Turkish Journal of Computer and Mathematics Education Vol.14 No.01 (2023),207- 221
Research Article

MODELLING THE ELASTOPLASTIC DEFORMATION OF AN
INTERNALLY PRESSURIZED TRANSVERSELY ISOTROPIC SHELL
UNDER A TEMPERATURE GRADIENT

Temesgen Alemu Godana®, Satya Bir Singh?, Pankaj Thakur®, Pushwinder Kumar*

! Department of Mathematics, Addis Ababa University, Addis Ababa, Ethiopia
tomye27@gmail.com

? Department of Mathematics, Punjabi University, Patiala, India
sbsingh69@yahoo.com

¥ Department of Mathematics, ICFAI University Baddi, Solan, India
pankaj_thakurl5@yahoo.co.in

* Research Scholar in Department of Mathematics, Punjabi University, Patiala, India
pushwindershelly@gmail.com

Abstract

In this study, the transition theory and generalized strain measure theory were used to model the
elastoplastic deformation in a transversely isotropic spherical shell subjected to a thermal gradient and
uniform pressure. The main difference in transition's theory from the classical plasticity theory is
neglecting ad-hoc assumptions such as the deformation is infinitesimally small, material
incompressibility and yield criterion. However, results obtained by transition theory satisfy the yield
condition in plastic state, and it is important to determine elastoplastic and fully plastic stresses on the
basis of Lebesgue measure. Results are obtained in non-dimensional quantities and are shown
graphically and illustrated numerically. The validations of analytical results of particular cases were
compared to other works published in the literature and found to be the same. It is concluded that the
pressure required for the initial yielding of the thicker shell made of transversely isotropic material is
lower than the pressure required for thinner shell at room temperature. Through adding thermal effects,
the pressure required for initial yielding of a transversely isotropic shell decreases. The value of fully
plastic circumferential stress at the outer surface of the shell decreases with the increase in temperature
and pressure. It is seen that the stress distribution through the shell surface, induced by temperature and
separately induced by pressure, is opposite.

1. Introduction

A shell is a cylindrical or spherical curved surface which is much smaller in thickness than its other
dimensions. The geometric properties of shells, i.e. single or double curvature give such lightweight
structures a tremendous advantage. Shell structures find wide applications in many branches of
engineering. Examples include aircraft, spacecraft, nuclear reactors, tanks for liquid and gas storage,
and pressure vessels. Researchers applying advanced materials in order to reduce the weight, thickness
and cost of the structures. This is particularly important for aircraft and launch vehicles. Researchers
have also discovered various uses of spherical shell structures in aircraft, industrial, chemical and
mechanical ventures, such as rapid centrifugal separators, gas turbines for high control flying machine
motors, turning satellite structures, other rotor systems, and pivoting magnetic shields. Many material
properties, such as stiffness, strength, thermal expansion, thermal conductivity, and permeability, are
used to compose a spherical shell associated with a direction or axis. If the material's properties along
any direction are the same as those along a symmetric direction with respect to a plane, then that plane
is defined as a plane of material symmetry. An isotropic material comprises an infinite number of
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planes of material symmetry, while a transversely isotropic material has three mutually perpendicular
planes of material symmetry and one of its principal planes is an isotropic plane [1, 2, 3, 4].
Researchers dedicated to the study of spherical shell based on classical and non-classical treatment to
figure out the optimal design of structural components and they led not to confine themselves to the
usual elastic regime, but the elastoplastic regime due to the increasing material scarcity and higher
costs of the material. Elastoplastic analysis of spherical shells made from transversely isotropic or
isotropic materials is critical in solid mechanics. It has attracted a great amount of scientific interest.

Stresses and strains analysis in spherical shell has been extensively performed in classical treatment.
Reuss [5] originally gave the solutions corresponding to the plastic state for shells under pressure,
which Hill [6] improved and interest in this issue has never stopped ever since. Reissner [7] studied the
analysis of stress and displacements of isotropic spherical shells. Timoshinko and Goodier [4]
evaluated the elastic stresses in a thick hollow sphere shell under internal pressure, and Hill [6]
provided a comprehensive account of the same problem for work-hardening and non work-hardening
materials in the elastic-plastic case. Johnson and Derrington [8] studied the onset of initial yield under
pressure and uniform heat flow in a spherical shell. All of the researchers mentioned above used the
method of superposition and semi-empirical laws to investigate these types of problems. Starting in
1962 [9], researchers used Seth's transition theory and generalized strain measure theory (non-classical
treatment) which does not use the superposition method and semi-empirical laws. The generalized

principal strain measure has been defined [10] as

KT SOVNR AN
eii = g)(l—Zeii) deii :H 1—(1—26“) (1)

where n is strain measure coefficient, eﬁ is Almansi finite strain component and i=1,2,3. It gives

n=-2,-1,0,12 respectively to Green, Cauchy, Hencky, Swainger and Almansi measures.

This theory is applied to a more general and wider range of problems [7, 9, 11, 12, 13, 14, 15, 16].
Using his theory, Seth [17] studied elastic-plastic transition stresses and strains in tubes under pressure.
Gupta and Dharmani [11] studied creep transition in transversely isotropic shells under uniform
pressure. Pankaj et al. [18] investigated the problem in creep transition in the rotating spherical shell
under the effect of density variable. Pathania and Verma [19] studied temperature and pressure
dependent creep stress analysis of spherical shell. However, the studies using the non-classical
treatment of spherical shell are very limited as compared to classical treatment, although the empirical
assumptions are ignored and the nonlinear behavior of the material is taken into account, as shown in
Figure 1 (b).
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Figure 1: Stress-strain curves
In this paper, elastoplastic stress and fully plastic stress analysis are carried out on an isotropic or a

transversely isotropic spherical shell subjected to a thermal gradient and uniform pressure using the
transition theory of Seth and generalized strain measure theory. Results are obtained in non-
dimensional quantities and are shown graphically and illustrated numerically.

2. Governing Equation

2.1 Mathematical Model

Consider an isotropic or a transversely isotropic spherical shell having internal and external radii a and
b (a <b)respectively, subjected to a thermal gradient ¢yand uniform pressure P on the inner surface

r=a, the cross-section of the shell subjected to these loads is shown in Figure 2.

Figure 2: Geometry of spherical shell under a radial temperature gradient and uniform pressure.

2.2 Displacement Coordinates and Strain Measures

Due to the spherical symmetry of the structure, the displacements are purely radial and a function of r
only. The components of these displacements in spherical coordinates are given by Seth [17]

u=(1-n)r, v=0, w=0, 2)
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where u,v, and ware the physical components of displacement,» is a function of r:Jx2+y2+z2

only.
For finite deformation, the Almansi strain components in spherical coordinates are:

1 N2
erAr :E[l—(ry+r77) }

A_1l [ _ 2}_ A
®0 =517 | =gy 3
A_A__A
€pr =Cro =% =0
where efy, epy. e£‘¢, el e@j, e(?r are the components of the strain tensor e, the superscripts “A ” is

Almansi and 7' =2—'7 .
r

Substituting equation (3) into equation (1), the generalized strain components are:

[1—(77 +77’r)n}
l—nn}

C00 = ~ %4 4)

€rr

6¢r :ere :ee¢ :O
2.3 Stress-Strain Relation for Transversely Isotropic Material
The thermo-elastic constitutive equations for transversely isotropic materials are given by [12]

o711 =C1811 +(C11 ~2Cep )e2p + Craea3 — Ao
092 =(C11-2Cqg )e11 +C118pp +Cr3e33— A1 (5)
033 =C13811 +C13800 +Cg3833 — Fop

093 =Cy4(2823). 013 =Cy4(2813), 075 =Cgg(2817)
where ¢ is the temperature change, Cjj are the elastic stiffness constants, 4 and 3, are the thermal

moduli, j; and ej; denote respectively the stress and strain tensor.

The stress components can be calculated if the distribution of temperature is given. Consider the case of
steady flow and we take the temperature

_|¢o, forr=a,
~lo, forr=b
where ¢ is constant, then the temperature at any distance r from the center is given by [4]
_ (b=r
?=%0 (Tj (6)
where g, = 2%
120] b—a

Substituting equation (4) in equation (5), we get
[1—(77+ rﬂ')n} |:l—7]n:|
+2C13 .

n

orr =Cg3 =P
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[1—(77+r77’)n} [1—77”}

ogp =2C13—————+(2011 - Cgg)——- A0 (7)
4 =C%f’[l—(mrn')”}—(zcﬂ;zc%)[kn”]—ﬂw

O'¢r=O=(Tr6=(Te¢

The equilibrium stress-equations are given by [3]

a(o.rr)+ 1 8(0r¢)+16(0r0)+20rr—O'¢¢—O'90+Gr0COtH:0
or rsind o¢ r o6 r

6(0‘r9)+ 1 6(0'9¢)+16<O'90)+30'r0+(090—G¢¢)C0t9_
or rsind o4 r 06 r B

8(0‘r¢) ) 8(0’¢¢) 16(%9) 30y +20G40L0

or ' rsing o4 v o0 r B
Substituting the values of stresses from equation (7) in equation (8), we see that the equations of
equilibrium are all satisfied except,

0 2
%Jr?(ﬁrr ~0p) =0 )
Using equations (6) and (7) in equation (9), we obtain a non-linear differential equation governing

transitions in » as:

n-1 dp n 203 n ny 2a3(ay-1) n
1 P pa 2(aq-1) p+—23(1-" (1 A
7p(+p)' G =p(aep) +2fag-2)pr s i (e p) )+ =2 ()

0 (8)

0

N 70 (9} Z(ﬂl—ﬁzgfﬂo (9 _1j (10)
Cagn ' \r Ca37 '

C : . .
where rp' = py and oy -1-13 In equation (10) the transitional points of » are p—»-1 and p — o
C
33
3. Boundary Conditions
The problem’s boundary conditions are set by:

orr lr=a=—P (11)

orr l—p=0(12)

where P is a pressure on the inner surface of the spherical shell.
4. Analytical Solution

To evaluate the plastic stresses, the transition function ¥ at the transition point p -+ [11, 14, 15, 16,

17,18, 19, 20, 21, 22, 23] is taken through the principal stresses. We define the transition function ¥
as

S [(1+ p)" +2(1—a3)J (13)
Then,
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n B n-1dp
dinw np[(1+ p) +2(1 a3)J+np77(l+ p) i

dinr (1+p)" +20-ag)

(14)

From equation (10) substitute the value of g_p in equation (14), we get
n

3o B () 0
din¥

dinr (1+p)" +2(L-ag)
Ci1+Cy,—-2C
where ~117-127°13 _ az(l-ay).
Cs3
By taking asymptotic value of equation (15) as p — +w , we get
din¥
dinr 273 (16)
Then integration of equation (16) yields,
-2 : . :
w=Ar %3, where A isan integration constant. a7
Using equation (17) in equation (13), we get
C -2 _
Orr = ﬁ|:3—20.’3—Ar a3 :| - ﬂ2 gﬂo (b_lj (18)
n r

The relationship between yielding stress in tension and material constants at the transition range [13] is

given by
_ Ca323(8-ap ~2a3)
Bl n(2—a3 —a2a3) (19)

where Y is the yield stress in tension. Using equation (19) in equation (18), we get

_ Y(Z—OZS —a20{3) B B —20(3 3 — E_
Oyrr = (3_a2 _ 2a3)a3 3 20.’3 Ar ﬂz Q)o .
(20)

Using the boundary condition (12) in equation (20), one gets

2a.
A=(3-2a3)b 3
Thus by substituting the value of the constant A, equation (20) becomes

2a
Y(2-aq- 3-2 b\ 3 - (b
- a3 0!20!3)( 0—’3) 1_() —ﬂz 20| ——
(3—0{2 —20!3)0(3 r r (21)
Using the boundary condition (11) in equation (21), we get

2a.
— o — _ 3
p_ 1(2-ag—apa3)(3-2a3) [(bj 1]+ﬁ2 %0 (2—1]

(3—0(2 —2&3)0!3 a (22)
Substituting equation (21) in equation (9), we get
2a. -
Y(2-a3—aza3)(3-2a3) (b3 Poog( b
006 =%¢p =rr + G- —2a3) (?j +To(rj (23)
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4.1 Initial Yielding

We note that the value of |0'6,9 —arr| is maximum at r =a. Hence yielding of the shell will take place at
the inner surface. Thus,

Y(2- g - atyg)(32z3) ( b jzas P20
a 2

b
lorr ~ogpl,_q = (3—ay —2a3) Eaj =il (24)

Substituting the value of Y in terms of v, in equations (21), (22) and (23), one gets the transitional
stress as

2a. -
1| () _ﬁz%(b)_ - (b
T 241@ ]Yl 2 \a)| 2% (25)

2a P p
1 b\""3 Bo ¢o (b) Powg (b
= S Y, e e
0-9(9 Oyr + ( b j20(3 ( rj 1 2 ka + 2 r (26)
a L J

and a relation between pressure and temperature for initial yielding at the internal surface as

2a. -
P=r"u || -1 Y- —11- —
b Zas[(a) ] 2 (a)| 2% a (27)
a0
a
We introduce the following non-dimensional quantities

r a Orr
=~ Ry=2, ogp =TT
b’ % b My

Qﬁ’ﬂoz_ﬂzg’o R= i

RCIY v, LTy
1 1 Y1
Thus equations (25), (26) and (27) in non-dimensional quantities become
2a.
3 -2
oyt = Ro lil—R aﬂ 1 Po ~fo 1,
ag 2R, R (28)
2¢.
_ Ro\*3|, Fo |, fo
o-et—o'rt+[R] |:l ZRO}_ZR (29)
2a
RO 3|: _2a3 } ﬂo 1
= R 1|12 -
1 ag [ ° 2Ro "o Ro (30)

4.2 Fully Plastic State

When fully plastic state is reached a3 — 0, equations (28), (29) and (30) become
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_ Po |1
o —2InR{1 ZRO} ,Bo(R 1) @
_ _Po | S
Syt =Orf {1 2RO}L2R (32)
Bo 1
Y _Po _
Py 2nRo{l ZRO}L%(RO J (33)

Particular Cases
(@) Spherical shell under uniform internal pressure only (¢py =0).
Transitional stresses and the pressure required for initial yielding of equations (28), (29) and
(30) become

2a
3 2
oyt =0 [1—R Oﬂ
3 (34)
2a
01773
oo =on ] (35)
R [R—Zag 1}
a 0!3 0 (36)

These results are the same as obtained by Seth [17].
Fully plastic stresses and the pressure required for fully plastic state of equations (31), (32) and (33)
become

Opf =2 InR

(37)
Ogf =0y +1 (38)
Pf =-2InRo
(39)

These results are the same as obtained by Johnson and Mellor [24] and Hill [6].
(b) Spherical shell under a temperature gradient only (P =0).
Using the boundary condition oy, [r—g=0 in equations (21), (22) and (23), the transitional
stresses and the pressure required for initial yielding of equations in non-dimensional quantities

become
ort = Fo [leZS (11](111
1R, 3\Ro R (40)
2.
O-Ht =0rt +ﬂ0 C%R_Z:-),(l—l]'f'l
1-Ry, 3\Ro ) 2R (41)

2.
2Rg {1— Ro 3}

-2

1 @3 -
2Ry | — -1 R +1-R

O[RO ]013 0] 0

fo= 2, (42)

Fully plastic stresses and the pressure required for fully plastic state of equations (31), (32) and (33)
become
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InR( 1 1
ot =/ °[.n R [R_o‘lj‘(R_lﬂ (43)

%9t =Orf +ﬂo{ : {i—l}i}
2InRy \ Ro 2R (44)
2Ry InR,
o= 1 Ro+InRg (45)

5. Numerical lllustration and Discussion

As a numerical illustration, the Cij » elastic stiffness constants for transversely isotropic material

(Titanium) [14] and isotropic material (Steel) [20] are given in Table 1.

Table 1: Elastic stiffness constants C;; used in units of 100N /m?

Materials C11 G2 Ci3 C33 Cya
Transversely

is0tropic 1624  9.20 6.90 18.07 4.67
(ag=0.618,

Titanium)

Isotropic 2008  1.27 1.27 2.908 0.819

(3=0.563, Steel)

It is seen from Figure 3 that the pressure required for the initial yielding of the thicker shell made of
titanium and steel material is lower than the pressure required for thinner shell made of titanium and
steel material at no temperature. Through adding thermal effects, the pressure required for initial
yielding of the shell made of titanium and steel material decreases. At higher temperature titanium shell
requires low pressure compared to steel shell but at lower temperature reverse is the case. Compared to
thinner shells, thicker shell requires high pressure to become fully plastic with temperature rise. Despite
uniform internal pressure, thicker shell requires high temperature compared to thinner shell to become
fully plastic.

The pressure required for transition and fully plastic state along with the radii ratio is illustrated in
Figure 4. It is depicted in the figure that the thicker shell requires high pressure for initial yielding and
fully plastic as compared to thinner shell when the shell is subjected to pressure only. Figure 5 shows
that thinner shell requires high temperature for initial yielding and fully plastic compared to thicker
shell when the shell is subjected to temperature only. From both Figure 4 and Figure 5, shell made of
titanium material requires high temperature and high pressure as compared to steel material for initial
yielding when the shell is subjected to temperature only and pressure only respectively. Pressure
required for fully plastic state is much lower than the pressure required for initial yielding, while
reverse results are obtained for the temperature required.
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It is observed in Figure 6 that circumferential stress on the outer surface is maximum for titanium and
steel shells. The value of the transitional circumferential stress for steel and titanium shells increases at
the shell's outer surface with the rise in temperature and pressure. The transitional circumferential stress
value for steel shell at lower temperature is higher than the titanium shell on outer surface. It is also
observed that fully plastic circumferential stress on the outer surface is maximum. With the rise in
temperature and pressure, the value of fully plastic circumferential stress decreases at the shell's outer

surface.

In Figure 7, stress distribution in a shell along with the radii ratio R separately due to uniform internal
pressure and temperature are drawn. It is seen from the figure that the stress distribution through the
shell surface, induced by temperature and separately induced by pressure, is opposite.

Transversely isotropic material transition state
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Figure 6: Stress distribution in a shell along with the radii ratio R under internal pressure and temperature

gradient.
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6. Conclusion

It is inferred from the numerical discussion that the pressure required for the initial yielding of the
thicker shell made of transversely isotropic material is lower than the pressure required for thinner shell
at no temperature. Through adding thermal effects, the pressure required for initial yielding of the shell
made of transversely isotropic material decreases. Compared to thinner shells, thicker shell requires
high pressure to become fully plastic with temperature rise. The thicker shell requires high pressure for
initial yielding and fully plastic as compared to thinner shell when the shell is subjected to pressure
only, whereas thinner shell requires high temperature for initial yielding and fully plastic compared to
thicker shell when the shell is subjected to temperature only. Shell made of titanium material requires
high temperature as compared to steel material for initial yielding when the shell is subjected to
temperature only. The transitional circumferential stress value for steel shell at lower temperature is
higher than the titanium shell on outer surface. With the rise in temperature and pressure, the value of
fully plastic circumferential stress decreases at the shell's outer surface. It is seen that the stress
distribution through the shell surface, induced by temperature and separately induced by pressure, is
opposite.
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