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1. Introduction

Recent years have seen an increase in interest in statistical issues relating to the modeling and analysis of
special data. The rise in the quality of real world issues for which data is being obtained spatial order is what
drives the importance of this field of research. Such issues are common in a wide range of disciplines, including
epidemiology, econometrics, earth and environment sciences, agronomy, etc. Several monographs in spatial data
analysis are presented in (Anselin, L., and R. J. G. M. Florax. 1995), (Cressie, N. A. 1993) and (Ripley, B.
1981). In addition, some important sources for functional data modeling we refer (Ramsay, J. O., and B. W.
Silverman. 2002), (Bosq, D. 2000), (Ferraty, F., and P. Vieu. 2006), (Geenens, G. 2011), (Horvath, L., and P.
Kokoszka. 2012), (Zhang, J. 2014) or (Hsing, T., and R. Eubank. 2015). The non-parametric functional spatial
statistics serve as the overall framework for current contribution. Modeling are association between a scalar
response variable and functional covariant has received a lot of attention in this context. The most popular
strategies rely on local constant fitting. In this study, we suggest employing local linear M-regression to model
this relationship. An alternate method to estimate the spatial regression was put on forth by (Li, J., Tran, L.T.,
2009). The authors in (Xu, R., Wang, J., 2008) investigated the local linear estimation of the regression model in
the spatial situation. The least absolute deviation is minimized to provide the final semi-parametric estimate.

The local linear technique has a variety of advantages over local constant fitting, as is widely known.
Particularly, it enables the reduction of the bias term in a diverse range of situations. For further information on
the significance of this strategy, see (Fan, J., and I. Gijbels. 1996). Noting that many authors have looked into
the robust linear estimation in the multivariate case. For the i.i.d. case we suggest to see (Fan, J., and Hu, T.C.,
Troung.Y.K., 1994), and (Cai. Z., and E. Ould-Said. 2003) for the a-mixing case. For some asymptotic findings
using the robust constant method for both techniques (KNN and kernel), we go-back to (Boente, G., Manteiga,
W.G., Péerez. Gonzalez, A., 2009). We shall concentrate on the scenario when the covariant has infinite
dimensions in this paper. It should be mentioned that in applied statistics, the importance of statistical analysis of
infinite-dimensional data is increasing. These studies all primarily concentrate on the classical regression.

It is well recognized, nonetheless, that the given model is particularly susceptible to outliers and struggles with
errors that are heavy-tailed. Such data are frequently seen in many practical domains, including econometrics,
finance, and many more. In this study, we propose to robustly the functional local linear regression model to
minimize the lack of robustness of this model. The structure of this paper is as follow: In Section 2, we present our
model. The main outcomes and necessarily conditions are presented in Section 3. In Section 4, we describe the
key aspects of our strategy and contrast it with other strategies. In this part, we also present some perspectives on
the current contribution.
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2. Presentation of the spatial data and the robust local linear estimator

Let a FxR-valued measurable noted by Z=(X;,Y;) for i [ N and a strictly stationary spatial process, given in
a space of probability (Q,A,P), where (F,d) denotes a semi-metric space, and N > 1. Let a point i =
(i1, ....1,)e NN refers a site.

We suppose that the process Zi= (X;,Y;), is observed over a rectangular domain:

I, ={i=(y...i,)eZN, 1 <ig<n,, k=1,..,N}

where = (ng, ....n5)eZN .

The point i denotes a site, and we shall write:
n -» o if k_nllinN{nk} - o and |nj/ni| < C

where C is a constant in which 0 <C < forall j, k € {1, ..., N}.
Forn = (ng,...ny)eNN weseti=n; x---xny.

(Z;) is assumed to have the same distribution as (X, Y ) throughout this paper. We suppose a regular version
of the conditional probability of Y given X exists and has a continnous and bounded density function. It is given
with respect to the lebesgue measure over R. The conditional distribution (respectively density) function given by
F*(respectively f* ) of Y given X with x €J and N . denotes a given neighborhood. Our goal in this work is the

generalization of the results given in (Ibrahim M. Almanjahie), that we can see in our model by taking p(y) =
|y||a — I,<o|we obtain this last result. Furthermore, by taking p(y) = y?|a — Iy<,| we obtain the o™ conditional
expectile. For xe(J, 8, the nonparametric robust regression, defines the unique minimizer of

8x = argminkE [p(Y — ©)/X = x] 1

where p(.) is real-valued Borel function satisfying some regularity condition that will be stated below. This
model belongs to the of M-estimates class introduced in (Huber, P.J., 1964). We refer the reader to (Stone, C. J.
2005) for more additional examples. Note that the local linear smoothing method relies on the model being
approximated by a linear function in a neighborhood of x. Several techniques exist in functional static analysis to
extend this strategy (see, (Baillo, A., and A. Grane. 2009) or (Barrientos, J., F. Ferraty, and P. Vieu. 2010) for
several instances). In this contribution, we use the simple version suggested by (Barrientos, J., F. Ferraty, and
P. Vieu. 2010) in which the function 0, is approximately presented by

VzeN, , 6 =a+bp(z,x),
where dand b denotes the estimates of a and b respectively and they are solution of

min  ¥ie, p(Y; —a—bBXi,x)K(h™ 8(x,X)) . &)
(a,b)eR
Here, B(. , .) is a known function from (] x[7) into R such that,v& €7, B(&, &) = 0 with kernel K. Also h = h,
denotes a positive real sequence numbers and (., .) denotes a function of ( [1 x[1 ) such that d(., .)=[3(., .)|. It
obvious that taking this into account, we can write

8, =a, and B, = a.

We emphasize the fact that the robust linear estimator cannot be defined directly, in contrast to classical
regression case investigated by (Barrientos, J., F. Ferraty, and P. Vieu. 2010). As a result, establishing the
asymptotic proprieties of our estimate is quite challenging and necessitates the use of some additional techniques.

Note that, the major outcome of this work is to demonstrate the estimator’s 8 , almost complete consistency (with
rate) forr the following condition of mixing:
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I(There exists a function @ (t) { 0ast — oo,such that
V E,E’ subsets of NN with finite cardinals
o (B(E),B(E)) = SuPpeace), cen(en/P(BNC) — PBPO)] O
<y (Card (E),Card (E"))@(dist(E,E")

where B(E) (respectively, B(E")) denotes the Borel o-field generated by (Z;,ie E) (respectively, (Z; , i€E")).
The cardinality number of E (respectively,E"), is denoted by Card(E) (respectively, Card(E')) and dist(E, E")
defines the Euclidean distance between E and E. A symmetric positive non-decreasing function ¢ : Z — R* in
each variable so that:

vn,meZ; Y (n,m)<Cmin(n,m). 4)
Forsome C >0 and

Yo < o, §>0 (5)

Remark that, when (3) holds with yw =1 or N = 1, thus Z;= (X,,Y;), the random field is called strongly mixing.
3. Hypotheses and results
When there is no possibility of confusion, a strictly positive generic C and C' will be denoted in what follow.
Furthermore, we denotes x a fixed point in I, and by N . for a fixed neighborhood of x. For i€l,, we denote

byK; = K(h™1 8(x,X;) ), and B, = B(X;,x). In addition, we pute, (ry, r;) =P (r, < 8 (x, X) < ry), where B
(x,nN={x € /5 (x,x ) < r}aswell as the following hepotheses:

(H1) Forany r >0, ¢,(r):= ¢,(—r, r) > 0and there exists a function x,(.) so that:

Vconstants t € (—1,1), }llim ¢X:h(l;)h) = xx(®.

(H2) Forall, i #j

(@+1)
0 <sup; ;1 [(Xi, X)) € B (x, h) x B (x, )] = C (¢, () *
forsomeC >0, 1 <a <N™L

(H3) A continuously differentiable function p in which it is a strictly convex, and has a Lipschitzian derivative
y such that

Efly (Y — )|P\X = x] < € < o almost surely, forall p = 2
(H4) The function I, (x, .) : = E[y*( Y=.)\ X = x] isofclass C'on

[0 =8, O+ 8]:6 >0 and A€ {12} Weputy (x,.):=<T(x,.)

1) V(,t)E[0, — 8, 0,+ 8 1%, V(x,%x) € N, x N, and fork;,k, > 0
ITy(x1,t) — Ti(xz, )] < C dkl(XLXz) + Ity — tzlkz
] yxe,t) — vy, )] < C dkl(prz) + Ity — tzlkz .
(H4’) The variable 6 (x, X) is o (B (X, x))-measurable and the two partial derivatives of the function

Y. (s,t): = E[IX)\BX,x) = s] at (0, 0,) exist.
(H5) The function B (., .) is such that:

vz e, CId(x2)| < IB@X)] < C18x2)
(i) sup )lB (w,x) — 8 (x, W] = o(r).

ue B (x,r
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where B (x,r) = {x € /8 (x,x) < r}.
(H6) K is a positive kernel, differentiable function that is supported within (-1, 1) so that:

K- [, K (O (0 dt K(D)- [1,(tK(®) 1, (O dt
K@)~ [, (LKD) 7,0 dt K@)~ [, (2 K®) 5, (®) dt )’
is a positive definite matrix.

(H7) There exists , > 0, and the bandwidth h satisfies :
(i) lim m =0
now 11 g, (h)
(i) CAS ™ < ¢ (h), forC > 0.
Comments on hypotheses

The classical concentration property is characterized by condition (H1). Moste recent non-parametric statistical
works on functional data use it. As in the i.i.d. case, the same convergence rate can be obtained by the local
dependence. Condition (H3) is much lower than that considered by (Attouch, M., Laksaci, A., Ould Said, E.
2009). In order to assess the asymptotic bias, the regularity constraints (H4) and (H4’) that define the functional
space of our model must be met. Note that, the convexity of loss function p and the boundedness of the score
function y are what regulate the robustness attribute of M-estimators. However, employing the truncation method
described in (Laib, N., Ould-Said, E., 2000) allows for dropping boundedness condition of y which helps to
obtain generalize our model. Finally (H5) - (H7) are technical conditions (Barrientos, J., F. Ferraty, and P.
Vieu. 2010).

The main result of the paper is given in this following theorem.
4. Main result
Theorem 1.Under hypotheses (H1)-(H7) and if'y (x, 6,) > 0 then

|0, — 6,] = o(0mintak2)) 4 0 (

1
logn \2
, a. co.

n ¢, ()
5. Proofs

To begin, we present the lemmas that are required to prove our asymptotic findings
Lemma 1. Let V,, be a sequence of vectorial function, such that:

i). Forall A > 1 and a vector 9:
t(S)VnO\S ) < t(S)Vn(8 )

ii). For a positive definite matrix D and vectorial sequences A, such that:||A,|l = 0,.¢,(1)
for some A> 0 we have

sup |[|V,(6)+ A,D&— A,ll= 0 1) for <M < oo
8l EM” n(6) 0 nll aco(1) Aoh (D)
where A, (D) is the minimum eigenvalue ofD and A, > 0.
So that for any vectorial sequence 6,, V,(6,) = 0,.,(1), we have
18,1l <M, a.co (6)

Proof of Lemma 1.

The proof of the lemma has the same concepts as presented in (Koenker, R., and Q. Zhao. 1996). In fact, for n >
0, we can write
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P (l[8all =2M) = P (1841l =M, [IVa(Bull < n) + P ([[Va(8u)Il = 1)

sP (Hai”nszIIVn(S)ll < n) + P (VoI = 1)

Since, V,(6,) = 0,.,(1), then

D PV =) < o
n
Consequently, it is enough to prove that

Z - (IISiIInsz“V“((S < T]) <

Then, for all 8 such that ||8]| = M, there exists A>1 and ||8,] = Mfor which§ = A8,. The first condition of
lemma (1) gives us

IV, (8)l = ”_ #” o V) 5, Va(8)

M - M
So we have

. . tﬁlvn(ésl)
. (||81||nsz”V“(5)" < n) = U <||siﬂl=fm[ M| <

Therefore, evaluating this last quantity is the only thing left to do. We write about this

ts, Vn(8
0 inf _ 81 n( 1)
18111=M M

< n) < U (”811”1=fM[— t51Vn(81)] < nM

i —ts (— >
ol (= 65, (=20D8; + Ay)] = 20M)

IRf =5, (= 20D8; + A] <2 nM)

=0 < sup |[Vy(81) + AD8; — Apll = T])
18111=M

+0 (Anll = 22, (D)M = 2n).

At last, under the second conditions given in Lemma(1), we can choose 1 for which

Z O < sup [[Va(81) + A,D8; — Ayl = n) < ®

1811l=M

Also

D Ul 2 A DM = 21) <

Accordingly,

DSl = M) <
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Proof of Theorem

We define, for all § = (),

@i(8) = U (Yi— ((c+2a) + (h'd+Db)B)))

and we consider the following vectoriel sequence
W)= i 20, g )
SR TN PRSI VA
0

Thus, the proof of Theorem is based on the application of Lemma (1)’s second part of to (V,, A,, 8,) with
V() = (h—la(_ga_ b))

While the second result is obtained by applying the lemma (1)’s first part to (V, , A,, 8, ) Where

, 1 1
‘6) = wly— - ——d+b]p
0= (%= (34 =)+ (===a+v)n)

WE) = = /), )
Vi b, (h) & h™'6;
and A, =V, (8,)  with 8, =~/ d. ()6,

Clearly, the condition (i) given in lemma (1) holds, because y is a monotone increasing function. The case of
decreasing can be obtained by considering—y.

The theorem’s result is a consequence of the following lemmas:
Lemma 2.Under hypotheses (H1)-(H7), we have
1
logh >2

Al = O(hminGuks) (_
” n" O( )+ Oa.co ﬁd}x(h)

Lemma 3. Under hypotheses (H1)-(H7), we have

. logh %
— = min(ky,kz) —_
Sup V(8 + 2D6 = Agll = O(h™2) + 0,00 | (705
With
KD — [ K (0%, © dt KD — [*,(tK®) %, (® dt
KD — [*,(tK®) %, dt KD — [1(2 K®) 2,0 dt
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And
Ao = v (% 6y)

Proof of Lemma 2.

Firstly, we establish

Ap— E[A,] = (22)

where
1
A 1, _ "72 A_1
( " i, (h) L
{ iely
1
|A2 := Aiz A2
™ Aem4
iely
with
1
AT = = el At Horl = 0,1
and

A= i(80)h™'By'K; — E[;(80)h ;'K

Furthermore, under (H1),(H3) and (H5)

|(pi(80)h_1BilKi| <Ch?ly Xy, xI'K; <CK;<C

Thus, it is sufficient to demonstrate that

_ logii %
A= Bl = Ouco | (Frocs)
On the other hand
1
IE[Anl+1] — q)X(h)IE[(pl(SO)h_lBllKl]
1
< d)x(h) ]E[h_lsllKllB(X,h)(Xl)lrl(X' ex) - Fl(Xl ,a+ bBl)l]

= 0(h%) + o(h2).
which achieves the proof of Lemma (2).

Now, for the second claimed result, we consider the spatial decomposition of (Tran, L. T. 1990) in which it
is based on the split of the sum into 2N random variables sums defined for a fixed integers pn, given as follow

2jkPn+t Pn
T,nX,j) = Z A
ik= 2jipnt1k=1,..N
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2jkPn+ Pn (in+1)pn
@nxji)= Y >
ik= 2jxpn+1k=1,..N-1iy=2j,pp+ pp+1

2jkPn+ Pn 2(jN-1+1D)pn 2jnPn+ Pn
ik=2jxpn+1k=1,.N-2iN_1=2jN-1Pn+ Pnt1  in=2jnpn+1

2jkPn 2(jN-1+1)pn 2(jn+1)pn

T(4,n,X,j ) = Z Z Z A

ik=2jkpn+1k=1,..N-2 iN_1= 2jN—1Pn+ Pn+1 in=2jnPn+pn+1

Along with others.
Lastly,

2(jx+1)pn 2jnPn+ Pn
N-1 : —
T( 2 1, X!] ) - Z Z Ai
ix= 2jkPn+Pn+1k=1,.N-1  ip=2jypy+1

2(jk+Dpn
T(ZN’n’X’i ): Z A
ik= 2jkPn+Pn+1k=1,..N

Where A; means either A;* orh‘lAiZ.

Next, put

tmeJyzzzTanxJ)

jeg

withg= {0,...,r; —1}*..x {0,...,ry — 1} and r; =2n;p,~ %, i=1, ....N.

At the end, From A;’s , we can write,

1 2N
—STEU X D)

|An" — E[A,°]] =
Where A,° equal A,*or h™*A,%

Note that, the term say U(n, X, 2N + 1) can be added as raised in (Biau, G., and B. Cadre. 2004), if we
don’t have equalities n; =2r;p,~* (which holds the A;(x)'s at the ends and it is not included in the blocks above).
The proof will be not greatly changed by this.

So according to (7), for all n > 0, we have,
0(|AL° - E[A%]] =) < 2V max T(Um, X, 1) = ni ¢y (h))
Lastly, the only thing left to calculate is
7(U(m, X, 1) = nfi ¢y (h)) FORALLI =1, ... .. 2N
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We are just considering the case where i=1 to maintain generality. For such situation, we enumerate theM =
[IN_, r = 27NAp, N < fip, Nrandom variable T(1,n,X,j ) ; jein the arbitrary wayZ,, ... ..., Zy. Therfore, for
each Z; it exists some j; in ¢ such that

iel(1LnX,jj)

Where 1(1, n, X, j;) = {i: 2j;Pa+1 < Igx < 2j; Py +Py;K=1,..N}. Straightorward calculations can
indicate that these sets contains p,N sites and are distant at least by p,N.
The remain of the proof is from (Carbon, M., L. T. Tran, and B. Wu. 1997) which allows to

approximate Z, ... ... , Zy by some independent random variables Z,%, ... ... ,Zy" that has the same low as Z;—; _u
and such that

r

ZE|Zi—Zi*

i=1

< 2CM p," (M — Dp,N, pa™) 0 (Py)

Now, taking a look at the quantity 1 (U(n,X,1) = n). In there, we derive from the Bernstein and Markov
inequalities that

(U, X, 1) = nfi g(h)) < By + B,

where
M . A 2
B, =[] ZZ.* > M < Zexp — (nn q)X(h))
' = T M Var[Z;'] + Cpa"nf by ()
and

M

B,= [ Z|Zi—Zi*

=1

- nh ¢, (h)
= 2

M
< 1 Z|Z Z:*
~ A ¢y (h) = o

< 2Mp,Y (A Py (h)) " W(M — Dpa™, pa™) o (Pr)

loghi

i ¢y (h)

Since fi = 2NMp,Nandy((M — Dp,", p™) < pnNwe get forn =,

B, < fip,"(logi) Z(A by () Zp(py)

1
Taking P, = (":;’;:1))”, to get
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B, < fip(R) (8)

So, combining (5) and (H5) together, we may say that

> g <

n

Initially, we asymptotically evaluate Var[Z;"] for B;. Indeed,
Var[Z{"] = Qu+ R,

Where Qn = Ziel(l,n,X,I) Var[Ai(X)]and Rn = Zi#—jel(l,n,X,l) |COV (Ai(X) ’ A](X))| .

By the hypothesis (H1) and the first part of (H5), we have

Var[A;(x)] < C (d)x(H)'(CDX(H))Z)
hence

Q, = 0(pan)X(H))
Additionally, we introduce the following sets for the term Rn:

Sl = {iviEI(lanXJ 1)0 < ”i - ]” < CN}ISZ = {i'iEI(l'n'X' 1)“i - i“ > CN}

Where Cyis a real sequence that converges to +oo that will be defined later. Divide this sum into two separate
summations over sitesin S; and S,

Rp = X jesy |C0V (Ai(X) ) 4 (X))|+ 2 jes, |C0V (Ai(X) ;Aj(X))| = R," + R’

Initially, we have:

Ryt <C Z |E[KiK;]| + |E[K]E[K;]|
(i.))esy

< CpoNC, " Oy (H) <(¢X(H))% + cbx(H))

A+1

< CpnNCnN (CDX(H))T

Rather, we have

R, = Z |Cov(ay;, 4)]
(i,j)esz

As K ; are bounded, we deduce from that (lbragimov, I. A., and Y. V. Linnik. 1971)

|Cov(a;, A)] < Co(lli — I

Therefore
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RZ<C D ol =D <Cp ) ol
(i.j)esz i]|i[[2Cq

< opNey™ D M

i[li l12Cp
-1
Let C, = (®x(H))", then we have

R A I LT

if[i[|2Cq

STPRE RO (D

it]li [|2Cy
Due to (5) and (H3) we obtain
R,>

IA

C pnN(DX(H)

Furthermore, under this choose of C,we have

Rn1 <C pnN(bX(H)
Consequently
Var[Z;"] = 0(p,Ndx(H))

Using this final outcome along with the definitions of p,,, M and 1, we obtain

B; < exp(—C(nO)logﬁ)
At the end, we conclude that

1
2

logh )

A, — IE:[An] = Oaco (m

And
1
¢y (h)

[E[AnHl] = E[@1(80)h_1811K1]

1
< -y EIn B Kalagem (DI G, 00 = Ty a+ b))

O(h*t) + o(hkz).

Thus

1
logii )2

A =0 hmin(kl,kz) 0 <
” 1’1” ( ) + a.co ﬁ d)x(h)

Proof of Lemma 3.

We prove that

sup [[E[V,(8) — Ap] +v (x, 8,)D8 || = O(hmintkrke) ©)
[I8]] =M

And
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logh %
Sup 1Va(8) = A= E[VA(8) = Aulll = s ((Mf(m) ) (10)

The initial outcome is as follow
W,'(8)
Vll - E[\/1’1] - <Wn2(8 ))

Where
1+1 _ 1 E _ 1
W, () = fAhld, (h) £ ( ¢i(8) <Pi(5o))5i K;.

Observe that, by (H4) we have

1

E[Wa'**(8)]== o E [ 81Ky Tp0em Xo) (T(Xy, (@ + ©) + (h™1,d + b)By) — T(Xy, a+bpy))|

Wy (h)
= o EIB K Lacn () Y0y, + BB, BB:) 8]+ 0(l5 1)
—_— ex)m(m[gllm, he1E[B, 1K, ])5 + O(hmintaka)) 1 o(|ls ).
Therefore
BIV() = sl =7 00 0 e (g vk gl e perc )5+ O™ 4%2) + oI5 I

Following (Demongeot, J., A. Laksaci, F. Madani, and M. Rachdi. 2013), under the second part of (H5) so
that

h?E[B7K,] = ¢ (h) | KP(1) — f (WKW) + xWdu | + o(dx(h)).

It follows that

sup [[E[Va(8) — Apl +v (x, 8,)D8 + o(|I8 DIl = O(hmintkek2)),
HEY

Which complete the proof (9). Regarding (10), we utilize the compactness of the ball B(0, M) in [1%and we
can write

dn _ (s _aq-1_1
B(O,M) c UM B(5;, 1) , &= (dli)and L=d;' =~
By taking j(8) = argmin;|6 — &;| and use fact that
sup [[Va(8) = Ay — E[Va(8) — Aulll < sup [[Va(8) = Va(B)||--veovveevvveiiine F.
181l =M 18]l <M

+ sup ||[Vo(8;) = Ay — E[Va(8§) = An]]|-...F

181l =M

4 sup [[E[Va() = Va(8)][lo+revereererere F,
18l =M

Concerning F; and F, utilizing the fact that y is Lipshitzian and K is bounded. In addition, under (H5) we get
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Cl, loghl
Sup M) = Vo)l = 505 = | [Fo,m

it follows that

logii
sup [V(8) = Vo()]| = Oueo| [z
Regarding F3 by utilizing the same steps used for F1 we have :
loghi
V. (8) =V, (8)| = —
II(gllllspM|| ®) ( ])” ° i ¢, (h)

Presently, we deal with the quantity F,, and take

Va(5) = An = E[Va(8) = Al = Wa(8) — E[Wa(8)] = (37()
where
1+1 _ 1 1+1
W0 = T
and

A = ((pi(sj) - (91(50)) h7'8'K; — E [(‘-Pi(sj) - @1(50)) h_]BilKi]-
Once more we present the same arguments such given in Lemma (2). We replace the classical spatial block
decomposition with precision, A ;k = 0, 1byl*; k = 0,1 .Hence n > 0 exists so that
loghi

1
2o (llgllllPM”V“(sj) — An— E[Va(8) — Aol = n 75505 S Zab2 (B + B2)>.

When combining both (8) and (H6), we can show that

1
Zn nz BZ < 0.

When choosing an appropriaten,, it allows obtaining that

1
Zn ﬁE Bl < 0,
which implies the result (10).
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