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Abstract: The problem studied in this paper is related to the bienergy of a pull-back vector field from a Riemannian manifold
(M, g) to its tangent bundle TN equipped with the Sasaki metric h®. We show that a pull-back vector field on a compact
manifold (M, g) which covers harmonic map ¢. then the pull-back bundle V € I'(¢ ~1(TN)) is biharmonic if and only if V is
parallel.
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1. Introduction

Let ¢: M — N be a smooth map between the smooth manifolds M, N. The map ¢ induces the pull-back
vector field V: M — N. In the case where M, N are Riemannian manifolds and TN the tangent bundle equipped
with the Sasaki metric. The motivation of this paper is to study harmonicity and biharmonicity of the pull-back
vector field V: (M, g) = (TN, h*).

In this paper, we deal with these problems. We show that if (M, g) is a compact oriented m-dimensional
Riemannian manifold and the map ¢ is harmonic, then the pull-back vector field V € I'(¢~1(TN)) is harmonic if
and only if V is parallel.

In the biharmonicity, we show that if (M, g) be a compact oriented m-dimensional Riemannian manifold and
the map ¢ is harmonic, then the pull-back vector field V € I'(¢~1(TN)) is biharmonic if and only if V is
harmonic.

1.2 Harmonic maps

Consider a smooth map ¢: (M™, g) - (N, h) between two Riemannian manifolds, then the energy
functional is defined by

1
B@) =3 [ 1dg17v,
M

(or over any compact subset K € M).
A map is called harmonic if it is a critical point of the energy functional E (or E (K) for all compact subset

K © M). For any smooth variation {¢},¢;0f ¢ with ¢y = p and V = ddizt , we have
t=0

d —_—
FE@lea=— [ na@) 1y,

Where
(@) = tr,Vdgp
Is the tension field of ¢p. Then we have
Theorem 1.1
A smooth map ¢: (M™, g) — (N™, h) is harmonic if and only if
7(¢) =0

If (x9)1<i<m and (Y)1<q<n denote local coordinates on M and N respectively then

B
T($)" = (Aqb“ +girg" 22 aqu)

By 9xi 9xJ
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Where Agp* = \/%% /1glg¥ %) is the Laplace operator on (M™, g) and I‘,‘;"},N are the Christoffel symbols on
N.

1.2.Biharmonic maps

Definition1.2.1

A map ¢: (M™, g) - (N™, h) between Riemannian manifolds is called biharmonic if is a critical point of
bienergy functional

1
@) =3 [ @Iy,
We have "

d
L ACO R ICA ORI
M
The Euler-Lagrange equation attached to bienergy is given by the vanishing of the bitension field
1(9) = —Jp(t(@)) = —(8%2($) + tryR" (z($), dp)d¢p)
Where /4 is the Jacobi operator defined by
Jp:T(¢~H(TN)) - T(¢~H(TN))
V— A%V + tr, RN (V, d)dp

2.Basic Notions and Definitions on TM

Let (M, g) be an n-dimensional Riemannian manifold and (TM, r, M) be its tangent bundle. A local chart
(U, x"i=1,.,n on M induces a local chart (m~*(U), x',y");=1,» on TM. Denote by I the Christoffel symbols of
g and by V the Levi-Civita connection of g.

We have two complementary distributions on TM, the vertical distribution V and the horizontal distribution H,
defined by

View = ker(dmgy))

= {ai.L ; ai € R}
ayll(x,u)

Hey = {.L— aiujl‘-"-L- al e R}
o axll(x,u) Y aykl(x,u)

Where(x,u) € TM, such that T, s TM = H(x, u)®V (x; u).
LetX = X! % be a local vector field on M. The vertical and the horizontal lifts of X are defined by

x=x2
oyt

H_yi® _yi(0 _  jrk 0
X _X5xi_X{axi yrl!ayk}

For consequences, we have ( 9 )H -2 and( 9 )V
! ’ axt T sxt axt

d

S5 a
= B_yi’ then (

@,a—yi)iﬂmn is a local adapted frame in TTM
Definition2.1
The Sasaki metric g° on the tangent bundle TM of M is given by

g XY =gX,Y)on

gS(XH’ YV) =0

g&XY)=gX,Y)eon
For all vector fields X,Y € T'(TM).
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2.1Proposition

Let (M, g) be a Riemannian manifold and V be the levi-Civita connection of the tangent bundle (TM, g°)
equipped with the Sasaki metric. Then

ivi H H 1 \4
(VyxuY )(x,u) = (VxY) w7y (R (X, Y)u)
iy \%4 14 1 H
(VynY )(x,u) = (VxY) w T 2 (R (u, Y)X)
ivi H 1 H
(VXVY )(x,u) = 2 (R, (u, X)Y)
(vXVYV)(x’u) = 0
For all vector fields X,Y € T'(TM) and (x,u) € TM.
3.1 Lemma

Let (M, g) be a Riemannian manifold. If X,Y € I'(TM) are vector fields on M and (x,u) € TM such that
X, = u, then we have

dxX(Yx) = Y(z,u) + (VYX)‘(/x,u)
3.2 Lemma

Let ¢: (M™, g) —» (N™, k) be a smooth map between Riemannian manifold. The map ¢ induces the pull-back
vector fields

V:(M,g) — (TN, 1)

X = (‘p(x)'Y<p(x))
For all vector field V € T(¢~1(TN)) and X € ['(TM), we have

dv(X) = (dp(X)" + (VgV)Y
Proof

From the Lemma 3.1, we have
av(Xy) = d(Y o 9)(X,) = dY (de (X))

= (o) + (Vo o),

(x,u)

H
= (d(p(XX))(x,u) + (V)(gv)](/x,u)

3.1. Proposition
The tension field of the pull-back vector fields V € T'(¢p~1(TN)) is given by
(V) = (z(p) + tr,RV(V, VipV)d(p(*))H + (trg(V"’zV))V
Proof

Let x € M and {e,}}-, be a local orthonormal frame on M such that Ve; = 0 atx and X, = u, then by
summing over i, we have

(V) = {Vg,dV(e)}

= {V’g;]{p (Ei))y(d(p (ei))H + Vztllvgo(ei))H (VfiV)V

v L ((verv) + v
o )+ ¥

V)V(dmei))”}

160



The Bienergy Of Pull-Back Vector Fields

H 1 v

= (Vapepd@(@d) =5 (R(do(e,dp(e))V)
v 1 "
H(VapepV4V)" +5 (R, VEV)do (e)

+ ; (R(V' Vfiv)d(P(ei))H

Then

t(V) = (t(g) + tryRY(V,V2V)dop(+))" + (tr,(v*?V))’

3.1. Theorem
The pull-back vector fields V € T['(¢~1(TN)) is harmonic if and only if

(@) =0, tTgRN(V, foV)dga(*) =0 and t@V‘PZV =0

3.3Lemma
Let @: (M™, g) = (N, h) be a smooth map between Riemannian manifolds. Then the energy density
associated to V € T'(p~1TN) is given by

1
e(V) =e(p) + Etracegh(VfV. Vo)

Where e(¢) is the energy density of the map ¢.
Proof
Let {e;, ..., e,,} be a local orthonormal frame on M, then

2e(V) = Y h*(aV(ep, dv(ep)

i=1

Using Lemma 3.2, we obtain
N {ro(@v(en”, avien™ +ns ((vev)", (ven)")}
2e(V) = E o ¢ eir ) 1 \Ve

i=1
m

= > {n (@) aveen Y+n ((@1) (V) )}
i=1
=2e(p)+h ((VoV) ,(VeV) )
3.2Theorem
Let (M, g) be a compact oriented m-dimensional Riemannian manifold and ¢: (M™, g) = (N", 1) be a
smooth map between Riemannian manifolds. if ¢ is harmonic, then the pull-back vector fields V € T'(¢p~1(TN))
is harmonic if and only if V is parallel.

Proof
If ¢ is harmonic and V is parallel, we deduce that V is harmonic.Inversely:
Let V; be a compactly supported variation of V defined by V = (1 + t)V . From Lemma 3.3, we have

1+ t)?
e(V,) =e(p) + ( ) traceh(VYV,VEV)

If V is a critical point of the energy functional, then we have:

d
0= aE(Vt)h:o

= %<f1w (e((p) + a -; 2 tracegh(Vq’ v,v? V)) dvg>

d
= —f trace,h(VPV, V9 V)dy,
dt ),

t=0

Then h(V?V,V?V) =0
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4.Biharmonicity of Pull-Back Vector Fields
In this section, we denote

m
APV = —trace V%= Z {V‘V"e_eiV - v:‘-‘pivg)iv}
m i=1 l
SW) == ) R (V. VEV)do(e)

i=1
Then, we have

(V) = (7(@) = SV + (A2 (V))”
4.1.Theorem
Let (M, g) be a compact oriented m-dimensional Riemannian manifold and V € T'(¢~1(TN)). Then, we have

d m
EEZ(Vt)h=0 fM [h (A‘PA‘PV + Z[(VfiR)(ei,S(V))V
+R (ei, VfiS(V)) V +2R(e, SIN)VEV

—(VZR)(e;,(@))V —R (el-, Vfi‘[(go)) 4
—2R(e;, T(@))VeV,V) + h(R(S(V), do(e;))do(e)

+A?S(V) — 1,(9), v—)]} vy

For any smooth 1-parameter variation U: M X (—¢€, €) ﬁ N L TN of V through vector fields i.e.

Vi(2) =Y op(z,t) = U(t,z) € TyyN for any |t| < € and z € M, or equivalently V; € I'(p~1(TN)) for any
[t] <e.

Also, W is the tangent vector field on M given by

d
W) =210, zeM.

Where V,(t) = U(z,t), (z,t) €M X (—¢€,¢€).
Proof

LetV €T(p Y(TN)) and I = (—¢,€),e > 0. Fort € I, we denote by i,: M > M X I,p = (p, t) the canonical
injection. We consider C®-variations U: M X I - TN of V, i.e. for all t € I the mapping V; = U o i, are in fact
vector field and V; = V. We choose {e;}/%; a local orthonormal frame field of (M, g).

We extend e; (resp.% €I'(l)) to M x I, denoted by E; (resp.%). Moreover, we have [El-, %] = 0. We denote by

D® the pull-back Levi-Civita connection of M X I and R” the pull-back Riemann curvature tensor of M X I. Since
M X I is a Riemannian product, we have (using the second Bianchi identity for the last relation)

d
RP(TN,TI) =0, D%dg(E)=0, DPd¢ (E) =0, (D4R (DLU.U)dp(E) =0
—_ 1A E L

dt

Forall1<i<m. WesetZ=Y", RP (DgU, U) dp(E;) and Q =Y, [D¢ U-— Dg’iDg]. We easily observe

DEiEi
that S(V,) = Z o i; and A®V, = Q o i;. In the sequel, we consider the function

1
E,(Ve) = Ef [(z(9), 7(@)) + R(S(V), S(V})) — 2h(S(V,), T(0))
M
+h(A®V,, A°V)]y,

1
= zf [h(z(0),T(9)) + h(Z,Z) — 2h(Z,7(¢)) + h(Q, Q)] i,
M

Differentiating the function E, (V) at each t, we obtain

d
aEz V) = f h(Di[((p),r((p)) ol vy + j h<DzZ, Z) ° iy,
M dt M

dt
-/, h(DﬁZ,r(@) oivy + [, h(DgQ, Q) o iyv,
dt dt

- fM h(Z, Dz‘[((ﬂ)) ° itvg
dt
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Taking into account the symmetries of the Riemann curvature tensor and summing over all repeated indices, we
f h (D‘ﬁZ,Z) o ivy = f ((D‘,’;Rf’) (D‘f; U, U) dp(E;) + RP (D‘Z;D‘f,’ U, U) de (E;)
M M dt dt dt

have

dt dt

+RP (Dgu, Dgu) dp(Ey), z) o iyv,

dt dt

=/, [h(RD(D¢D¢U+RD"’( E)UU)dqb(E)Z)

+h(R?(d$ (E), 2)DE U, D U)] i,
dt

dt

= f [—h(RD(d¢(Ei),Z)U,D;§;DZ’U)
M dat
+h(RP (d¢ (E;), Z)D, U,D‘ﬁu] o iyv,
dt

_ f {—Dg’i (h(RD(dcb(Ei).Z)U'DﬁU))
M

dat

+h(R” (D d (E;), Z) U, DY U)
dat

+h <(D§RD)(d¢(Ei), U, DEU)

+h(R” (d(E;), DS Z) U, DY U)

dat

+2h(RP (d (E;), Z)DLU, Dgu)} 0 i,v,
t

d

Applying the divergence Theorem for the 1-form
ne(W) = h(R(dw(W).S(Vt))Vt, Ve Vf). tel, dp(W)eT(p " (TN))
a

Then
| n@gz.zy0im, = [ R (@R ApEd STV, + REp(ed. VSTV,

+2R(do(e;), S(V))VeV,, VG Vt> v,
dt

Similarly, summing over all repeated indices, we deduce
f h(D"bg Q) o i,v, _f h(D¢D;”EEU D"’D"’D"’U Q) o i,v,
=, h(DDE B D‘,’SU -~ Dg’ipg;pgu, Q) o,

| {D;”E_Ei[hwi.m] ADSU. Df, )

~D[h(DYU,Q) + h(D} DSV, ng} o iy,
dat

t dt

= Jy (DB, sil(DGU. 0] - D DE [0V, )
~h (D¢ U, DgE . Q) + D [h(DEU, Dg’im
et

+h (Dg’ingu, D,fiﬂ)} o sy,

dt
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= A*[h(D5U, Q)] - h(D¢U D;’”E £ D)

dt
+2D"’[h(D¢U DgQ) - h(D¢U D¢D¢Q)} o iy,
dt
= A® [h(D"’U Q)] - h(D¢U D;';E o))
+2D% [h(D“’ U,DEQ) - 2h(D¢’U D;,”E o))
+2h <D¢’U DjfE 5 ) -~ h(DEU, Dgngig)} o iyv,

dt
Applying the divergence Theorem for the 1-form

0.,(.)=nh (v‘ﬁ V., V"’A"’Vt), tel
dat

We have

f h(D4Q,Q) o v, = f APh(D4V,, AV v, + 2 f div(8,)v,
M dt M dt M

dat

+[, h <v% v, vawvt) v,

= f h<v‘§ Vt,V‘/’A"’Vt) Vg
M dt

Similarly, summing over all repeated indices, we deduce

f h(D¢ Z,7(9)) ° iy, = f h<<93 RD) (Dg’i U, U) dp(E;) + RP <D§D§i U, U) do(E)
M dt

+RP (D;Fi u,0% U) de(Ey), T(d))) ° i,V
=, [h(RD (ug DhU+RP (£ E)U, U)dqb(El-),r(qb))
+h(RP (dop(E), 7())DE U, DY V)| o i,

= Ji, |-h(RP(do(E)), T())U, DL DEU)

dt

+h(RP (d¢(E;), 7())DEU, DG V)| o iy,

~ [, {-nt <h (RD(d¢<El-),r(¢))U, DEU»

+h(R” (D dp(E), 7($)) U, DS U)

th ((DERD) (dg(ED,1($))U, D% u)
+h(R® (d¢(Ei). D§T(¢)) u,p%U)
+2h(RP (dg (E), ©())DEU, DY U)} .

Applying the divergence Theorem for the 1-form
n:(W) = h<R(d<P(W).T(¢))Vt, VﬁVt); tel, dp(W)€eT(p~'(TN))
dt
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Then

|| gz e e ien, = [ n(WERYEpE), @DV + R (e), VEr@)Ve

+2R(do(e;), T($))Ve, Ve, V‘QVt) Vg
at
From Definition 1.1, we have
[ h®% @) 1@l vy = = [ 1000,
M at M

Wherev = dqb(%).
Similarly, summing over all repeated indices, we deduce

fh(Dgr(@,Z)oitvg fh(D¢D¢d¢(E) Dd’dd)(DELE)Z)OLtvg
= J, hR (d¢ (%), d¢><Ei)) dp(E) + DYDY d ()

+D¢ qub(E)— 95 (5)2) © iev,

= [ (n(reas (%) avnascen.z)
+h(DEDE A (L), 2)) o iy,
= J, (h(R(Z,dp(ED)dg(E, do (5))
Fn(ofa0 (2).2)
_E, (h <d¢ <%),D§Z)> + h(DE DS 7, do (%))) 0 1,1,

Applying the divergence Theorem for the 1-form

w() = (h (D_¢d¢ (%),z)), () = h(dé (%),D_‘PZ)

f ADST@), SV lewo o i, = f RR(SWV), db(eD)deb(e)) — APS(V), ),

We have

Evaluating at t = 0 and setting V = VaV;|t = 0, we easily obtain the result of theorem 4.1
dt

Since the bull-back vector field V is biharmonic if and only if %Ez (V)l=o = 0.
For all admissible variations, we get
4.1Corollary.
Pull-back vector field V of an m-dimensional Riemannian manifold (M, g) is biharmonic if and only if

m
APAPY + Z[(sz R)(ei, SOV + R (e, VES(WV)) V + 2R (e, SWI)VEV
i=1
—(V4R) (€1, V42(9)) V = R (e, VE1(0)) V — 2R (e, T(9))VEV
+R(S(V), do(e))de(e;) + A?S(V) —1,(p)] = 0
4.1. Remark
If a pull-back vector field of a Riemannian manifold (Mg) defines a harmonic map from (M, g) into (TN, h*)
i.e.S(V) = 0,7(p) = 0 and A®V = 0, then it is automatically a biharmonic pull-back vector field.

4.2. Theorem

Let (M, g) be a compact oriented n-dimensional Riemannian manifold and ¢: (M™, g) - (N™, k) be a smooth
map between Riemannian manifolds. if ¢ is harmonic. Then the pull-back bundle V € I'(¢~1(TN)) is bihar-
monic if and only if V is parallel.
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Proof.
Let V; be a compactly supported variation of V defined by V, = (1 + t)V. Then
APV, = (1 4+ t)A?V,
S(Vy) =Sm).

1
E,(V) = EJ. hS(T(Vt)'T(Vt))Ug
M

1 1
=5 fM h(A®V,, A®V, ), + 3 fM h(S(VY, SV))vy,

_ % a+ t)4f h(S(WV), S(V))v,
M

Since the pull-back vector field V is biharmonic, then for the variation V,, we have

%EZ(Vt)ltzo = fM h(A®V,A%V) v, + 2 fM h(S(V),S(V))v, =0

f h(A?V, APV )y, +
M

Hence
APV =0 and SV) =0

Then V is harmonic and from Theorem 3.2, the pull-back vector field V is parallel.
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