), va(b)

Hence A is an intuitionistic fuzzy subsemigroup of S. Now to prove A is
abun-dant. Let a,b €S, set a = pa(a), f = va(a).

Since C, 4(A) is an abundant subsemigroup of S there are a* € Ry a' € Ly
such that

Ha(@") 2 a, pa(@) 2a ,va@") <, va(a) <p

Ha(@") = Ha(@), Ha(@) = pa(d), va(@") < pa(@), va(@) < pa(a) for all
aEesS

Hence A is an intuitionistic fuzzy abundant subsemigroup of S. [

6. Homomorphism of intuitionistic fuzzy abundant subsemigroup

Definition 6.1. Let X and Y be two non-empty sets and ¢: X — Y be a
mapping. Let A and B be intuitionistic fuzzy abundant subsemigroup of X and
Y respectively. Then the image of A under the map ¢ is denoted by p(A) and is

defined as
P(A)Y) = (Me@(Y), Vo) (Y))
where
— R —
() = A [X € X000 =y} o ) /=0
0 , otherwise
and
Vo) = MVal) [x € X, 0(x) =y}, ifp (y) 1= 0
1 , otherwise

Also the pre-image of B under ¢ is denoted by ¢ *(B)(x) and is given by
9 (B)) = (Hy1@)(X). vy-1)(X))
where p,-18)(X) = He(@(X)), vo18)(X) = va(p(X))
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Theorem 6.2. Let ¢ be a surjective good homomorphism from an abundant
semiroup S satisfying regularity condition onto a semigroup T.Then the follow-
ing statements are true:

1. If Ais an intuitionistic fuzzy abundant subsemigroup of S then ¢(A) is
an intuitionistic fuzzy abundant subsemigroup of T.

2. If B is an intuitionistic fuzzy abundant subsmigroup of T then ¢ *(B) is
an intuitionistic fuzzy abundant subsemigroupof S.

Proof. (1 ) Given that A is an intuitionistic fuzzy abundant subsemigroup
of S to prove ¢(A) is an intuitionistic fuzzy abundant subsemigroup of T . From
Proposition 5.2 it is enough to prove C, zp(A) is an abundant subsemigroup of
T , for all o, p €[0, 1] with a + 4 <1.

Suppose that there is ag, fo € [0, 1] such that C,,z,¢(A) is not anabundant
subsemigroup of T.

Then there is x € C,, 4 (p(A)) such that X" € T, but X" £C,, 4 (g(A))

ie Hyea)(X) = ao, vypa)(X) < Bo

but H,a)(X7) < ag, vy (X) = B for all X" € R},

Similarly for x* € L.

Since ¢ is surjective then ¢(S) =T

For x eT = x = ¢(a) for some a €S and x" € T = x = ¢(b) for some b € S

Hence H,a)(X) = Vae,—10{Ha(a)} = o and
Vo) (X) = Aacp—1xLva(@F <o
AISO Pya) (X" ) = Voep— 1) LHAD)F < a0and vyay (X" ) = Avey1x){va ()} =
Po
Choose an element o, € [0, 1] such that 0 < a < 00,0 < o < . We have
Vaep—1)LHA (@) F > ag
Nae,—19Lva(@)F < fo
Vbep—1x ) THA(D) F < o
Noep—1x)Lva(0) F = fo.
Thus there is a € S such that ¢(a) = x and pa(a) >a, va(a) <p
=a € C,4(A) and C,4(A) non empty.
Also for all x* € Ry we have X" = ¢(b) and pa(b) < a, va(b) = B
=>b£C,z(A)
Since ¢ is a surjective homomorphism from an abundant semiroup S satisfying

44



Turkish Journal of Computer and Mathematics Education Vol.14 No.02 (2023),35-46
Research Article

regularity condition onto a semigroup T, by Lemma 2.11 there is an idempotent
a’ € E(S) such that ¢(a") = ¢(b) = x*

Hence for all a*™ € Ryua(a®)

< a, va(@) > B

=a " £C,z(A)

Thus C,4(A) is not an abundant semigroup of S. By Poposition 5.2 A is not
an intuitionistic abundant subsemigroup of S which is a contradiction.

Therefore for all o, f € [0,1],a + B < 1,C,4(p(A)) is an intuitionistic fuzzy
abundant subsemigroup of T.
Hence ¢(A) is an abundant subsemigroup of S.

(2) Now assume that B is an intuitionistic fuzzy abundant subsemigroup of
T to prove ¢ *(B) is an intuitionstic fuzzy abundant subsemigroup S.
As B is an intuitionistic fuzzy abundant subsemigroup of T then forally €T
with pg(y) /= 0 there are y”, y* such that ps(y") = Ha(y),ve(y") < ve(y)Hs (Y") =
He().ve(y') <ve(y)
Given ¢ is surjective good homomorphism for all y € T there is a € S such that
p@) =y.
For all a € S pg[e(a)] /= 0 then there are [¢(a)]", [¢(a)]* € T such that
Help(@)]" = uslp(a)] uelr(a)] = Help(a)]
velp(@)]" <velp(@)]velp@] <velp(a)]
Since ¢ is a good homomorphism by Lemma2.11 for all [p(a)]" € R there is
a’ € Ry such that [p(a)]" = ¢(a") and a* € L3 such that [p(a)]* = ¢(a*) He[e(a)]”
= Mslp(a")] = Help(a)]
Helo(@)] = Halo(@)] > Halo(a)]
velp(@)]" = velp(@’)] < ve[p(a)]
velp(@)] = velp(a)] <velp(a)]
But p,1e)(@7) = Hsle(a’)] and v,a@)(@’) = velp(@’]
ie Mya@)(@ ) = Hy18)(2)
Ho—18)(@) 2 Hy-1(8)(2)
V¢,—1(B)(a ) < V¢—1(B)(a)
V¢—1(B)(a+ ) = v(p’l(B)(a)
= ¢ (B) is an intuitionistic fuzzy abundant subsemigroup of S.
Hence the theorem.
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Conclusion

In this article we tried to introduce some concepts about intuitionistic fuzzy
abundant subsemigroups and also study the image and inverse image of intu-
itionistic fuzzy abundant subsemigroups under homomorphism.There are much
more to be done.
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