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1. Introduction  

A matrix whose entries come from the set {+, −, 0} is called a sign pattern matrix (or sign pattern, or 

pattern). We denote the set of all n n sign pattern matrices by Qn. For a real matrix B, by sgn B 

we mean the sign pattern matrix in which each positive (respectively, negative, zero) entry of B is 

replaced by + (respectively,−,0). If A ∈ Qn, then the sign pattern class of A is defined by 

Q(A) = {B ∈ Mn(R) | sgn B = A}. 

Suppose P is a property referring to a real matrix. Then A is said to require P if every real matrix 

in Q(A) has property P, or to allow P if some real matrix in Q(A) has property P. 

A permutation sign pattern matrix P is obtained by replacing the 1’s in a real permutation 

matrix by + signs. Then PT  AP gives a “permutation similarity” of the pattern A. A signature pattern S is an 

n × n diagonal pattern with nonzero diagonal entries. Hence, the product S2 is an n × n diagonal pattern with 

+ diagonal entries (indicated subsequently by In or I). Then SAS gives a “signature similarity” of the 

pattern A. 

    If A is an n x n sign pattern, then A is sign nonsingular if every B  Q(A) is nonsingular. Sign 

nonsingular matrices have been heavily studied and it is well known that they have unambiguously signed 

determinants; that is, there is at least one nonzero term in the determinant, and all nonzero terms have 

the same sign. 

      By the minimum rank of an n x n sign pattern matrix A we mean min B∈Q(A) {rank B}, and 

denote this by mr A. 

            If A is an n × n matrix, then A is permutation similar to a Frobenius normal form matrix 
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            where the (square) diagonal blocks Aii are the irreducible components of A. The one-by-one 

irreducible components can be zero blocks. 

           We introduce the symbol # to represent a qualitatively ambiguous sum, that is, # = (+) + (-

). We next  recall[3]  that  a  generalized  sign  pattern  matrix  Â  =  (âij)  is  a  matrix  whose  entries  are  in  

the  set{+, −, 0, #}, and Q(Â) = {B = (bij) ∈ Mn(R)|bij  is arbitrary if   âij  = #; sgn  bij  = âij  if   âij  ∈ 

{+, −, 0}}. Two  generalized  sign  pattern  matrices  and  are  said to  be  compatible,  denoted  by                

 if there exists a matrix B ∈ Q(  ∩ Q( ).  

Hence 

                                                

         As in [2], ID is the class of all square patterns A for which there exists B ∈ Q(A) where B2= B 

(A allows a real idempotent). We further let SID denote the class of all symmetric patterns A for which there 

exists symmetric B ∈ Q(A) where B
2 = B (A allows a real symmetric idempotent). Clearly, SID⊆  

ID. Further, if A ∈ ID, then by necessity, A2
A must hold.          

The non-negative patterns in ID were characterized[2]. A square sign pattern matrix A is said to be sign 

idempotent when  these patterns were originally discussed [1]. The sign idempotent patterns in ID were 

recently characterized [4] . 

2. A Sign Pattern Matrix 

Lemma 2.1 

          Each of the classes ID and SID is closed under the following operations: 

(i) permutation similarity, 

(ii) signature similarity, 

(iii) transposition, 

(iv) direct sum, 

(v) Kronecker product. 

Theorem 2.2 

           Suppose that  and mrA =1. Then  if and only if . 

Proof: 

           We have already observed that implies . Now let . Then 

. With B=  , where sgn x =u, sgn y=v, and 

 , we have  

Preposition 2.3 

            Suppose that A is an n × n irreducible symmetric sign pattern matrix, and            mrA = 1. 
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Then A∈ SID if and only if A is signature similar to Jn. 

Proof: 

           Assume . Then .Since A is irreducible and symmetric, it is then easily seen that 

all the diagonal entries of A are +. With mrA = 1, we have A = uu
T
 , where each entry in u is 

nonzero. Hence A is signature similar to . 

 

          Conversely, suppose A is signature similar to  If B is the n × n matrix each of whose entries is 

1/n, then B is a symmetric idempotent in Q( ). Thus, .  

   

 Since the only nonsingular idempotent matrix is the identity matrix. It is clear that a symmetric pattern A is in SID 

if and only if each irreducible component of A is in SID. We let  denote the all + pattern of order n.  

Proposition 2.4 

          The only sign nonsingular sign pattern matrix in ID is In. 

           The only 2 × 2 sign patterns in ID are 0, I2, or the 2 × 2 sign patterns A where mrA = 1 and 

 

            Under equivalence (permutation similarity, signature similarity, and transposition), we find six 

representatives of the 2 × 2 sign patterns in ID: 

 

Clearly, the first four patterns are in SID. 

           Every n × n matrix B is a principal submatrix of a 2n × 2n idempotent matrix of rank n, as it is 

easily checked that  

                                         

is idempotent and has trace n. 

Lemma 2.5 

       If  is idempotent, where B is square, then C has at least 

  Columns. 

Proof: 

       The block matrix is idempotent implies , so that rank 

 the number of columns of C. 

Example 2.6 

           Consider the  sign pattern matrix 
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




























0

0

0

0

1


A  

Then, if  must have at least n columns. To  observe that for each  the 

eigenvalues of B are the n-th roots of a negative number, so that B has no nonnegative eigenvalue. Hence, B(I-B) 

is invertible, that is, rank (  = n. That  must have at least n columns. 

Lemma 2.7 

             Let and X be square matrices, and let k be any positive integer. If the real matrix  

   is idempotent, then the matrix 

































X
k

X
k

X
k

V
k

X
k

X
k

X
k

V
k

X
k

X
k

X
k

V
k

U
k

U
k

U
k

B

B

1111

1111

1111

111
1














 

of block size  is idempotent. 

Theorem 2.8 

        If  ,    where  is square, then the square pattern  

ID

AAA

AAA

AAA





















443

443

221









 

Theorem 2.9 

         If     ,   Where  is square, then the square pattern 
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SID

AAA

AAA

AAA
T





















443

442

221









 

3. A Symmetric Pattern Matrix 

Lemma 3.1 

 Let  be a real symmetric idempotent matrix. If  for some i and j, i≠j, then 0< 

 and . 

Proof: 

Comparing the (i,i) entries of B =  , we see that  

 

If follows that 0< . Similarly , we are 0< . The above equation also shows that  

since the maximum of the quadratic function  , we see that  .  

Finally, the matrix  is positive semidefinite, since it is a principal submatrix of the positive 

semidefinite matrix B. Hence, det   Therefore, . 

Theorem 3.2 

 If   , where  is a nonzero column, then 

 

Proof: 

      If   is a real symmetric idempotent matrix, where 0<  (by lemma 2.1), 

then it is easily verified that  

                                                = ) 
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is symmetric idempotent. 

Example 3.3 

        If , where  is  a nonzero column, then the square pattern 

SID

A

A

A

AAAA

T

T

T












































2

2

2

2221

 

Example 3.4 

For each 1 <  k <  n, where n 3, the  pattern 

SIDJ

JJ

kn

kknkn














































,

,               SID
J kn 





























 

Proposition 3.5 

Let 

     
































































 00
00

00

00

A  

Then A is irreducible and symmetric, , but . 

Proof 

      It is easy to check that A is irreducible and symmetric, and  . Assume that A allows an 

idempotent matrix  
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
































*

*
*

*

*
*

*

*

*

*

*

*

**

**

1

hg

f

e

d

c

B

ba

B  

Where  is  and the * entries are immaterial. Equating the (1,2),(1,3),(4,2) and (4,3) entries in 

, we get 

                                                                     

                                                                     

                                                                     

                                                                     

For some  Hence, 

                                                                     

                                                                                                                                         

                                                                     

                                                                     

Multiplying (1) and (2), and cancelling, we have  Similarly, multiplying (3) and (4), and 

cancelling, we get  , contradicting  

Proposition 3.6 

 Suppose 

                                               

is a real symmetric idempotent matrix, where x is a nonzero column. Then  has exactly one eigenvalue  

different from 0 and 1, and . Furthermore, y = , and rank = rank B. 

Proof: 

         Since  is real symmetric, there exists an orthogonal matrix  that diagonalizes  that is, 





















n

T
DQBQ







2

1

1111  

Then  , 
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which is also a real symmetric idempotent matrix.  

So,  , or  

                                                      

The right hand side of this last equation has rank 1, and hence so does the left hand side. Hence, there is 

exactly one  such that   and . Let  denote this eigenvalue 

of . We then have  ,so that 0< < 1. Comparsion of the (2 , 2) blocks of B and  

gives . Since both  and y are solutions to the equation  it follows that  

or 1- . 

          We claim that  If  , we are done. Otherwise  If , 

then  

, 

Where k is the algebraic multiplicity of 1 as an eigenvalue of . Since  is not an integer, we have a 

contradiction. Thus  It is now clear that  

                           

 

                                                          

     

                                                                    

                             = rank B  

4. Sign Patterns In ID or SID of orders ≤  5 

The  sign pattern in ID and SID are given. We are consider   are patterns in ID and patterns of 

orders 4 in SID. 

      Since the patterns of nonnegative idempotent matrices are known, it suffices to consider  sign patterns 

that are not signature similar to nonnegative patterns. 

Proposition   4.1 

Up to permutation similarity, signature similarity, and transposition, there are thirty three   sign 

patterns A such that   , A has at least one “+” diagonal entry, and A is not signature similar to a 

nonnegative pattern. Out of these 33 patterns, 13 are in ID, and 1 is in SID. 
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 We obtain the 33 sign patterns mentioned above by using several Matlab programs. In turn, for each of the 

33 patterns, we either produce an idempotent matrix (using some basic observations and Maple) or show that the 

patterns does not allow idempotence. The following idempotent matrices represent the 13 sign patterns in ID(the 

last one represents the one pattern in SID): 

 

 

                               

                                                . 

In constructing several of the above matrices, the following two facts were used: 

(i)  is idempotent iff B is idempotent and  

(ii)  is idempotent iff B is idempotent and  

As of the 20 patterns not in ID mentioned in the above results. Consider 

                                                                            

Suppose  is idempotent. Then it can be seen that rank B = 2 = tr(B). Therefore, rank ( B – I ) = 

rank ( I – B ) = 1, so that we must have  

                                                                    sgn (B – I) =  

Hence,  since , we then get tr(B) > 2, a contradiction. 

Proposition  4.2 

         Up to permutation similarity and signature similarity, there are five  irreducible symmetric sign 

patterns A such that    . All of these 5 patterns are in SID. 

         As in the  case, we obtain the 5 patterns mentioned above by using several Matlab programs. we 

find the following idempotent matrices representing the 5  

sign patterns in SID: 
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,

3111

1311

1131

1113

4

1
,

1111

1311

1131

1111

4

1
,

1111

1111

1111

1111

4

1






























































 

,

4110

101

101

0114

4

1
























s

s

s

s

where  22 s , 

,

20

2311

1231

01122

4

1



























tt

t

t
where  122 t  

5. Conclusion 

 Hence the complete characterizations of the classes ID and SID still remain open, as well as a number of 

other open questions involving these classes. For an  nonnegative pattern , rank B = mrA for all 

idempotents  and furthermore, for each  there exists an  principal submatrix of A 

which is in ID. Let B be a real square matrix. Then, B is idempotent if and only if    and B is 

symmetric idempotent if and only if 2B – I is a symmetric orthogonal matrix. Hence, B is idempotent  sgn (2B 

–I) allows an inverse pair and B is symmetric idempotent ⇒ sgn (2B - I) allows a symmetric orthogonal matrix. 

sgn B and sgn    (2B – I) can differ only on the diagonal. The patterns that allow an orthogonal matrix have 

recently been investigated.  

References  

1. Eschenbach, C.A., (1993).  Idempotence for sign pattern matrices, Linear Algebra Appl. 180, 153-165. 

2. Eschenbach, C.A., Hall, F.J., Li, Z., (1994).  Sign pattern matrices and generalized inverses, Linear Algebra 

Appl. 211, 53-66. 

3. Eschenbach, C.A., Hall, F.J.,  Li, Z.,(1997). Some sign patterns that allow a real inverse pair B and , 

Linear Algebra Appl. 252 ,299-321. 

4. Lee, S.G.,  Park, S.W., (1995).  The allowance of idempotent of sign pattern matrices, Commun. Korean 

Math. Soc. 10(3), 561-573. 

5. Horn, R.A.,  Johnson, C.R., (1991).  Topics in Matrix Analysis, Cambridge. 

 

 

 


	1. Introduction
	2. A Sign Pattern Matrix
	3. A Symmetric Pattern Matrix
	4. Sign Patterns In ID or SID of orders ≤  5
	5. Conclusion
	References

