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Abstract: A method entitled the Elzaki Substitution Method (ESM) will be generalized in this article , an overview of the
ESM for n"-order non-linear partial differential equations (NPDEs) involving the following three types of mixed

L . 0"u "u "u . . _ . .
derivatives: 313y TRyt 3xPayT (where p and g are positive integers such that p + g =n) will be included. ESM

technique often includes Adomian polynomial for non-linear terms to find exact solutions of non-linear homogeneous and non-
homogeneous higher-order initial value problems containing mixed partial derivatives. Illustrative examples are presented in
order to demonstrate the utility and applicability of the proposed procedure.
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1. Introduction

By NLPDEs many topics of applied mathematics, physics, and engineering-related problems with physical
interest and fundamental significance can be explained. NLPDEs which involve mixed partial derivatives with
initial conditions naturally occur in various fields of science, physics and engineering. The comprehensive
applicability of these equations has gained so much attention from many mathematicians. However, in physics and
applied mathematics it is still a major problem to obtain the exact solutions of these NLPDESs, some new methods
applied to discover new exact solutions of these NLPDEs. Many researchers have paid special attention in recent
years to seeking a solution of NLPDEs by using various methodologies. Some of these are the Adomian
decomposition method (Evans & Raslan, 2005), homotopy perturbation method ( Sweilam & Khader,2009;
Sharma & Methi, 2011), Laplace Substitution Method(LSM) ( Handibag & Karande, 2012 ; Handibag &
Karande,2015), Laplace Variation Iteration Method (Al-Fayadh & Faraj,2019), Sumudu Homotopy Perturbation
Method (Singh & Kumar,2011), Elzaki Variation Iteration Method (Elzaki & Kim, 2015), Elzaki Projected
Differential Transform Method ( Elzaki, Hilal, Arabia, & Arabia, 2012b), Elzaki Homotopy Perturbation Method (
Elzaki, Hilal, Arabia, & Arabia, 2012a), and Elzaki Decomposition Method (Ziane & Cherif, 2015; Nuruddeen ,
2017). Motivated and inspired by this ongoing research fields, a new method entitled ESM will be determined
which is based on Elzaki Transform (Elzaki, 2011; Elzaki & Ezaki, 2011), introduced by Tarig Elzaki in 2011.
Furthermore Adomian Polynomials can be applied to manage the non-linear term in this proposed method. The
ESM was introduced in (Datta, Habiba, & Hossain, 2020; Hossain & Datta, 2018) to solve the second-order linear
and non-linear partial differential equations (PDEs) with mixed partial derivatives. By ESM, the solution of n"-
order NLPDEs involving mixed partial derivatives with initial conditions will be explained. Also, the basic
concepts and fundamental properties of Elzaki transform will be discussed in the section (2). This proposed
approach is elaborated in the next section (3). Three subsections are provided in the same section that are

o™ o™u omu
ax"=19y’ 9xdyn=1’ 9xPayd
integers such that p + g = n). In section (4), the strength and efficiency of the proposed method is verified with
illustrative examples. Finally the conclusion of this article will be presented in the last section.

classified on the basis of mixed derivatives forms i.e (where p and g are positive
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2. Preliminaries

2.1. Elzaki transform

A new integral transform named Elzaki transform operator is denoted by E [.] and is defined by the integral
equation as;

EF (O] = T@w) = v [*f(6) evdt, ¢ >0

Where the variable v is used in function f reasoning to factor the variable t.

2.2. Fundamental properties of Elzaki transformation

(1) E[] =v?

(2) E[t] =v®

(3) E[t"] = n'v"”, n=>0
(@) Flewt] = =

(5) E[sinat] = if:;,,z

(6) E[cosat] = m

Theorem: Let u(x, t) be a function of two independent variables u and ¢, then
(1) Elulx, )] =T(x,v)

QE [6u(x t)] = T(x v) — vu(x, 0)

3%u(x,t) 6u(x.0)
3) E[ Y —T(x v) —u(x,0) — o

" u(xt)] _ Elu(xt)] _ux0) 1 du(x0) o ™ 2u(x,0) _ o™ 1u(x,0)
(4) E [ atn ] - o pn=2  yn-3  g¢ atn—2 atn—1

3. Elzaki Substitution Method

In this section, ESM for n™ non-linear PDEs involving mixed partial derivatives will be described. In this
description, the nonlinear term can be decomposed with the help of Adomian polynomials. In the same section,
three subsections are also provided which based on separated types of mixed derivatives that embedded in
equation.

omu

3.1. ESM for n" order non-linear PDEs involving mixed partial derivatives of type PR

Consider a n™ order non-linear partial differential equation,

Lu(x,y) + Nu(x,y) + Ru(x,y) = [(x,y)
(3.1.1)
with initial condition
u(x,0) = g(x),uy(0,y) = fo(3), Uxy(0,¥) = fi(¥), U2, (0,¥) = L(¥), %3, (0,y) = f3(¥), e v sy
Uyn-2,,(0,¥) = fr2(¥) (3.1.2)

an . . . S o .
where L = PR Nu(x,y) is a nonlinear term, Ru(x, y) is a remaining linear term and [1(x, y) is a source term.

Re-write the equation (3.1.1) as,
am1 ra
(55) + Nulx,y) + Rulx,y) = hx,y)

axn—l
Consider the substitution U = z_u the above equation is converted to,

an
Jxn-1

4 Nu(x,y) + Ru(x,y) = h(x,y) (3.1.3)
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Applying Elzaki transform with respect to x equation (3.1.3) is reduced to
. Uan—z(O,y)

= E UG )] = 55 U0,y) — =5 Uy
= Ey[h(x,y) — Nu(x,y) - Ru(x,y)]

Using initial conditions from equation (3.1.2)-

E UG, ] =v*fo(y) = v fi(y) = v fo(y) — -

— V"o (y) = vV E [h(x, y)
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— Nu(x,y) — Ru(x, y)]

Applying inverse Elzaki transform with respect to x, the above equation is converted to

UGY) = fo) +xf;0) + 2 fo) + -+

Re-substitute the value of U = Z—; on the above equation

du(x,y) x?2
ayy = fo() +xf1(y) +;f2()’) + -

(n 2)!

0 +Ey o Eg[hCx,y) -

%fn—z()’) + E, v E [h(x,y) — Nu(x,y) — Ru(x,y)]]

Nu(x,y) = Ru(x, y)]]

Taking Elzaki transform with regard to y and initial conditions on the above equation,

2

By [u(x, )] = v2g(x) + vE, [fo O) + XA ) + 3 o)+

+VE, [Ex_l[v"‘lEx[D(x,y) — Nu(x,y) — Ru(x, y)]]]

x
( —-2)!

fn 2(3’)]

Using inverse Elzaki transform with respect to y on the above equation implies that

2
u(y) = g() + B, v, [fo<y)+xf1(y)+%fz(y>+ T

+E, 7 [vEy [ v Ea 06, y) — Nu(x,y) — Ru(x, ”””

2)|fn 2(y)]:|

(3.1.4)

For solving n™ order NLPDEs involving mixed derivatives by ESM, consider the solution in an infinite series

form.

Consider that,

u(x,y) = Ypme Un (%,¥) (3.1.5)
be the required series solution of equation (3.1.1). The non-linear term can be decomposed by using

Adomian polynomial which is defined by the following formula

Ay =2 [dyn [N[EZov ul]]] (3.1.6)
And therefore Nu(x,y) = Zn_OAn (3.1.7)

Where, 4,
(3.1.5).

is the Adomian polynomial with components u,(x,y), u, (x,y), ...

. Uy (x,¥), n = 0 of series

Substitute the values of u(x, y) and Nu(x, y) in equation (3.1.4), then new one below is obtained

=3

D ) = 9@ + B,

vE, [fo(J’) +xfi(y) + %fz(}’) + ..
n=0
|
vE, |E, " [v"TE,

| h(x,) —iAn - R [i un(x,w‘
l l n=0 n=0

Comparing them on both sides, the following results is obtained
2

VEy [fo0) + 20D + 3 /o0 + -

-1
+E,

1
[
|
|

uo(x')’) = g(x) + Ey_1

+E, 7t [vEy [ B G y)]]”
u (x,y) = —Ey_1 [vEy [Ex_l[v"‘lEx[A0 + Ruy(x, y)]]”

uy(x,y) = —Ey_1 [vEy [Ex_l[v"‘lEx[A1 + Ru, (x, y)]]”

unCoy) = By [vEy [0 Bl Ay + Run s ]| 1

The following recursive relation is found from the above equations

n-2

.t mfn—z(w”

n-2

X
+ mfn—z(w]
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up(x,y) = k(x,y)
-1 —1r,,n—-1 (318)
Unq (X, Y) = _Ey [vEy[Ex [v Ey[Ay + Ru,(x, )], n=0
Where,K (x,y) =
x2 xn—2
gx) + Ey_l [VEy [fo(J’) +xfi(y) + Zfz()’) + . w  t mfn—z(Y)]] +
Ey_1 [‘UEy I:Ex—l[vn_lEx[D(x,y)]]]:l
From recursive relation (3.1.8), the components uy(x, ), u (x,¥), . . .. ,u,(x,¥),n =0 of series (3.1.5)

can be calculated.
Substituting the values of u,(x, y),n = 0 in equation (3.1.5), the series solution of equation (3.1.1) is obtained.
The initial conditions of equation (3.1.1) are converted to
uyn-1(x,0) = g(x),u(0,y) = fo(¥), ux(0,y) = fi(¥), u,2(0,y) = f; (y).}
U3(0,9) = 300, v o s Uen=2(0,y) = frn2(¥)

Now the substitution U = Z_; is not applicable for equation (3.1.1). In this case, the above-explained method can’t
be applied. Thus when such a situation appears, the ESM needs to be described again. Using Young’s theorem, the
mixed derivative of n" order a—appeared in equation (3.1.1) which can be written in the form

(3.1.9)

ox"~19y
a‘;ﬁ Therefore the n™ order non-linear PDES containing mixed derivatives (3.1.1) with initial conditions (3.1.9)
becomes
ayaxn oA -1 oot Nu(x y) + Ru(x y) - h’(x }’) (3110)

un-1(x,0) = g(x),u(0,y) = fo(3), ux(0,y) = fi(¥), u2(0,y) = fr(0), u3(0,9) = f3(), o o )
x=2(0,5) —fn 2()

Substltutlng = U in equation (3.1.10), then the equation is converted to,
@ + Nu(x, y) + Ru(x, y) = h(x,y)

Applying Elzaki transform with respect to y subject to initial conditions in the above equation and then taking
inverse Elzaki transform, then new one below is found

UGxy) = g(x) + B, [vE, [h(x, y) — Nu(x,y) — Ru(x,)]|
In the above equation, re-substituting the value of U(x, y) means that

an—l ,
TMA) _ gy + B, [vB, IhCx, ) — N ) - Rue, )]

Regarding to x taking Elzaki transform in the above equation with initial conditions and then using inverse Elzaki
transform, the above equation is transformed to

w0 y) = o) + ) + L HO) = = fo )

+E, v E,[g(x + E, ' [VE, [h(x,y) — Nu(x,y) — Ru(x, »)]]]] (3.1.11)
Suppose that,

u(x,y) = Yn=o Un (%, ) (3.1.12)

be the required solution of equation (3.1.10).As in the above description ,the nonlinear term Nu(x,y) can be
decomposed by using Adomian polynomial same as the equation (3.1.7).
Now the equation (3.1.11) is converted to

2 n-2
Trcota(6y) = o) + A0 + 50D = o e = o fam ()
+E, [v”‘lEx [g(x) + B, 7 [VE [1(6y) = Do An — R o tn (x, y)]]” (31.13)
The following recursive relations are obtained by comparing both sides of the above equation
uo(x,y) = k(x,y)

Uns1(X,Y) = _Ex_l[vn_lEx[Ey_l[vEy[An + Ruy, (x, M1
Where

K@y) = o) + 20 + 5 o) -

(3.1.14)

n-2

( 2),fn )
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+E, v E g ()] + B [v"_lEx [Ey_l [vEy they )]”]

is a source term. Calculating and substituting the components of w, (x,y),n = 0 in equation (3.1.12), the series
solution of the given equation is obtained.

3.2. ESM for n™ order non-linear PDEs with mixed partial derivatives of type %;1

Considering a n' " order non-linear PDE —
Lu(x,y) + Nu(x,y) + Ru(x,y) = [(x,y) (3.2.1)
with initial conditions,
uyn-1(0,y) = g(), u(x,0) = fo(x), uy (x,0) = f1(x),u,2(x,0) = f, (X),}
uys(x,0) = f3(x), o o uyn-2(X,0) = fr5(x)
Where L = Nu(x,y) is the nonlinear term, Ru(x,y) is the remaining linear term and [I(x,y) is the
source term.

Substituting =

(3.2.2)
oxoyn—1 ’

the given equation is reduced to

T ’
‘;—Z + Nu(x,y) + Ru(x,y) = h(x,y) (3.2.3)
Regarding x, applying Elzaki transform with initial conditions in the above equation and then inverse Elzaki
transform, finally the following result is obtained-

U(x,y) = () + E, " [vE,[h(x,y) — Nu(x,y) — Ru(x,)]]

an—lu B

it N =90 +Ex HvE[h(x,y) — Nu(x,y) — Ru(x,»)]]

Again, using Elzaki transform subject to initial conditions and inverse Elzaki transform with regard to y
the equation is transformed to-

2 n-2
uC ] = fo) + YA + 5 LD+ e o a2 ()
+E,7! [Vn_lEy [g ) + Ex HvE[U(x,¥) — Nu(x,y) — Ru(x, y)]]” (3.2.4)
For solving n™ order non-linear PDE by ESM let us suppose that,
u(x,y) = Yo tn(x,¥) (3.2.5)

be the series solution of the given equation. The nonlinear term Nu(x,y) can be decomposed with the help of
Adomian polynomial which is defined by the equation (3.1.6)

Therefore the non-linear term Nu(x,y) = Y5_0 A, (3.2.6)
Putting the values of u(x,y) and Nu(x,y) inequation (3.2. 4) the equation is converted to-
2

Sroun(®y) = fol) + YA + L) = o e — ()

+E, ™ [v"-lEy 900 + B [pE R ») = £io A - RIS unCx, y)]]]]] (3:27)
The following recursive relation is obtained by comparing both sides of the equation (3.2.7)

uo(x,y) = k(x,y) (3.2.8)
Un1 (X, y) = _Ey_l[vn_lEy [Ex_l[VEx [An + Ru, (x, )] o

2

Where KGY) = fo@) + VA + L L0 = v o =L () + B, [ E 9O

+E, ™ [v"-lEy [Ex_l[vEx[h(x, y)]]”
By using the recursive relation of (3.2.8), evaluating and substituting the components u,,(x, y),n = 0 in equation
(3.2.5), the series solution of considered equation is obtained.
The initial conditions in the equation (3.2.1) are becomes:
u(O, y) = g(y)' ux(x' 0) = fO(x)' uyx(xr 0) = fl (x)' uyzx(xl 0) = f2 (X),}
U3 (x,0) = f3(%), o o Un-2,(X,0) = fr_o(X)

Then in this situation, use the substitution U = z—“ in equation (3.2.1). In subsection (3.1), ESM for non-linear

(3.2.9)

PDEs with mixed partial derivatives of type have been explamed In this case, using the same process the

anl

solution of non-linear PDEs with mixed partial derivatives of type ——— by the proposed ESM can be found.

aanl
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3.3. ESM for n'™ order non-linear PDEs involving mixed partial derivatives of type (where p and q

mu
AxPayd’
are positive integers withp + g = n)

Considering a n™ order non-linear PDE-

Lu(x,y) + Nu(x,y) + Ru(x,y) = O(x,y) (3.3.1)
With initial conditions,
uya(0,y) = fo(¥), uxya(0,¥) = 1 (V) Uy2ya(0,¥) = o(¥)s o oo oo Uyp-2,,0(0,¥)
= fp-2(0), Uyp-1,4(0,¥) = f,_1(¥), u(x, 0) = go(x), uy(x,0) (3.3.2)
= gl(x) uy2(x,0) = go(x), o o e Upa-1(x,0) = ggq ()
Where L = m, Nu(x,y) be nonlinear term, Ru(x,y) be the remaining linear term and [1(x,y) be the source
term.

The equation (3.3.1) can be written as
ﬂ(aqu) + Nu(x,y) + Ru(x y) = 0(x,y)

axP \oy4
Using the substitution U = ﬁ , and then the above equation becomes

ZPT;I + Nu(x,y) + Ru(x,y) = h(x,y)
Applying Elzaki transform with regard to x and initials conditions of the above equation, then new one below is
found
E U] = v o) — v AO) — v () = v o e VP S0 (0) — VP (0) = VPEL[D(%,Y)

—Nu(x,y) = Ru(x,y)] _ o
Again, with regard to x taking inverse Elzaki transform, the above equatlon is converted to

UGEY) = fo) + XA + S0 + + 2 foaO) + e fy )
+E, M [vPEc[h(x,y) — Nu(x y) — Ru(x, y)]]

By re-substituting U = , the above equation becomes

ayq =fo) +Xf1(y)+ fz(y)+ t 0 2),fp 20 + 2 1),fp 1)

+E, M vPE [ (x,y) — Nu(x, y) — Ru(x, y)]]
Now, taking Elzaki transform with regard to y subject to initial conditions, the equation implies that

EyluCe ]~ v2go(x) —vigi(x) - V492(;C) — e = VTG () = VIE o)
- p-1
FXO) + 5 o)+ - o i) + o o O]+ V[,

[vPEx[h(x,y) — Nu(x,y) — Ru(x, y)]1]
Again with respect to y applying inverse Elzaki transform,
2

-1
u(x,y) = go(x) + yg,(x) + %gz(x) T = %gq_l(x) +E,"'[vIE,
x2 p-2 xp—l
o) +XA0) + 5 O + . + oy 0) + oy e O]
+Ey'1 [quy [Ex'l[vax[D(x,y) — Nu(x,y) — Ru(x,y)] ]” (3.3.3)
For solving n™ order non-linear PDE of this type by ESM, let’s consider that
u(x,y) = Xn=o Un (x, ) (3.3.4)

be the required series solution of equation (3.3.1). With the help of Adomian polynomial the nonlinear term
Nu(x,y) can be decomposed and is defined by the equation (3.1.6)

Nu(x,y) = Yr_oAn (3.3.5)
Substltutmg the values of u(x, y) and Nu(x, y) values in the equation (3.3.3) which is transformed to-
y? yi!
Z Un (6Y) = go(0) +y91(0) + 579200 + o o q=119% 1(x)
n=0

2 xp_z p_

+Ey—1 quy foO) +xf1(¥) +%f2(Y)+ (p 2)|fp 2(¥) +( 1),fp 1()’)]]
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+Ey_1 viE, [Ex_l VPE, | U(x,y) — Z A, —R Z Uy (x, Y)l l

l n=0 n=0 J
The following recursive relation is obtained by comparing both sides of the above equation.
up(x,y) = K(x, )

“1r.q “1pp (3.3.6)
U1 (X, y) = _Ey [v Ey[Ex [VPE [An + Ruy(x,¥)]]], n=0
Where
y2 yq—l
K(,y) = go(x) +yg,(x) + ?gz(x) + o et qu—l(x)
. X2 xP~ 2 p—l

+E, Vqu fo(J’)+xf1(J’)+Ef2()’)+ ( 2)|fp 2(3’)"'( 1)|fp 1)
+Ey, T [vEy [Ex T [VPE[C(x, )]
From recursive relation (3.3.6), the components uy(x,y), u;(x,y), ... .. ... ,u,(x,y),n =0 of equation

(3.3.4) are found.

Therefore the series solution of the given equation is obtained by substituting all these values in equation (3.3.4),
Let’s solve the nonlinear equation (3.3.1) with the following conditions

Uyp (X, 0) = go (%), Uyxr (x,0) = g1 (¥), Uy2,p (%, 0) = g2 (x), ... .. .o,

Uya-2,0X,0) = gq_2(X), Uya-1,0X,0) = gq—1 (%), u(0,¥) = fo(¥), (3.3.7)
Ue(0,y) = 1), u2(0,y) = o), v o U1(0,7) = fio0 (V)

Then by Young’s theorem, the equation (3.3.1) can be written in the form:

99 /9Pu
ay“ <axv) + Nulx, 3’) +Ru(x,y) = [(x,y)

By substitution U = °—, the above equation becomes

61”

W + Nu(x,y) + Ru(x, y) = h(x, y)

Applying Elzaki transform with respect to y subject to initial conditions and then taking inverse Elzaki transform,
which is converted to the new one below,

2

q-1
U(x,y) =go(x) +yg.(x) + %gz(x) + e e+ hgq_l(x) + Ey‘l[quy[h(x,y)
—Nu(x,y) — Ru(x, y)]]
oPu y2 yq—l .
) =go(x) +yg.(x) + gz(x) + o+ mgq_l(x) +E, T [vIE,[[)(x,y)

~NuCoy) =Ru@l] . I " . .
Again with respect to x applying Elzaki transform subject to initial conditions and inverse Elzaki transform, then

the equation implies that

2 p—2 p—-1
w(5,) = foO) + X0 + 5 00 + . o) + o e )
2 q-1
+E " v [go(X) +yg9:(x) + o [ 92 O+ . . (qy D! gq—l(x)”
+E, ! [vax [Ey—l [quy[H(x, y) — Nu(x,y) — Ru(x, y)]]” (3.3.8)
Now assume that,
u(x,y) = Xi=ottn (x,y) (3.3.9)

be the solution of the given equation. Here Nu(x,y) can be decomposed by using Adomian polynomial A4,, which
is identified up in the equation (3.1.6).

And nonlinear term Nu(x,y) = ¥%_, A, (3.3.10)
Therefore, the equation (3.3.8) is transformed to
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)+ () + 5 2 X X

DU y) = fo(y) + (y)+ ) R S P p,z(y)+m o2 (¥)
yz Ly
E, [VPE
+E, v [go(X)+y91(X)+ gz(X)+ (q 1)|gq L0011
+E, 'IVPE[E, "[V'E, [h(x, ) - > A, —RDD. u, (x, )]
The following recursive relation is obtained by comparing both sides of the above equation
uo(x,y) = K(x,y) 3.3.11
s (6,) = —E; [P EL[E, 09, [4, + Ruge )]l n = 0 (3311
Where
x2 xP—2 xP~1
k(o) = fo0) +xA0) + 51 L) + oo T () + o= oD 1)
2 q-1

+E, 7 [vPE, [go(x) +yg.(x) + %gz(x) + o hgq_l(x)”

+E, 1 [vax [Ey—i [quy[D(x, y)]]”

is a source term. From the recursive relative (3.3.11), the components u,,(x,y),n = 0 can be found. Substituting
the values of all these components in equation (3.3.9), then the required solution of the given equation is obtained
in series form.

4. Applications

In this section, to illustrate ESM for non Iinear PDEs of the n™ order with three kinds of mixed partial
L. mu mu
derivative, such asaxn_lay e w and IxPay (Where p and q are positive integers with p + q = n), four
examples of homogeneous and non-homogeneous PDEs with non-linear term and involving mixed partial

derivatives with initial conditions are provided.

Example 1: Considering a 3" order nonlinear homogenous PDE is-

3 3
sy~ 2(5r) =0 (41)
With initial conditions
(0,y)=1,£y0,y) =1,f(x,0) =0 (4.2)
Substituting U = Z—f] in the given equation
62 3
i 20° =0

Applying Elzaki transform with regard to x and initial conditions in the given equation, which is converted to the
new one below,
E[U(x,y)] = v? + v3 + 2v2E,[U®]

Taking the inverse Elzaki transformation with respect to x in the above equation is transformed to
U(x,y) =1+ x + 2E, '[v2E,[U?]]

—(x y) =1+ x + 2E, ‘1[1; E, [(gi) ”

Using Elzaki transform with regard to y and initial condition on the above equation, we obtain

e 2]

With respect to y the inverse Elzaki Transformatlon is applied on the above equation,

E,[f(x,y)] = v® + xv® + 2vE,, |E

fO.y)] =y +xy +2E, " |vE,

E,~ 2E ” (4.3)

In ESM, solution is represented in infinite series form as below,
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fy) = Xne fu (%, ) (4.4)

3
which is the required solution of the given equation .The nonlinear term Nu(x,y) = (Z—D can be decomposed by

Adomian polynomial A,, defined by the equation (3.1.6).
3
Consequently, (Z—f}) =) oA, (4.5)

Where 4,,,n = 0 Adomian polynomial with components f,(x,y), fi(x,¥), ... .. .., fu(x,y) of series (4.4).
Some values of the Adomian polynomials 4,, are found, as below
Ay = [ Ay = 31 fiy, Ay = 3foy 5 + 3f&yf2y @nd soon
Then the equation (4.3) becomes
5|
n=0 J

The recursive relationship is obtained by comparing both sides of the above equation.

folx.y) =y +xy

a1 (6, y) = ZEy_l[vEy[Ex_l[szx[An]]]] ,mn=0

The following new components of f,,(x,y) ,n = 0 have been found from the above relationship.
folx,y) =y +xy

filx,y) = 2B, [vEy [Ex—i[szx[Ao]]” = 2E,”" [vEy [Ex‘l [vZEx[fg'y]”

Z fulx,y) =y +xy + 2E, 7" {vEy IExl lszx
n=0

_2+3+£ +x_5
=Xy + Xy + 2y + =y

- — 1 9 7 3 3 1
f2(x,y) = 2E, 1[vEy . 1[szx[Al]]]] = x*y + X%y + S xfy + a7y + =y o x %y

Likewise, find the values of f3(x,y), fa(x,y), == ==+ = (e y)

Substituting the values of £, (x,y),n = 0 in equation (4.4), finally the result is found as,
fO)=yA+x+x2+x3+x*+x5+ . . )=y Yroxt
Where Y. >°_, x™ is a geometric series and converges to ﬁ forlx| <1

Therefore,f (x, y) = ﬁ lx| <1
Which is the required solution with the initial conditions defined and checked by the substitution. The solution is
same as the solution is obtained by LSM.

Figure 1 below, shows the solution of the equation (4.1)

Fig.1. The graph of solution of example (4.1).

Example 2: Consider a 3 order non-linear non-homogeneous PDE,
a%u d

— (%2 2 _ Ly
Py (ay) +u® =e’cosx (4.6)
With initial conditions
uy,(0,y) = 0,u(x,0) = sinx,u,(x,0) = sinx 4.7

2
Substituting U = ZTZ in the above equation, the equation is converted to-
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au (6u)2 = ey
ax ay u®=e’ cosx
Applying Elzaki transform with respect to x in the above equation subject to initial condition and then taking
inverse Elzaki transform-

. -1 au 2 2
U(y) = € sinx + B o [(G5)? = ]

2
Re-substitution the value of U = 2712‘
2%u(x,y) ou\?
D s (3]
3y e¥sinx + E,” [vE,[ 3y u]]

Again, with respect to y taking Elzaki transform subject to initial conditions and then applying inverse Elzaki
transform the above equation becomes-

u(x,y) = e¥ sinx + E, ' [v2E, [Ex_l[vEx[(g—;)2 — w0 (4.8)

For solving this problem by ESM let’s consider that,

u(x,y) = Xn=o un(x,5) (4.9)
be the solution of the given equation. The non-linear term Nu(x,y) = (Z—;)z — u? can be decomposed by using
Adomian polynomials A,, and B,, which is defined by the equation (3.1.6).

Then (Z—Z)z _ ¥ A andu? = ¥E_ B, (4.10)
Adomian polynomials of A, and B, are as follows:

Ap = uglgy , By= u%

A1 = uOuly + uluoy ) Bl = 2u0u1

Finally, the equation (4.8) is converted to

oo

|
z u,(x,y) = e¥ sinx + Ey'1|v2Ey E. ! lvEx

2 A= )
n=0 n=0 n=0

1
|
The following recursive relation is found by comparing the above equation on both sides,

Uuy(x,y) = e¥sinx

Upy1 = Ey_l[szy[Ex_l[vEx[Zi=0 Ap —Yh-oBrllll n>1

Few components u, (x,y) ,n = 0 are found from the above recursive relation,

uy(x,y) = e”sinx

uy(x,y) =E, 7! [szy [Ex_l[vEx[A0 - BO]]” =0

Consequently, u,(x,y) =0,n>1

In equation (4.9), substituting all the values of u, (x,y),n = 0, the following result is obtained

u(x,y) =e¥sinx

Which is the required solution with respect to initial conditions and checked by the substitution.The solution is

same as the solution obtained by LSM.
Figure 2 below, shows the solution of the equation (4.6)

658



Turkish Journal of Computer and Mathematics Education Vol.13 No.03 (2022), 649-662
Research Article

Fig.2. The graph of solution of example (4.6).

Example 3: Consider a 4" order non-linear homogeneous PDE,

o%u ou

axiays Tl — W =0 (4.11)

Subject to initial conditions

u(x,0) =x,uy(x,0) = x,u,2(0,y) = 0,u,2,(0,y) = &” 4.12)
2

Substituting U = 2712‘ in the given equation,

0%U N ou 0

0x? ”ay w=

Taking Elzaki transform with regard to x subject to initial conditions and then using inverse Elzaki transform, the
equation implies that
Je =)

2
Re-substituting U = Z—z , the above equation is converted to

Puley) _ xe¥ + E,” [ZE [u —ua—u]

U(x,y) =xe¥ +E, ' |v

ay? a
Again, with respect to y, applying Elzaki transform and inverse Elzaki transform in the same process which is
transformed to-

ay.

Suppose that,
u(x,y) = Xnmew Uy (x,y) (4.14)
be the solution of equation (4.11).The nonlinear term Nu(x,y) = u? —uZ—: can be decomposed by using

Adomian polynomials

Where An, Bn,n >0 are Adomlan polynomials with components uy(x, y), u; (x, ¥), . o oo ,up(x,y),n = 0.
Adomian polynomials of A, and B,, are found that:
Ay = uf ) By = ugugy

A = 2uguy , By = uguyy + uquy,,

Now the equation (4.13) is converted to

=3 =3 oo

Z U, (x,y) = xe¥ + E,7* {UZEJ, IEx'l Isz l

J

The following recursive relation is found by comparing the above equation on both sides,
uy(x,y) = xe¥

U, (x,y) = Ey_l[szy [ny_l[szx[An—l —B,4]ll] ,n>0

The following few components of u,,(x, y) ,n = 0 are determined from the above relation
uy(x,y) = xe¥

uy(x,) = E, " [szy |Ex " [v2Exl Ao - BO]]” =0

n=0 n=0 n=0

(4.16)

Correspondingly, u,(x,y) =0,n>1
Substituting all the values of u, (x, y),n = 0 in equation (4.14), then the following solution is obtained
u(x,y) = xe¥
Which is the required solution with given initial conditions and checked by substitution. The solution is same as
the solution is obtained by LSM.
Figure 3 below, shows the solution of the equation (4.11)
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Fig.3. The graph of solution of example (4.11).
Example 4: Consider a 5" order non-linear non-homogeneous PDE,
a5u _ 6_u 2 x

aday  Ug TU =eicosy (4.17)
With initial conditions
u(0,y) = —cosy ,u,(0,y) = —cosy ,u,2(0,y) = —cosy,
u,3(x,0) = —e*,u,3,(x,0) = 0 (4.18)
By using the same method in example 3, finally the new one below is obtained
u(x,y) = —e*cosy + E, ' [v3E, [Ey_l [szy [ug—z - uz]]” (4.19)
Suppose that,

u(x,y) = Y=o Un(x, y) (4.20)
be the required solution of equation (4.17).

Now the nonlinear terms uZ—: =Yr_oApand u? =Y B, (4.21)
Where 4,,, B,,n = 0 are Adomian polynomials with components u,(x, y), u,(x,y), . . ., u(x,y),n=0
from series (4.20).

Adomian polynomials of A,, and B,, are calculated as:
Ag = UgUoyx , By=u§
Al = uoulx + uluox ) Bl = 2u0u1

Then the equation (4.19) is transformed to-

Z up(x,y) = —e*cosy + E, " [173Ex E,~'|v2E, Z A, — z B, l
n=0 l n=0 n=0 J
The following recursive relation is found by comparing the above equation on both sides

uy(x,y) = —e*cosy

~17,3 —1p,2 (4.22)

u,(x,y) =E, " [v Ex[Ey [v Ey[An—l —Bp4]lll ,n>0

Few components of u,(x,y) ,n = 0 are calculated from the above relation
uy(x,y) = —e*cosy

u,(x,y) =E, ! [173Ex [Ey-l [UZEy (4, — BO]”] =0

Correspondingly, u,(x,y) =0,n>1

Substituting the values of u,(x, y),n = 0 in equation (4.20), the solution is obtained as,

u(x,y) = —e*cosy.

which is exact with regarding initial conditions and checked by the substitution.The solution is same as the
solution obtained by LSM.

Figure 4 below, shows the solution of the equation (4.17)
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Fig.4. The graph of solution of example (4.17).

5. Conclusion

In the article, the proposed ESM was successfully used without using linearization, disruption, or restrictive
assumption to find a solution of n™-order non-linear initial value problems containing mixed partial derivatives
with the help of Adomian polynomials. Implementation of this technique is simple, economically beneficial, time
saving and exquisite. The capability of this method has been demonstrated by solving some nonlinear PDEs of
different order. An important recurrence relationship are found by using this method to solve the n™ non-linear
mixed order PDE which concludes that ESM with Adomian polynomial provides highly reliable numerical

solutions compared to other methods for non-linear mixed order problems.
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