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Abstract

In this work, we investigate the periodic solutions for non-linear system of differential equations
by using the method of periodic solutions of ordinary differential equations which are given by
A.M.Samoilenko. Additionally, the existence and uniqueness theorem have been proved for second
differential equations system by using Banach fixed point theorem.
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LIntroduction
According to the differential equation system which is:

d?x dx d?x
o=r(ex555) (D

Where x € D, D is aclosed and bounded subset of R™, D,, D, are closed and bounded
subset of R™[1]. Let the vector function f (¢, x, x,X) be defined and continuous on the
domain:

(t,x,x,X) € Rt XD x D; X D, = (—00,00) X D X D; X D,, (2)

where x = % and X = ZZT;C areperiodicint of periodic T.

Assume that the vector functions f (¢, x, xX,) satisfying the following inequalities [2]:

lf (& x, x, %) < M, 3)
I (&, 21, %1, %1) = f (&, %2, %2, )| < Kqllxg — 22| + Kol — %, || + Ksll%, — %I, (4)

foralt e R, x,x;,x, €D, %,%,%, € D;, ¥ %1,%, € D,, where M is a positive vector
constant and K; = (Ky;;), K, = (Kzi;), Kz = (K3;;) aren x n non-negative matrices,
whereij = 1,2, ...n.

From [3], we have

£ = J, {J; £(6) = T@dt — [, f(£) — F@®dt} dt, (5)
where L isamapping from D to D, , and by f(t) thetime average over theinterval [0, T],
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f©® =21, f(s)ds . (6)
Define anon-empty set as:
Dp=D—-M
Dy =Dy —=M (7)
D2f == D2 - ZM
Functional sequence {x;, (t, Xo) }m=0 » 1Xm (t, X0) =0 @Nd {X,,,(t, x0)}m=o defined as[4]:
xm+1(t, xO) = xO + sz(t’ xm(t' xO)' xm(t' xO)’jém(t' xO)) ' (8)
wherem = 0,1,2, ...
And
xm+1(tl xO) = xO + Lf(t' xm(tr XO)rxm(tr XO)'X.m(t' xO)) -
Lf(t, xm(t’ xO)’xm(t’ xO)ch.m(tr xO)) (9)
wherem = 0,1,2, ...
And

jém+1(tt xO) = J.C.O + f(t' Xm (t' xO): xm (t: xO): jC.m(t' xO)) -
Lf(tr xm(t' xO)'xm(t' xO)rX.m(t' xO)) (10)

wherem = 0,1,2, ...

2. Approximation of a Periodic Solution of (1).

The study of the approximate periodic solution of the problem (1) is introduced in the
following theorem: -

Lemma 1. [5] Let the vector function f(t, x) is defined and continuous on the
interval [0, T'], then the following inequality

15 (£(s,x()) =217 £(s,x())ds) ds|| < atm.
Ishold, where a(t) = 2t (1 — %) and M = trerl[gaTc]If(t,x)I.

Theorem 2. Let the vector function f (¢, x, x, ¥) be defined and continuous on the domain
(2) satisfy the inequalities (3),(4). Then there exists a sequence of functions (8),(9), and
(10) are periodicin t of period T, converge uniformly asm — oo in the domain

x(t,x0) € [0,T] X D¢ (11D
To thelimit functions x (¢, x,), x(t, x,) and satisfy the following integral equations:

X(t, xO) = Xp + sz(t' X(t, XO),.?.C(t, XO),?.C.(T,', xO)) (12)
And

x(t,x0) = %o + Lf (£, x(t, x0), %(t, X0), (£, %)) — Lf (£, x(t, x0), % (£, %0), X(£, %0) ) (13)
And
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x(tl xO) = jc.'0 + f(tl x(tr xO)r x(t, xO)l x(t, xO)) - f(t; X(t, xO)r X(t, xO)i X(t, xO)) (14)
Which is a periodic solution of the problem (1).
Provided that: -

2
1x° (¢, x0) — xoll < —M
_q T?
10, %0) = Xm (&, x0) || < Q™(E — Q)7* =M

Proof. By the lemma (1) and using the sequence of functions (8),(9) and (10) whenm = 0,
we get

(15)

I, (£, x0) — x50l
|1 (£, x0) — %ol
|15, (t, x0) — Xoll
llxo + L2f (¢, x¢, %o, %) — X,
= ||X0 + Lf(t, X(),X(),jé()) - Lf(tr x(t, xO); x(tr Xo), x(t, xO)) - x0||

¥o + f(t, %0, X0, %) — f (L, xq, X0, X9) — X

And
Il (£, x0) — X0l ||L(Lf(t» xo'ffo'jéo))”
51 (t, x0) — %ol | < | IILf (€, X0, X0, Xo) — Lf (£, X0, %o, Xo)|
%12 x0) = Zoll 12f (¢, X0, %0, %)
And
T2
ll2¢1 (£, x0) — ol TM \l
|, (t, x0) —Xoll | S| T T
11 (¢, %0) — %ol o M+3M
2M

Therefore, x,(t, xy) € D , x,(t,x,) € D; and X, (t, x,) € D,, foral t € [0, T].
Then, by mathematical induction we can prove that: -

. . .. . T2 5T
(lxm (8, x0) — Xl 1% (£, x0) — Kol 1Xm (E, x0) — Xoll ) < (TM M ZM) (16)
i.e
Xm (t,%0) € D, & (t,x0) € Dy and %,,,(t, x0) € D, When xo € Dr , Xy € Dy and %, €
Dy;.

Then we can prove that: -

TZ
a6, x0) — o zM\
||, (t, x0) — Xoll | < STM
111 (t, x0) — ol 6

2M
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I.e.
X (t,%0) €D , X (t,x0) € Dy and %,,,(t, xo) € D, When x, € Dy , Xy € Dy and X €
Dyy.
Next, we prove that the sequence of functions (8), (9), and (10) convergent uniformly on
the domain (2).
When m =1, we get
21 Ct, x0) — 20 (£, x0) I
11 (t, x0) — %o (t, X0l | =
(121 Ct, x0) — X0 (£, x0)]I
[Ixo + fotL (f(f; x1 (8, %0), %1 (L, X0), %1 (2, xo)) - f(t' x1(t, %0), %1 (L, X0), %1 (2, xo))) ds —xo — fOtL (f(t, Xo, %o, X%9) — f (¢, xo;xo;fo)) ds||

llto + L (£t 21 (8 5%0), 21 (&, X0, % (8, %0)) — £(£,21.(t, %), 31 (8, %0), 5 (£, %0)) ) = 0 — L (£ (&, %0, o, o) = £ (£, %o, %0, %)) |

I + £(t, 21 (€, %0), %1 (8, %), %1 (8, %0)) — f (£, (£, %), %1 (£, %0, %1 (¢, %0) ) — %o — f (£, %0, %o, %o) — f (£, x0, %o, o) |

12, (£, x0) — x0(t, x|
|, (£, x0) — %o (t, x|
1%, (¢, x0) — X0 (t, x|

T
[ a(t) ) ||f(t; x1(t, x0), %1 (T, x0), %1 (¢, xo)) — f(t, %0, %0, Xo) ||
T
= k a(6) + 5 I (& %1 (& x0), 1 (8, x0), %1 (8, %0)) = £ (£ X0, %o, o) /l

lef(t: xl(t: xO)ixl(t' xO)ijél(tf xO)) - f(t' .X'O,J.Co,jé())”

And

12, (£, x0) — x0(t, x|
|1 (£, x0) — %o (t, x| | <
|15, (t, x0) — X0 (t, x|

T2 . . . .
” (K1 llx1(t, x0) — x| + K2 |1%1 (¢, x0) — Xol| + K3]|%, (£, x0) — Xol])

T ) ) .. ..
a(t) + ;(K1||xm(t, Xo) — Xm—1(t, x0) || + Kz || % (t, X0) — Xp—1(&, x0) || + K3|| %, (£, X0) — X1 (£, x0) |1
20Ky 1% (t, x0) — Xm—1(t, X0) || + K2 [|%m (t, x0) — Z—1 (£, Xo) || + K3[X, (8, x0) — X—1 (£, X))

Therefore,
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1241 (£, 20) = 2 (£, 20)
141 (£, 20) — 2 (&, 20)1| | =
1241 (£, 20) = % (£, 20)

(“xa + fgt L (f(t' X (&, X0), X (8, %), ¥ (£, X0)) — f(trxm(t,xo):xm(f: xo),)'c'm(t,xo))) ds —xo— fOtL (f(fr Himo1 (&, X0), Xy (& %), Ky (8, %0)) — f (&, Xinoa (8, X0), X (E, Xo)'jémﬂ(fvxo))) ds“)

It + (LFCE (820D, i (8, X0, o (6 %0)) = LECt a6 %), i (8 %0), i (8 %)) ) = 0 = (LFC Xonms (& 0D, Foncs (60D, Fny (6 %)) = LEC Xims (& XD, ins (%0, Fonms (8, %0) ) I
1% + £ (&, 20 (&, %0, Fom (8, X0), (£, %0)) = £ (&, 2% (&, X0), X (£, X0), X (£, X)) — o — £ (&, X1 (£ %), Fim1 (€, 20D, X1 (6, %0)) = £ (&, Xy (& X0), X1 (& X0), Fim—a (&, X0) |

And

1241 (&, x0) — X (£, x0) |
%41 (2, x0) — X (&, XDl | <
%41 (2, x0) — X (£, x0) |

a(t) g ”f(t' xm(tf xO)i xm(t! xO)i xm(ti xO)) - f(t' xm—l(t’ xO)’ xm—l(tf xO)' J.(.'Trl—l(t' xO)) “

(X(t) + g ”f(tr xm(t' xO)rxm(tr xo)rjém(tr xO)) - f(t' xm—l(t; xO)txm—l(t' xO)'jém—l(t' xO))”/

2||f(t' X (L, X0), X (£, X0), X (£, xo)) - f(t, Xm—1(t, X0), Xm—1 (£, %), X1 (£, xo))”

”xm+1(tl xO) - xm(tf xO)”
||.5Cm+1(t, xO) - xm(tf xO)” <
||5&m+1(tl xO) - xm(tf xO)”

a(t) g (Kq 12 (t, x0) — X1 (&, X0) || + K3 || % (€, X0) — X1 (£, X0) || + K31 X (£, X0) — X1 (£, x0)|)

T ) ) .. ..
a(t) + 3 (K1 llxm (t, x0) — Xpm—1 (&, X0 || + Ko ||% (t, X0) — Kp—1 (&, X0) || + K3 1%, (E, X0) — Xpp—1 (£, x0) )
2(Kq || (8, x0) — Xg—1 (£, Xo) || + K2 |[Xm (€, X0) — Xppp—1 (£, Xo) || + K3 |[X, (€, X0) — Xpp—1 (£, X0) 1)

Hence

|41 (£, X0) — X (£, x0) ||
”xm+1(tf xO) - xm(t! xO)” <
18041 (E, x0) — X (£, x0) |

T T T
a(t) ;K a(t);K, a);K; %41 (t, Xo) = X (£, x0) I

O+ Kk (@ +0) kK, (a@® +D) K, || FEne16x0) = a6 x)ll | (27)
(0( ZK:) (aZKZ 3) 2 (a oK, 3) 3 s (toxe) — £ (e 2o

Rewrite inequality (17) in vector form
Zm+1(t) < Q(O)Zn, (18)
Where

|2t +1 (8 x0) — Xl
Zm+1(t) = ”xm+1(tr xo) - xm”
”3.C.m+1(tr xO) - xm”
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T T T
a(t) EKl a(t) EKZ a(t) EK3

() =| (a(t) + g) K, (a(t) + g) K, (“(t) + g) Ks
\ 2K, 2K, 2K

N~

”xm+1(t: xO) - xm”
ZT(;I = ”xm+1(t: xO) - xm”
”3.C.m+1(t: xO) - xm”

TZ
—M
0 4 \
Z{ <| 5T

M
S/
2M
It follows from inequality (18) that
Zmi1 < QoZm (19)
T? T? T?
K TK K
Q=g 5STg g (20)
6 1 6 2 6 3/
2K, 2K, 2K,
By iterating inequality (19) we have
Zmi1 Q027 (21)
Thisleads to the estimate
mLZP <Y Q5 Z7 (22)

2
Sincethe matrix Q, haseigenvalues1; = 0and A, = TTKl + %Kz + 2K5 < 1, the series
(22) is uniformly convergent:

Lim Y%, Q57 = X2, Q57120 = (E — Qo) *Z7 (23)
The limiting relation (23) signifies a uniform convergence of the sequence [x,, (t, x,)
» X (€, X0), Xm (£, x0) ]

nllil:lgoxm(t, x0) = x°(t, x,)

Tglil@oxm(t, xo) = x°(t, x0) (24)

lim %, (t, x0) = %°(t, x0)
m—oco
By inequality (17), the estimate

lIx° (t, x0) — 2 (£, x0)
150 (¢, x0) — %m (£, %)l | < QT (E — Qo) ~'Z7 (25)
[1%° (¢, x0) — % (£, x0) |
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3. Existence of periodic solution of problem (1).

The problem of the existence of a periodic solution of a period T of (1) is a uniquely
connected with the existence of zero of the function A(t, x,) which has the form:-

A:Df - R

A(t, xo) = %fOTf(s,xO(s, x0), %x°(s, x0), %°(s, x9))ds (26)

Where x°(t, x,) is the limiting function of (8) and the equation (26) is an approximation
determined from the sequence of functions:

Ap: Dy — R?

A (t,xy) = %fOTf(s, Xim (S, %0), % (S, %0), ¥m (5, X0) ) ds (27)
Wherem = 0,1,2, ...

Theorem 3. Under the hypothesis of theorem (1), the following inequality:

14, x0) — A (&, x0) || < di
Ky
Ishold for al = 0. Whered,,, = (( K, ),Q{)"(E —Qy)"1Z9)
K
Proof. ’

1406 %) = B 6501
1 T
= 1 [ x5 000,0 5,30 2G5 30 ds
0

_ % jo Tf(s, X (5, %0), T (5, X0, & (5, %0) ) s |

And

14Ct,x0) = A, X0)I1 < 7 f Ky l1X°(5, %0) = %X (5, 20D | + K2 |5°(s, x0) —

Xm (S, x0) || + K3||X°(s, x0) — X%m (s, x0) ) ds

14(t, x0) = A (t, x0) || < K1 [1x°(5, %) = xm (5, x0) || + K2 [|%° (s, x0) — % (5, X0) || +

K3|%°(s, x0) = %m (s, %o)

Hence
K,

1A(E, x0) — A (t, x0) | < (< K, ),QS”(E —Qo)7'Z7) = dp,
K3
ax(t) _ dx d?x

Theorem 4. Let a T-system f(t'x'E'F) be defined onaninterval a < x < b

dt
of astraight line R!
Assume that for areal t and an integra m > 1 function

T

1
A (E,%0) = Tj f(S’ Xm (S, X0), Xin (S, X0), Xm (5, Xo)) ds
0
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Satisfies the inequalities
4, (x) < —d,,

4, (x) =d,

Where

K

dm = (( Kz>,Q6"(E = Q0)7'Zy) (28)
K;

2 2
Proof. Let x; and x, be points of theinterval [a + T?M <x<b- %M] such that

Am(x ) =4n (X)
ooy = 2 ) (29)
From the inequalities (22) and (23), we have
A(xy) = A (x1) + (A(x1) - Am(xl)) < 0}

(30)
A(xy) = Ay (x3) + (A(xz) - Am(xz)) =0

It follows from (26) in virtue of the continuity of the A-constant that there exists a point
x%, x° € [x,, x,] suchthat A(x?®) = 0. This means that the system
dx(t) =f (t dx d?x

— 'X'E'F) has aperiodic solution x = x(t, x,).

Theorem 5. Let the right hand side of the system d’;—(tt)

domain;

= £ (t,x,%2,2%) pedefined nthe

(t,x,x,%) € R x D x D; X D, and satisfying the following conditions:

dx d3%x

1- the functions f (t, X, — dtz) is periodic int of periodic T, bounded, and satisfies a
Lipschitz condition with amatrix K

If(tx,y 2| <M
I (t, %10, y1,21) — (&, X2, Y2, 22) || < Kqllxg — %21l + Kallys — y2ll + Ksllz, — 2z ||
Foralt € R, x,x;,x, €ED.y,v,,y, € Dy .2,2,,2, € D, ,and

2- for any (t, x, y, z) from the domain (2)

f(=tx,y) =—f(t,x,y)

Then all the solutions x = x(t) of the system (1) for which x(0) € D, and periodicin ¢ of
periodic T.

Proof. Given x, € Dy , consider the successive approximation

t

X (6) = X0 + f LF(S, % (5, X0), Yo (5, %), Zi (5, %)) dis
0
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Since f(t, x,) isan odd function f (¢, x,) = 0

Hence
x1(8) = Xo + [y (Lf (5,%0) = Lf (5,%0) ) ds = x (¢ +T)
e

The function x; (t) is periodic of T int. Moreover,

TZ

s (8) = %]l < M

i.e.

The function x, (t) € D. Finally,

x1(t) = x,(—t) astheintegra of an odd function

K

14 (t, x )1l < 1ACE, x0) 1| + (( 11§z>,(26”(E — Qo) 7'Z7)
3

4. Existence and uniqueness of periodic solution of (1).

In this part, we prove the existence and uniqueness theorem for (1) by using Banach fixed
point theorem.

Theorem 6. Let the vector functions f (t, x, y, z) be defined and continuous on the domain
(2) and satisfy the assumptions and conditions of theorem (2), then the problem (1) will
have a unique periodic continuous solution on the domain (2).

Proof: Let (C[0,T],||-||) Be aBanach space and T* be amapping on C[0, T] as follows.
T*x(t, x9) = xo + L2f (t, x(t, x¢), x(t, x0), %(t, %))

And

T*x(t,xy) = %o + Lf(t, x(t, x0), x(t, x0), X(t, x9)) — Lf(t,x(t, Xo), X(t, xq), % (t, xo))
And

T*%(t,x0) = %o + (&, x(t,%0), % (£, x0), #(t, x0)) — f(, x(t, %), X(t, x0), X(t, %))

Since

Jy (Lf (5, x(5, %), %(s, 20), #(8, %0)) = LF (5,25, %0), (5, %0), E(t, X)) ) ds

Is continuous on the domain (2).
And aso

Lf(t, x(t,xq), x(t, x0), X(t, x0)) — Lf(t,x(t, Xo), X(t, x), %(t, xo)) ,
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f(t,X(t, xO)!x(t! xO)'jé(t! xO)) - f(t,X(t, XO),J.C(t, xO)'jé(t' xO))

are continuous on the same domain (2).

Therefore: T*: C[0,T] — CJ[0, T]

Now, we shall to provethat T* isa contraction mapping on [0, T].
Let x(t, xo), z(t, xo) beavector function on [0, T], then

IT"2(t, x0) = T72(t, xo) || = max {[T"x(t, x0) — T"z(t, o)1}

And

”T*x(t’ xO) - T*Z(t’ xO)” = tg%g’)[‘(]{lT*x(t’ xO) - T*Z(t! xO)l}

And

IT*%(t, x0) = T*2(t, x0)|| = tg%g);]{lT*ic'(t. x0) — T*Z(t, x0) [}

IT*x(t, x0) — T*2(t, x0) |
IT*%(t, x0) = T*2(t, xp)ll | =
IT%(t, x0) — T*2(t, x0)|
max {[xo + 3 L (f (5,(5,x0), (5,300, %6, %0)) = £ (5,x(5, 300, (5,300, %6, x0)) ) s = w0 = Jy L (1 (5,25, %), 20 x0), 206, 30)) = £ (5,205, %), 205, x0), 208, %)) ) i}
]En[%] {|;’c0 + LE(t, 28, x0), % (t, x0), ¥(t, %)) — LF (&, x (¢, x0), % (t, %0), ¥(t, %0)) — %o — Lf (t, 2(t, x0), 2(t, x0), Z(t, x0)) — Lf (£, 2(¢, x0), 2(¢, xo).f(t.xo))”

g&gy% {ljéo + £t x(t, x0), 2(t, %), %(t, x0)) — f (£, (8, x0), % (£, %0), £(t, %)) — %o — (£, 2(t, %0), 2(t, %0), £(t, X0)) — f (£, 2(t, %), 2(t, xo):i(t:xo))”

And

IT*x (¢, x0) — T"z(t, xo) |
IT*x(t, x0) — T 2(t, xo) I | <
IT*%(t, xq) — T*Z(t, x0) ||

C{(t) g ”f(tr X(t, xO)' D.C(t, x()), X'(t' xO)) - f(t' Z(t, xO): Z(t, xO)' Z(t' xO))”
\a(t) + g ||f(t,x(t, Xo), X(t, xq), X(t, xo)) — f(t,z(t, Xo), Z(t, xo), Z(t, xo))”
zllf(t' X(t, xO)! X(t, xO)ﬂ X(t, xO)) - f(t' Z(t' XO), Z(t, xO)' Z(t' xO))”
And

IT*x(t, x0) — T2(t, xo)l
IT*x(t, x0) = T*2(t, xo)l | <
IT"%(t, x0) — T*Z(t, xo)l

a(t) § (K1 llx (8, x0) — z(t, xo) || + K| (¢, x0) — 2(¢, xo) || + K3l (t, x0) — Z(¢, x0) 1)

a(t) + § (K1 llx (8, x0) — z(t, xo) || + K 12(¢, x0) — 2(¢, xo) || + K3l (t, x0) — Z(t, x0) 1)
2(Kq|x (¢, x0) — z(t, xo) || + K212 (¢, x0) — Z(¢, xo) || + K3 |l%(t, x0) — Z(t, %0) 1)

And
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IT*x(t, x0) — T*2(t, xo) |
IT*x(t, x0) = T*2(t, xo)l | <
IT*%(t, x0) — TZ(t, xo) |

a(t) 7Ky a(6)5 K a(t)5Ks le(t, x0) — 28, %)
a(t) + D)k a(t) + D) K a(t) + D) K (¢, x0) — 2(¢, xo)l
( 2K1 3) ' ( ZKZ 3) ’ ( 2K33) ’ ”.X'(t, xO) - Z(t! xO)”

By the condition 4,,4,A < 1, then T* is a contraction mapping.

Thus by Banach fixed point theorem then there exists a fixed point (¢, x,), % (¢, xo) , in
C[0, T] such that

T*x(t,x9) = x(t, x0)
T*x(t, xq) = x(t, x0)
T*%(t,xo) = X(t, x0)
Therefore,

x(t,x0) = xg + L2f (t, x(t, x0), % (t, x0), %(t, x0))
And

%(t,x0) = %o + LF(t, x(t, x0), (¢, %0), ¥(t, x0)) — Lf (£, x(t, x0), (¢, x0), ¥(t, x,))

And

X(t,x0) = %o + f(t,x(t, x0), X(t, %), #(t, x0)) — f(t, x(t, x0), X(t, o), X(t, %0)) -
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