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Abstract

Let R be a unitary left R-module and T be a self-identifiable commutative ring We introduce
and analyze the idea of socle-quasi-primary-2-absorbing submodules, which is a combination
of primary and 2-absorbing submodules that considers a proper submodule L of an R-module.
Socle-quasi-primary is abbreviated as T. T is made up of two absorbing submodules. Soc-
QP2-absorbing), if whenever rst € L for r,s € R, t € T, implies one of two possibilitiesrt €

T — rad(L) + soc(T) orst € T — rad(L) + soc(T) or rs € V[L + soc(T):x T]. The
qualities, characterizations, and examples of this innovative notion are described.

Keywords: Prime submodules, Primary submodules, 2-absorbing submodules, Socle of
modules. Radical of submodules, Multiplication modules, Non-singular modules.

1. Introduction

To begin, a prime submodule is a proper submodule L of an R-module, a well-known
concept in the field of modules theory. When rtL stands for rR, tT stands for either. tL or rTL
[1], T is referred to as prime. A generalization of prime submodule is the term main
submodule. A correct submodule L of an R-module is as follows: T is referred to as a major
submodule if it is used whenever rt € L, for r € R, t € T, implies that either t € L or T <
L forsome n € Z+ [2]. Recently 2-absorbing Darani and Soheilinia prime submodule was
developed as a generalization of prime submodule in [3], a suitable submodule is referred to
as 2-absorbing submodule L of an R-module T., if whenever rst € L forr, s € R, t € T,
implies that either rt € L or st € L or rsT < L. Weakly 2-absorbing Only a few
generalizations of 2-absorbing submodules have been proposed, including submodules, semi-
2-absorbing submodules, and 2-absorbing primary submodules. , submodules that are
approximately semi-2-absorbing, and pseudo-2-absorbing submodules [3,4,5,6,7]. Tekir U.
et. in [8] created the notion of a 2-absorbing quasi-primary ideal, which replaces a proper
ideal with a 2-absorbing quasi-primary ideal..I of aring R is 2-absorbing quasi-primary ideal
if and also only when, and only if, and only if, and only if, and only if, and abc € I, then

ab € 1 or be €1 or ac € VI foreach a, b, c € R, where /1 is defined as the intersection of
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all prime ideals of Rcontining I, or /I = {a € R: a* € I, for some n € Z+}. In 2017 Koc, S.
et. A The 2-absorbing quasi-primary ideal is a generalization of the appropriate submodule,
and the 2-absorbing quasi-primary submodule is a generalization of the 2-absorbing quasi-
primary ideal. An R-L module's T is referred to be a 2-absorbing-quasi-primary submodule of
T if rstL, where r,sR, tT, denotes that either rt € T —rad(L) or st e T —rad(L) or rs €

V[L:r T] [9], where T — rad(L) T's intersection with all prime submodules containing L [9].
We presented the notion of socle quasi-primary 2-absorbing submodule as an extension of the
2-absorbing submodule. This concept, socle of an R-module, has numerous basic properties,
characterizations, and instances. The point T, indicated by soc(T), is where all of the
necessary submodules come together of T [10]. An R-module T is Multiplication is the
process of multiplying each submodule.L of T is of the form L = IT for some ideal I of R
[13]. An R-module T is called non-singular if Z(T) =T where Z(T) ={t €T:t] =
(0) for some essential J of R} [10]. Finally, throughout this analysis, we assume that all
rings are commutative and that all R-modules are left unitary.

2. Socle-quasi-primary 2-absorbing Submodules
In this part, we define the term "socle quasi-primary 2-absorbing submodule” and define
some of its fundamental features and characterizations.

Definition (2.1)

A suitable submodule Obtain an R-module. T is a 2-absorbing submodule of the socle-
quasi-primary T (for short Soc-QP2-absorbing), if whenever rst € L forr, s € R, t € T,
implies that either rt € T —rad(L) + soc(T) or st € T —rad(L) + soc(T) or rs €
V[L + soc(T):r T]. And a proper ideal J ofaring R is said to be a Soc-QP2-absorbing ideal
of R if ] is a Soc-QP2-absorbing submodule of an R-module R.

Remarks and Examples (2.2)

1) It is clear that every 2-absorbing submodule of an R-module T is Soc-QP2- absorbing
submodule, but not the other way around. The following example demonstrates this:

Consider the Z-module Z:2 , the submodule L = (§ is 2-absorbing submodule of Z-module
Z12 because 2.3.2€ L, where 2,3 € Z,2€ Z12 , then 2.2=4¢ L and 3.2= 6 L and

23 =6 & [L:z Z12] = [(0:z Z12] = 12Z. But L is Soc-QP2-absorbing submodule of Zi»
since soc(Z12) = (3 and Zi2 — rad(L) = (& and for all r,s € Z, t € Z12 with rst € L
implies that either 7t € Z12 —rad(L) +soc(Z12) = (6+ (2 =() or st€ Zi;—
rad(L) + soc(Z12) = @  or rs € V{0 + soc(Z12):z Z12] = V[(¥z Z12] = V2Z = 2Z.
That is if 2.3.2€ L, implies that 2.2= 4€ (3 or 3.2= 6 (Jor 2.3 = 6 € 2Z.

2) Every primary submodule of an R-module is obvious.T is Soc-QP2-absorbing submodule
of T, 1In general, however, this is not the case. This is demonstrated in the example below.
Take a look at the Z-module. Zi2, the submodule. L = (9 is a Soc-QP2-absorbing
submodule of Z12 by (1), but L = (0 is not primary, since 3.4€ L, for 3 € Z and 4€ Z1» ,

but4¢ L and 3 & V[(0:z Z12] = V12Z = 6Z.
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3) Every prime submodule of an R-module is obvious. T is is Soc-QP2-absorbing submodule
of T, But not the other way around. The example below demonstrates this.

Consider the Z-module Zs , the submodule L = () is not prime submodule of Z4, since
2. 2L, for 2€Z, 2674, but 2¢ L and 2 & [(0:z Z4] = 4Z. While L is Soc-QP2-
absorbing submodule of Z4, since soc(Z4) = (2 and for all r,s € Z, t € Z4 such that rst €
L, implies that either rt € Zs —rad(L) + soc(Z4) =3+ (2= or ste(Ror rs €
VI(0:zZa ] =V4Z = 2Z. That is if 2..172c L, for 2,1 € Z, 2 Z, implies that either
2.2= 06 Zs —rad(L) + soc(Zs) = (3 and 1.2 (2 and 2.1€
VIO +s0c(Za)izZa] = V(2 Z4] = V27 = 2Z.

The assertions that follow are descriptions of Soc-QP2-absorbing submodules.

Proposition (2.3)

Let L be a proper submodule of an R-module T. Then L is Soc-QP2-absorbing submodule
of T if and only if for each r,s € R with rs & V[L + soc(T):r T| and [L:r rs] S
[T —rad(L) + soc(T):rr] U [T —rad(L) + soc(T):r s].

Proof
(=) Let t € [Lir rs] for r,s € R and rs & V[L + soc(T):x T], implies that rst € L. Since

Then L is a submodule of Soc — QP2 that absorbs QP2 of T and rs & V[L + soc(T):r T]
implies that either rt € T — rad(L) + soc(T) orst € T — rad(L) + soc(T). It follows that
either t € [T — rad(L) + soc(T):rr] or t€ [T —rad(L) + soc(T):rs]. Thus te€
[T —rad(L) + soc(T):rr] U [T — rad(L) + soc(T):r s]. Hence [L:r rs] € [T — rad(L) +
soc(T):r r] U [T — rad(L) + soc(T):r s].

(e==) Suppose that rst € L where r,s € R, t € T with rs & V[L + soc(T):r T]. Thus t €

[L:rrs], but by hypothesis [Lirrs] € [T —rad(L) + soc(T):rr] U [T — rad(L) +
soc(T):rs], it follows that t € [T —rad(L)+ soc(T):rr] or t€[T —rad(lL)+
soc(T):rs]. Hence rt € T — rad(L) + soc(T) or st e T — rad(L) + soc(T). That is L isSoc-
QP2-absorbing submodule of T

Proposition (2.4)

Let L be a proper submodule of an R-module T. Then L is Soc-QP2-absorbing submodule
of T if and only if rsN <L, for r,s€R and N is a submodule of T with rs ¢
VIL + soc(T):r T] implies that either rN € T — rad(L) + soc(T) or sN € T —rad(L) +
soc(T).

Proof
(=) Suppose rsNcL, for r,seR and N is a submodule of T with rs ¢

VIL + soc(T):z T], implies that N € [L:r rs]. Since L is Soc-QP2- If T's absorbing sub
module is true, then proposition is true. (2.3) [L:r rs] € [T — rad(L) + soc(T):r r] U
[T — rad(L) + soc(T):r s], it follows that either N € [T — rad(L) + soc(T):r r] or N <
[T —rad(L) + soc(T):rs]. That is either *rN €T —rad(L) + soc(T) or sNCST—
rad(L) + soc(T).

(&==) Letrst € L,forr,s € R,t € T, withrs ¢ VIL + soc(T):r T]. Since rs(t) € L, then

by hypothesis r(T) € T — rad(L) + soc(T) or s(T) € T —rad(L) + soc(T). That isrT €
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T — rad(L) + soc(T) orT € T — rad(L) + soc(T). Thus L is Soc-QP2-absorbing sub
module of T.
Proposition (2.5)

Let L be a proper sub module of an R-module T. Then L is Soc-QP2-absorbing sub module
of T ifandonly if rIN < L, forr € R, is A sub module is an ideal of R. and N. of T,
implies that either rN € T —rad(L) + soc(T) or IN € T —rad(L) + soc(T) or rl <
VIL + soc(T):r T]

Proof

(==) Suppose that *IN € L, rI & V[L + soc(T):xT] and IN & T — rad(L) + soc(T) it

follows that ra & V[L + soc(T):r T] and bN & T — rad(L) + soc(T) forsome a, b € I. We
must show thatrN € T — rad(L) + soc(T). Suppose that TN &£ T — rad(L) + soc(T).
Since raN <€ L, and L is a Soc-QP2-absorbing sub module of T, then by proposition (2.4)
aN € T —rad(L) + soc(T), and also (a+b)N £ T —rad(L) + soc(T). Now r(a+
b)N < L, and again by proposition (2.4) we have r(a + b) = ra + rb € V[L + soc(T):z T,
andra & V[L + soc(T):r T],wegetra = b & V[L + soc(T):r T]. Since rbN < L again by
proposition (2.4) we get bL € T —rad(L) + soc(T) or rN € T —rad(L) + soc(T) which
is contradiction.

(&==) Suppose that rsN < L, for r,s € R, and N is a submodule of T then r(s)N C L, it
follows by hypothesis either rN € T — rad(L) + soc(T) or (s)N € T —rad(L) + soc(T)
or
r(s) € V[L + soc(T):r T]. That is *N € T —rad(L) + soc(T) or sN € T —rad(L) +
soc(T) orrs S V[L + soc(T):r T]. Hence by proposition (2.4) L is Soc-QP2-absorbing
submodule of T
Proposition (2.6)

Let L be a proper submodule of an R-module T. Then L is Soc-QP2-absorbing submodule
of T ifandonly if JN < L, for I, | are examples of R and N is a subunit of T, implies that
either IN € T —rad(L) + soc(T) or JN € T —rad(L) + soc(T) or I] <
VIL + soc(T):r T]

Proof
(=) Suppose that IJN < L, where I,] are examples of R and N is a subunit of T and

suppose that I] & V[L + soc(T):r T]. We want to prove that IN € T — rad(L) + soc(T) or
JN € T —rad(L) + soc(T). Assume that IN €T —rad(L) + soc(T) and JN & T —
rad(L) + soc(T), then there exists s1 € I and sz € J such that s1N € T — rad(L) + soc(T)
and s;N € T —rad(L) + soc(T). Now sis2N € L with s1N € T — rad(L) + soc(T) and
52N € T —rad(L) + soc(T). and L is Soc-QP2-absorbing submodule of T, then by

proposition (2.4) s1s2 € V[L + soc(T):r T]. Since I & V[L + soc(T):r T], then there isa €

I, b €] such that ab & V[L + soc(T):r T]. Since abN S L, and ab & V[L + soc(T):r T],
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then again by proposition (2.4) either aN € T — rad(L) + soc(T) or bN € T —rad(L) +
soc(T).

Now we have these cases:

Case one: Suppose that aN € T — rad(L) + soc(T) but bN € T — rad(L) + soc(T). Since
s1bN € L and L is Soc-QP2-absorbing submodule of T withbN € T — rad(L) + soc(T)
and siN € T — rad(L) + soc(T), then by proposition(2.4) s1b € V[L + soc(T):z T]. Also
since aN € T —rad(L) + soc(T) but siN € T — rad(L) + soc(T), then (s1 + a)N € T —
rad(L) + soc(T). Now since (si+a)bN S L and bN £ T —rad(L) + soc(T) and
(s1+a)N £ T —rad(L) + soc(T), then by proposition(2.4) (si+a)b e

VIL + soc(T):rT]. That is (s1+ a)b=sib+ab e V[L +soc(T):xT] and sib €

VL + soc(T):r T], implies that ab € V[L + soc(T):z T] a contradiction.

Case two: If bBN € T —rad(L) + soc(T) but aN € T — rad(L) + soc(T) in similarly steps
of Case one we get a contradiction.

Case three: Suppose that aN € T — rad(L) + soc(T) and bN < T —rad(L) + soc(T).
Now since bN € T —rad(L) + soc(T) and s;N £ T —rad(L) + soc(T), then (sz+
b)N € T — rad(L) + soc(T). Also we have si(sz+b)N € L and siN £ T —rad(L) +
soc(T) and (sz+ b)N €T —rad(L) + soc(T), then by proposition(2.4) si(sz + b) =

s152 + s1b € V[L + soc(T):r T], then sib € V[L + soc(T):r T]. Now, since aN € T —
rad(L) + soc(T) and siN €T —rad(L) +soc(T), then (si+a)NET —rad(L)+
soc(T). Also, since (s1+a)s2N € L and s;N € T —rad(L) + soc(T) and (s1 +a)N &
T —rad(L) + soc(T), then by proposition (2.4) (s1+a)s; =si1s2+asz €

VIL + soc(T):rT]. Now, since  sisz € V[L +soc(T):xT] and  sisz +asz €

VIL 4 soc(T):r T], then asz € V[L + soc(T):r T] . Also, since (s1 + a)(s2 + b)N S L and
(s1+ a)N £ T — rad(L) + soc(T) and (s2 + b)N € T — rad(L) + soc(T), then by

proposition (2.4) (s1+ a)(s2 + b) = sis2 + s1b + asz + ab € V[L + soc(T):x T]. Again

since s1s2, s1b, asz € V[L + soc(T):r T], we have ab € V[L + soc(T):z T] a contradiction.
Thus either IN € T — rad(L) + soc(T) or JN € T — rad(L) + soc(T).

( &) By proposition, the evidence is direct. (2.5).

The following lemmas must be remembered before we may go to the next step.
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Lemma (2.7) [11, lemma (2.3.15)]

Let A, B and C are submodules of an R-module T with B € C, then (A + B) n C =
(AnC)+B=MANC)+ (BNO).
Lemma (2.8) [12, Coro. (9.9)]

Let N be a submodule of an R-module T, then soc(N) = N n soc(T).
Proposition (2.9)

Let A and B are proper submodules of an R-module T with A € B and soc(T) € B. If A is
a Soc-QP2-absorbing submodule of T, then A is a Soc-QP2-absorbing submodule of B.
Proof

Letabt € A, withr,s € R, t € B. Since A is a Soc-QP2-absorbing submodule of T, then
eitherat € T — rad(A) + soc(T) or bt € T — rad(A) + soc(T) or (ab)*T < A + soc(T),
for some n € Z+. That is either at € (T —rad(A) + soc(T)) N B or bt € (T —rad(A) +
soc(T)) N B or (ab)"T < (A + soc(T)) n B.Butsince soc(T) < B, then by lemma (2.7)
we have eitherat € ( T — rad(A) N B) + (soc(T) n B) orbt € (T — rad(A) n B) +
(soc(T)NnB) or (ab)"T < (ANB)+ (soc(T)NnB). By lemma (2.8) soc(T)NB =
soc(B), so either at € (T — rad(A) N B) + soc(B) & T — rad(A) + soc(B) or bt €
(T —rad(A) N B) + soc(B) € T —rad(A) + soc(B) or (ab)"T < (AN B) + soc(B) ©
A + soc(B). Hence A is a Soc-QP2-absorbing submodule of B.
Lemma (2.10) [12, Theo. (2.12)]

Let N be a T over commutative ring proper submodule of a multiplication R-module R.

Then T — rad(N) = V[N: T]T.
Lemma (2.11) [13, Cor. (2.14)(i)]

Let T be faithful multiplication R-module, then soc(T) = soc(R)T.
Proposition (2.12)

Let T be a A appropriate sub-model of T is the faithful multiplication of the R-module and
L. Then Lis a Soc-QP2-absorbing submodule of T if and only if [L:r T] is a Soc-QP2-
absorbing ideal of R.
Proof

(=) Let rsI S [LirT], where r,s€R, I is an ideal of R and rs¢

V[[L:r T] + soc(R):R] = V[L:r T] + soc(R) , that is (rs)* & [L:x T] + soc(R) for some
n € Z+, it follows that (rs)"T & [L:r T]T + soc(R)T. But T is faithful multiplication then
by lemma (2.11) soc(R)T = soc(T). Thus (rs)"T € L+ soc(T). That is rs¢
VIL 4+ soc(T):r T]. Now, we have rsI C[LizT], then rs(IT)SL, and rs¢
VL + soc(T):r T]. Since L is a Soc-QP2- Absorbed subunit of T, then by motion (2.4)
r(IT) €T —rad(L) + soc(T) or s(IT) €T — rad(L) + soc(T). Since T is multiplication
then by lemma (2.10) T — rad(L) = V[L:r T]T. Hence r(IT) € V[L:x T|T + soc(R)T or
sUT) € V[L:x TIT + soc(R)T, it follows that rI € v[L:z T] + soc(R) or sI € V[L:r T] +
soc(R). That is by proposition (2.4) [L:r T] is a Soc-QP2-absorbing ideal of R.

(&) Suppose that [L:r T] is Soc-QP2-absorbing ideal of R,and rsN < L,forr,s € R, N is

a submodule of T with rs & V[L + soc(T):z T], it follows that (rs)*T & L + soc(T) for
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some n € Z*. But T is faithful multiplication, then by lemma (2.11) soc(R)T = soc(T).
Hence (rs)"T & [L:r T]T + soc(R)T for some n € Z+. It follows that (rs)" & [L:rT] +

soc(R) = [[L:r T] + soc(R): R], hencers ¢ \/[[L:R T] + soc(R): R]. Now, since rsN C L,

and T is a multiplication, then N = JT for some ideal J of R, that is rsJT < L, it follows that
rs] € [L:irT]. Since [L:xT] is a Soc-QP2-absorbing ideal of R and rs¢

V[[L:r T] + soc(R): R], then by proposition (2.4) either ] € V[L:r T] + soc(R) or sJ S

V[L:r T] 4+ soc(R). Thatis 7JT S V[L:r TIT + soc(R)T or sJT S V[L:x TIT + soc(R)T.
Thus by lemma (2.10) and lemma (2.11) we get rN € T —rad(L) + soc(T) orsN € T —
rad(L) + soc(T). Hence by proposition (2.4) L is a Soc-QP2-absorbing submodule of T.

The following lemma must be remembered..
Lemma (2.13) [10, Coro. (1.26)]

If T be is a non-singular R-modules, then soc(R)T = soc(T).
Proposition (2.14)

Let L be a a non-singular multiplication R-propoer module's submodule T. Then L is a
Soc-QP2-absorbing submodule of T if and only if [L:r T] is a Soc-QP2-absorbing ideal of R.
Proof

Follows as in proposition (2.12) using lemma (2.10) and lemma (2.13).

We need to remember the following lemmas.
Lemma (2.15) [14, Coro. of Theo. 9]

Let I and J are ideals of ring R, and T be an R-module with a finitely produced
multiplication. Then IT < JT ifand only if I < J + anng(T).
Lemma (2.16)
Let T be a faithful multiplication R-module, then T — rad(IT) = IT for any ideal I of R
[15, Theo.1(3)].
Let T be a multiplication R-module and I is an ideal of R such that ann(T) € I, then T —
rad(IT) = VIT [16, Prop. (2.4)].

The. Proposition (2.17)

Suppose T is a terminally generated R multiplication unit, and | is a Soc-QP2 absorber model

of R. Then IT is a Soc-QP 2 absorber subunit of T.
Proof

LetrsN C IT forr, s € R, and N is a submodule of T with rs & V[IT + soc(T):g T], that
is (rs)"T & IT + soc(T) forsomen € Z+.Since T is faithful multiplication then by lemma
(2.11) soc(T) = soc(R)T, that is (rs)*T € IT + soc(R)T for some n € Z+, it follows that
(rs)" € I + soc(R) = [I + soc(R):r R] implies that rs & V[I + soc(R):z R], Now, since
rsN € IT and T is a multiplication then N = JT for some ideal J of R, thus rsJT < IT.
Hence by lemma (2.15) rs] € I + anng(T), but T is a faithful, then abj =< I + (0) = I.
Since I is a Soc-QP2-absorbing ideal of R and rs & V[I + soc(R):r R] then by Proposition
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(2.4) either rJ € VI + soc(R) or sJ €T+ soc(R), hence either rJT S VIT + soc(R)T or
sJT € +/IT + soc(R)T . It follows by lemma(2.10) and lemma (2.16), rJT € T — rad(IT) +
soc(T) or sJT € T —rad(IT) + soc(T). ThatisrN € T —rad(IT) + soc(T) or sN € T —
rad(IT) + soc(T). Hence by proposition (2.4) IT is a Soc-QP2-absorbing submodule of T.
Proposition (2.18)

Let T be a finitely produced non-singular multiplication R-module and I is a Soc-QP2-
absorbing ideal of R with anng(T) < I. Then IT is a Soc-QP2-absorbing submodule of T.
Proof

Follows the same pattern as the proposition. (2.17) and using lemma (2.13) and lemma
(2.16)(2).

The .Proposition (2.19)

Suppose T is an exact generated multiplication that is an exact R unit and L is an
appropriate subunit of T. Then the following statements are equivalent.
1) L is Soc-QP2 absorber subunit from T.

2) [L:r T] is a Soc-QP2- Perfect Absorption of R.
3) L = JT For some ideal absorbing Soc-QP2J of R.
Proof

(1) &= (2) It follows by proposition (2.12).

(2) == (3) It is clear.
(3) >= (2) Suppose that L = JT for some Soc-QP2-absorbing ideal / of R. Since T is a

multiplication, then L = [L:r T]T = JT. But T is faithful finitely generated multiplication,
then L = [L:r T], It follows this[L:r T] is a Soc-QP2- Perfect assimilation of R.
Proposition (2.20)
Suppose T is a finite non-singular multiplier and L is an appropriate subunit of T. Then the
following statements are equivalent.
1) L is Soc-QP2 absorber sub-model fromT.
2) [L:r T] It is a Soc-QP2 absorber model of R.
3) L = JT For some Soc-QP2 perfect absorption J for R withanng(T) < J.
Proof
It goes in the same direction as the suggestion. (2.19) using motion (2.14) and lemma
(2.16)(2).

The following lemmas are required.
Lemma (2.21) [11. Theo. (9.1.4)(a)]

Let f:T — T be an R-homomorphism, then f(soc(T)) € soc(T).
Lemma (2.22) [17. Coro. (1.3)]

Let f: T — T’ be an R-epimorphism and N is a submodule of T" with ker (f) € N, then
f(T —rad(N)) =T — rad(f(N)).
Proposition (2.23)

Let f € Homg(T,T") and L' is a Soc-QP2-absorbing sub-module of T" with f~1(L) # T.
Then f-1(L") is a Soc-QP2-absorbing sub-module of T.
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Proof
Let € f~1(L") , for r, seR t €T, then f(rst) =rsf(t) €L. But L'is a Soc-QP2-
absorbing submodule of T', implies that rf(t) € T' — rad(L) + soc(T") or sf(t) € T' —
rad(L) + soc(T) or sr € V[L' 4+ soc(T):x T']. That is either f(rt) € T' —rad(L) +
soc(T) or f(st) € T' — rad(L) + soc(T") or (sr)"T" € L' + soc(T") for some n € Z+. It
follows by lemma (2.21) and lemma (2.22) that either rt € f~Y(T" —rad(L)) +
f~i(soc(T)) €T —rad(f~1(L")) + soc(T) or st € f~Y(T' —rad(L)) +
f~i(soc(T)) €T —rad(f~1(L)) + soc(T) or (sr)"T € f-1(L") + soc(T). Hence
f~1(L") be a Soc-QP2-absorbing submodule of T.
Proposition (2.24)
Let f:T — T’ be an R-epimorphism and L is Soc-QP2-absorbing sub-module of T with
ker (f) € L . Then f(L) is a Soc-QP2-absorbing sub-module of T".
Proof
Letrst' € f(L), forr,s € R, t' € T/, it follows that rsf(t) € f(L) for some t € T (since
f onto) that is f(rst) € f(L), implies that f(rst) = f(t1) for some t1 € L, then f(rst —
t1) =0, it follows that rst —t1 € ker (f) € L, hence rst € L. But L isa Soc-QP2-
absorbing submodule of T, then either vt € T —rad(L) + soc(T) or st € T —rad(L) +
soc(T) or (rs)"T € L+ soc(T) for some neZ+, it follows that either rf(t) €
f(T —rad(L)) + f(soc(T)) € T —rad(f(L)) + soc(T) or sf(t) € f(T —rad(L)) +
f(soc(T)) €T —rad(f(L)) + soc(T") or (rs)*T" < f(L) + soc(T") by using lemma
(2.21), lemma(2.22). That is either rt' € T' —rad(f(L)) + soc(T) or st €T —
rad(f(L)) + soc(T) or sr € V[f(L) +soc(T):rT(rs)"T" € f(L) + soc(T"). Hence
f(L) is a Soc-QP2-absorbing submodule of T".
Remark (2.25)
An R-module T intersection of two Soc-QP2-absorbing submodules does not have to be a
Soc-QP2-absorbing submodule of T. The example below demonstrates this.:
Consider the Z-module Z and the submodules 5Z, 6Z are Soc-QP2-absorbing submodules of
Z-modules Z, but 5Z n 6Z = 30Zis not SocQP2-absorbing submodule of Z-module Z (
because if 2.3.5 € 30Z, but 2.5 ¢ Z —rad(30Z) + soc(Z) = 30Z 4+ (0) = 30Z and 3.5 ¢
Z —rad(302) + soc(Z) = 30Z and 2.3 € V[30Z:z Z] = V[30Z + soc(Z):; Z] =/30Z =
30Z.

We need to recall the following lemma.
Lemma (2.26) [18, Theo. 15(3)]

Let T be a multiplication R-module and K,N be a submodules of T. Then T —
rad(KNN) =T —rad(K) N T — rad(K).
Proposition (2.27)

Let L and K be a R-module appropriate submodules for multiplicationT with soc(T) S L
orsoc(T) € K. If L and K are Soc-QP2-absorbing submodule of T, then L N K is a Soc-QP2-
absorbing submodule of T.
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Proof

Suppose that L and K are Soc-QP2-absorbing submodule of T, and suppose that rst € L N
K forr,s € R,t € T,thenrst € L andrst € K. Butboth L and K are Soc-QP2-absorbing
submodule of T, then either rt € T —rad(L) + soc(T) or st € T —rad(L) + soc(T) or

rs € V[L + soc(T):rT] and either rt € T —rad(K) + soc(T) or st €T —rad(K) +
soc(T) or rs € V[K + soc(T):r T]. Hence either rt € (T —rad(L) + soc(T)) n (T —
rad(K) + soc(T)) orst € (T — rad(L) + soc(T)) N (T — rad(K) + soc(T)) or (rs)"T <
(L + soc(T)) n (K + soc(T)). If soc(T) € K< T —rad(K), then K + soc(T) = K and
soc(T)+ T —rad(K) =T —rad(K). Thus either rt e (T —rad(L)+ soc(T))NT —
rad(K) orst € (T — rad(L) + soc(T)) N T — rad(K) or (rs)"T < (L + soc(T)) N K. It
follows that by lemma (2.7) either rt € (T — rad(L) N T — rad(K)) + soc(T) or st €
(T — rad(L) N T — rad(K)) + soc(T) or (rs) T < (L N K) + soc(T). Hence by lemma
(2.26) either rt e T —rad(L N K) + soc(T) or st e T —rad(LNK) + soc(T) or rs €

VI(L N K) + soc(T):r T]. That is L N K is a Soc-QP2-absorbing submodule of T. Similarly
if soc(T) € L, we got L N K is a Soc-QP2-absorbing submodule of T.
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