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INTRODUCTION:

Fixed point theorems have been studied in many contexts, one of which is the fuzzy setting.
The concepts of fuzzy sets were initially introduced by Zadeh [34] in 1965. To use this
concept in topology and analysis, the theory of fuzzy sets and its applications have been
developed by eminent authors. It is well known that a fuzzy metric space is an important
generalization of a metric space. Sedghi et al. [30] generalized the definition of metric space
and introduced the notion of S-metric space. Soon after, Abbas et al. [1] generalized
definition of S-metric space and introduced the notion of A-metric space. On the other hand,
Sun and Yang [31] generalized the definition of fuzzy metric space (see, [10], [23]) and
introduced the notion of G-fuzzy metric space. In the process of generalization, Gupta and
Kanwar [13] generalized the definition of G-fuzzy metric space and introduced the notion of
V-fuzzy metric space and established the coupled fixed point results in a partially ordered V-
fuzzy metric space.In 1987, Guo and Lakshmikhantham [12] introduced an important notion
of coupled fixedpoint for some continuous and discontinuous operators. Thereafter, many
authors introducedcoupled, tripled and higher dimensional fixed point and coincidence point
results in different spaces. Sedgi et al. [29] introduced coupled fixed point results in fuzzy
metric spaces. Recently, Roldan et al.[27] established multidimensional coincidence results in
partially ordered fuzzy metric spaces for compatible mappings.Many authors, obtained fixed

point results under the assumptions (a):zc::l¢"(t):1<oo forall t > 0 and some other
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conditions (see, [8] [14] [33] [15]). Ciric [7], weakened thecondition (a) and introduce the
condition (CBW). Jachymski [20] introduced condition: 0 <¢(t) <t and lim , ¢"(t)=0
for all t> 0. Recently, Fang [9] gave the weaker conditionof ¢ — contraction in the context of
Menger probabilistic metric spaces and fuzzy metricspaces.

In addition to fuzzy metric spaces, there are still many extensions of metric and metric space
terms. Bakhtin [2] and Czerwik [6] introduced a space where, instead of triangle inequality, a
weaker condition was observed, with the aim of generalization of Banach contraction
principal [3]. They called these spaces b-metric spaces. Relation between b-metric and fuzzy
metric spaces is considering in [29]. On the other hand, in [33] the notion of a fuzzy b-metric
space was introduced, where the triangle inequality is replaced by a weaker one.

Our aim in this article is to present some multidimensional coincidence and common fixed
point theorems for ¢ -contraction in partially ordered V-fuzzy b-metric spaces with the help

of some coincidence point and common fixed point results for a pair of mappings.

PRELIMINARIES:
In order to state and prove out results, we will use the following notions. These notions can

be found in [26]. Throughout in this article, | = [0, 1], m is any Natural number, X™ will
denote the Cartesian product of m copies of X where X is a nonempty set, n and p will denote

non-negative integers. i, je{l2,.....m} and for any Y,UeX"will mean,
Y = (X, Xy ey X)) @Nd U = (U, U,,......, U, ) respectively. For brevity g(x)will be denoted
as gx.

Henceforth, let a fix partition {A,B} of A, ={12,....... ,m}, e, AuB=A, and AnB=¢
such that A and B are non-empty sets. We will denote :

Qg ={o:A, >A:0(A)c Aand o(B) < B}and

Qg={c:AmM > A:c(A)cB and o(B) c A}

Let (X,<) be a partially ordered space, x,ue Xand i€ A, we will use the following

notation:
Xx<uif ieA
X<V < Lo
- X=uif ieB
Consider on X™ the following partial order: for Y,U e X" , Y=<, U < x.<,v,

forall ie(@2,...,m). If Y< U orY>_ U, then Y and U are comparable (we will denote
(Y =U))

Definition 2.1: [26] A binary operation =*:[01]x[01] —>[0]1] is said to be
continuoustriangular norm (t-norm) if * satisfies the following conditions:

Q) a*b=banda*(b*c)=(a*b)*a, V ab,ce[0]];

(i) * |s continuous;

(iii) l*a=a Vvae[0]]

(iv) a*b<c*d,whenever a<c and b<d forall a,b,c,d €[0,1]

then *!, =a, *a,*.....*a,,.
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Definition 2.2: [13] A triple (X, V, *) is said to be V-fuzzy metric space (V-FMS), where X
is a nonempty set, * is a continuous t-norm, and V is a fuzzy set on X" x (0,00) satisfyingthe

following conditions for all t,s> O:
(V-FMS1) V(X X, Xy, X, ¥, £) >0 forall x,ye X,x#Yy;

(V-FMS2) (X}, Xpyereery Xy X, 1) 2V (X, X, ey X, 1) FoOr all
Xpy Xgyeereey Xy € X WIth X, # X, # o # X
(V-FMS3) V (X, Xy peeeeery X, 1) =1 if @nd only if X, =X, =..... =X.;
(V-FMS4) V (X, Xy peeeeny X, 1) 2V (P(X, Xy o0y X 1)), Where pis @ permutation
function;
(V-FMS5) V( s Xy yewenny Xy 0+ S) 2V (X, Xy vy X, L)XV (L L XL S);

(V-FMS6) im, . V(X, X, X, t) =1
(V-FMST7) V( X;s Xy yeeeeey X peeen) - (0,00) = [0,1] is continuous.

n

Example 2.3: Define a continuous t-norm as *b=aba and let X =Rand (X,A) be A-
metric space. Define V : X" x (0,20) — | such that,

1 Ny

-1
V (X, Xg ooy X t_{exp(A(Xlxz't' """ ’X”)ﬂ for all x,X,....,X, € X and t> 0. Then

(X,V,*) is a V-fuzzy metric space.

Definition 2.4: [13] Let triple (X,V,*) be a V-fuzzy metric space. A sequence {x,} in X is
said to converge to a point x € X x if lim V (x,, X x,t)—1

n—oo

nt Nparere 1 n!
forall t>0, i.e, for each &> 0, there exists n, € N, such that V (x,, X
all n>n, and for all t> 0.

X,t)>1—¢for

nt N y n,

Definition 2.5: [13] Let triple (X,V,*) be a V-fuzzy metric space. A sequence {x }in X is
said to be Cauchy sequence if for any V (X, X,,....... X, X, t) >1as nnm—oo, forallt>0
and n,meN, i.e, forany & >0, thereis n, € N, such that V (x,, X t) >1-¢ for
all n,m>n, and for all t > 0.

AR ALEEEN] y n, m,

Definition 2.6: [13] A V-fuzzy metric space (X,V,*) is said to be complete if every Cauchy
sequence in X is convergent sequence.

Definition 2.7: [32] Let (Y',<,) be a partially ordered set and S and T two self maps of Y’
We say that S is T-isotone map, if for any X, X, e Y' T(X,)_<, T(X,) = S(X,)_=<, S(X,).

Definition 2.8: [26] Let (X, <) be a partially ordered space and F: X™ — X andg: X — X

two mappings. We say that F has the mixed g-monotone property (w.r.t {A, B}) if F is g-
monotone non-decreasing in arguments of A and g-monotone non-decreasing in arguments of
B, i.e. forall x,.....,X,,Y,2,€ X,

QY <92 = F (X Xicgs Yo Xisgreeees X ) =i F(Xp sy X010 Z, Xiug ey Xy ) TOr all i
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Definition 2.9: Two self maps T and G in X are said to be weakly compatible if TGx =GTx
forall x e X such that Tx =Gx.

Definition 2.10: [18] Let ® = (o, 0,,....,0,,) be an m-tuple mappings from {12,.....,m} into

it. The mappings F:X™ — X and g:X — X are said to be ®-weakly compatible if

OF (o 0 Xy 2000 Xy ) = F (@0 B 000 Doy )

whenever gx; = F (X, q)s Xy 21+ Xo (my) TOF @ll i and some (X, X,,....., X)) € X

Definition 2.11: Given T,G: X — X we will say a point x € X is said to be

e fixed point if T(x) = X.

e common fixed point if T (x) =G(x) = x

e coincidence point if T(x) =G(x).

(see, [11]) Given T : X* — X , a point (X, y) € X ?is said to be

e coupled coincidence point of T and g if T(x,y)=gxandT(y,Xx)=gy.

e coupled common fixed pointof Tand g if T(x,y)=gx=xandT(y,X)=gy=Y.
Given F:X™ —» X and g: X — X apoint is said to be

e (see, [26]) @ -coincidence point if

F Xy ) X200 X (my) = 9%
forall ie(@2,....m) and (0;,0,,....,6,) is an m-tuple mappings from {1,2,.., m}
into itself.

Definition 2.12: [9] Let ¢, denote the family of all functions ¢:0 — [ satisfying the
condition, for each t > 0 there exist r >t such that lim ¢™(r) =0.

Lemma 2.13: [13] In a V-fuzzy metric space V (X, X,,....., X,,t) IS non-decreasing with
respect to t.

Lemma 2.14: [9] Letp e @, then forevery t >0 3 r>t such that ¢(r) <t.

Proposition 2.15: [25] If Y <, U, it follow that
(Xg(l)f X (2)reeees Xg(m))ﬁm (/ua(l)'/ucr(Z)"“"luo‘(m)) if ceQ,p
(Xa(l)’ Xa@2)reen Xa(m))i‘m (ﬂa(l)'ﬂa(z)v---'ﬂa(m)) if oe Q’A,B’

Definition 2.16:[16]The 3-tuple (X, M,T) is known as fuzzy b-metric space if X is any set,

T is a continuous t-norm, and M is a fuzzy set in X x X x(0,0) satisfying the following
conditions for all x,y,z € X and s,t >0, and a given real number b >1, (1)

M (x,y,t)>0,

(i) M(xyt)=1 ifandonlyif x =y,

(i) M(x,y,t)=M(y,xt),

(iv)  T(M(X,Y,3),M(y,2,3)SM (X, z,t +5),
(v) M(x,y,0):[0,0) —[0,1]is continuous.
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Definition 2.17: [18]The 3-tuple ( X, V,*) is called a VV-fuzzy b-metric space if *isa
continuous t-norm, and V is a fuzzy setin X "x(0,) satisfying the following conditions for
all x,,y,aeX,b>1and s,t>0;

(i) V(XXX Y, 3)>0, x£y

() V(X0 X X0 X0 0 5) 2V (X0 X X X o B ) s X # Xy # . # X,

(iil) V (X, %, X300 X 3 )= 1 X=X =X == X,

(V) V(% X Xgre Xgut )= V(P(X0 X, Xg1 s X ) 5) Where p(X;, X, X,,..., X;) is permutation
0N X, Xy, Xg, ey X,

(V) V(X X, X5y X g, @, ) *V (@, 8,80, 8, X, ) SV (X, Xy, Xgy ey X gy X, T4S)

(V) V (X, Xy, Xg,0e, Xy p) =1 @S T — 00

(vVil) V(X X5, %5000y X 4,-) 2 (0,00) = (0,1] is continuous.

Lemma 2.18: [18]Let (X,V,*) be a V-fuzzy b-metric space. Then V (X, X,, Xs,..., X, £) IS
non-decreasing with respect to t.

Proof: Sincet >0,b>1and t+s>t for s>0, by letting | = x, in condition (v) of V-fuzzy b-
metric space we get,V (X, X,, X5, X0 52) 2V (X, Xp, Xg, o0 Xy ) ¥V (X0 Xy, Xy eoey X0 2)- TS
implies that V (X, X,, X5+, X, 52) 2V (X, Xy, X5, X, £). SO, V (X, X5, X000 X, 5) 1S NON-
decreasing with respect to t.

Lemma 2.19:[18] Let (X,V,*) be a V-fuzzy metric space such that

V (X, Xy Xgyeeey X0 ) 2V (X, Xy0 X500, X, 5) With b>1 ke (0,). Then X, =X, =X, =...=X,.

Proof: By assumptionV (X;, X,, Xs, ..., X,, %) 2V (X, X,, Xgy--s X1 ) (1)For

t>0,b>1 since ¥ <L, bylemma2.1we haveV(xl,xz,xs, 0 Xy 2) SV (X, Xy Xgyeoes Xo 5)-
(2)From (1) and (2), and the definition VV-fuzzy metric space

weget X =X, =X=..=X,.

Definition 2.20: [18] Let (X,V,*) is said to be V-Fuzzy b-metric space. A sequence {x.} is

said to converge to a point xe X if V(X.,X,X.,... X, X,5) >1asr —oo forallt>0,b>1

that is, for each ¢ >0, there exist ne N such that for all r > N, we have

V(X ,X o X, X, £) > 1-¢,and we write lim,_,_ x, =X

r? r’ r—oo °°r

Definition 2.21: [18] Let (X,V,*) is said to be V-Fuzzy b-metric space. A sequence {x.} is
said to Cauchy sequence if V (X, X, X;,..., X, X;,5) —>1as r,q — oo forallt>0,b >1, thatis,
for each ¢ >0, there exist n, e N such that for all r,q >N, we have

V(X X Xy Xy X0 3) > 1—e

Definition 2.22:[18] The V-Fuzzy b-metric space (X,V,*) is said to be complete if every
Cauchy sequence in X is convergent.
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Definition 2.23:[18] The mappings P: X x X — X and Q: X — X are said to be compatible
on V-Fuzzy b-metric space if Irm V(QP(X,,Y,),QP(X,,Y,),-,QP(X,,Y,), P(Qx,,Qy,), 1) =1
And Iri_TOV(QP(yr,xr),QP(yr,xr),...,QP(yr,xr), P(Qy,,Qx,),+) =1 whenever {x,} and {y,}
are sequences in X such that !@Q(xr) = !m P(x,,Y,) =X and !@Q(yr) = !m P(y,,x,)=Y
forall x,y e Xandt>0,b>1.

MAIN RESULTS
In this section, we establish our main results and utilize these results to acquire the
multidimensional results in partially ordered V-fuzzy metric spaces.

Definition 3.1: Let (X,V,*) be a V-fuzzy b-metric space and T, S two self maps on X. T and
S are said to be compatible if and only if

limv (T (S TS(X ) T(S(X ), S(T (Xm))’%j _

forallt> 0 & b>1, whenever {x_}< X suchthat im___ T(x,)=Ilm,  S(x,)=x for
somexe X.

Lemma 3.2: Let (X,V,*) be a V-Fuzzy b-Metric Space and {V_} a sequence in (X,V ,*). If
there exists afunction ¢ € @, such that
Q) #(t) >0, forall t >0;

(i) V (Vy Vi eeeeeos Vi Vi @(8)) 2V (Vo gy Vi g eeeees Vi 0 Vi 3)
forevery meN andt>0and b>1 then {v_ } is a Cauchy sequence.

Proof: From (V-Fuzzy b-Metric Space (vi)) of definition of V-fuzzy b-metric space, we have
!imV(v Ny, Vo 1,V 1) =1 Which implies that for any & >0, there is t, >0

such that!imV(vO,vo,.. vy, b) l-¢
Now we have ¢ € @, , then there exists t, > t, such that !im o (t)=0

Therefore, for t> 0, there is m, € N, such that lim __ ¢"(t)<t for all m>m,, from

condition (i), ¢™(t) >0, for all meN and t > 0. It follows by induction and condition (ii)
that V(v,,,V,,...... NV @ (1) 2V (Vy, Vg, e Vg, V1) for all me N and t > 0. Using Lemma

2.13, we haveV(vm, SRR VAR VAR S -V (VAR VARSI VAR VAR LT €3

ZV(VO,VO, ...... RVRRVAR S A VA (VA Vv, 2)>1-¢

Hence, we can observe that m — oo, V(V,,V,,......, Vs Voo t) =1 fOorany >0 and t > 0.

Now, from (V-Fuzzy b-metric space (v)) of definition of V-Fuzzy b-Metric Space we know
that for pe N and t > 0 we have

t
V(V, Voo, Vi m+p,b)>V[ JE VARV VA VAR pbj

t .
% (Vmﬂvmﬂ, ..... Vo aVinios EJ* p -times......
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t
*V [Vmﬂ)1’Vm+p1"""Vm+p1’vm+p'EJ

Letting, m — oo, we get

V(V, Ve VoV, ) =1*1*....p -times....*1*1.

Hence, we can conclude that sequence {v .} is a Cauchy sequence.

L
m+p’b

Theorem 3.3: Let (X,V,*) be a complete V-Fuzzy b-Metric Space, and (X,=<) a partially
ordered set. Let T: X — X and G: X — X be two maps such that

(i) TX cG(X).

(1) T is a G-isotone mapping.

(iif)Assume that there exists a function ¢ € @, such that

V (T, T(X)-r, T, T(Y), 2(2)) 2V (G(X),G(X), ... G(X), G(Y), }) (D)

vx,y e X,t >0 and G(x)<G(y).

Suppose that either

(&) T, G are continuous and compatible maps; or

(a,) X has the following property
@ If x.,X is a non-decreasing sequence such that x, — x then x, <xvmeN.
(b) If x, is a non-increasing sequence such that x, — x then x, > x¥vmeN

and also suppose that either
(a,,) Giscontinuous and T, G are compatible maps; or

(a,,) G(X) is closed.
If there exists X, € X such that G(x, =T (x,)) then T and G have a coincidence point.

Proof: Let x, € X x be a point such that G(x,) =T (X,). Given that T(X) < G(X). So, we
choose X, € X such that G(x,) =T(X,). Continuing in this way, we construct a sequence
{x,}e X for mell U{0} such that G(x,,,)=T(X,,)-
SinceG(X,) = T(x,), we suppose that G(x,)<T(x,) (the case G(X,>T(x,)) treated as
same). Assume that G(x,,,)=<G(x,) and we have T is G-isotone mapping which implies
T(Xp1) =T (Xy) We set G(X,) =V, <T(X,) =V, and T(X;, 1) =V, <T(X,,) =V
Indeed, the sequence {v,,} is a non-decreasing sequence. From (1), we get
V (Vs Vo0 Vi Vit 0(5)

= V(TonTogreeen T Tns 0(5))

2V (G(Xn1): G(Xpg)seeneen G (X514), G (X)) 5)

= V(Vyu i Vigseor Vg Vi 5) ...(2)
for all mell U{0} and t > 0, b>1.Obviously from condition (iii) we observe that ¢(t) >0

forall t> 0.
From Lemma 3.2, we conclude that {v} is a Cauchy sequence. Since (X,V,*) is complete

V-Fuzzy b-Metric Space, there exists a point v e X such that, i.e.,
lim T(x,)=1lim G(X,,) =V ...(3)

By considering the condition (a,), T and G are compatible, that is
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1,

limV (G(T (%)), G(T (%)) G(T (x,)). T (G(x,)). )
forall t > 0. Since T and G both are continuous maps, we get
V(G(V),G(V),....., G(V),T(v),t) =1
for all t > 0, which implies that G(v) =T (v). Thus, v is a coincidence point of T and G in X.
Now, suppose that conditions (a,) and (a,,) hold. Since G is continuous and T, G are
compatible maps, we have
lim T(G(x,))= lim G(T(x,))=lim G(G(x,))=G(v) (4
By Lemma 2.14, we have for every t > 0 there exists r >t such that t—¢(r)>0. Using

Lemma 2.14, (1), (4), (V-Fuzzy b-Metric Space (iii)), (V-Fuzzy b-Metric Space (v)) and
considering m — o, we get

V(G(v),G(V),....,G(v), T(v),})

>V (G(v),G(V),.....G(vV), G(G(X,..) & —(N))

*“V(G(G (%) GG (K)o G (G (Xiyr) T(V), (1))

= V(G(v),G(v),.....G(v),G(T (X;), 5 —(r))

#V (G(T (X)), G(T (% seveees GCT (%)), T (v), 4())

2V (G(T (%)), G(T (X )s-vees GCT (%)), T (W), 4(r))

= V(T (G (%)) T(G (% oorres TG (% ). T (v), 4(r))

>V (G(G(X,)), G(G(X,));----s G(G(X,)), G(v),r) =1
Hence, G(v) =T (v), v is coincidence point of T and G.
Now, considering conditions (a,) and (a,,). Since (X,V,*) is complete V-Fuzzy b-Metric
Space and G(X) is closed, there exists ,e X v such that
rlniTwT(Xm) = HT@G(Xm) =G(v,) =V e.()
G(x,,) is a non-decreasing sequence. So, G(x,) <G(v,) for all meN. Using (1) and in the
view of Lemma 2.13 and Lemma 2.14, we get
VT (X)) T s T () T (V5),5)

2V (T (%), T (6 ) T (), T (V). 4(F))

>V (G(X,), G(Xy ), G(X,,), G(V,), T)

>V (G(X,), G(X)seerry G(X), G(Vp), 1) ()
forall t > 0, b>1 and meN, taking m—o in (6) we get T(X,) >T(v,) and by
uniqueness of the limit we conclude that G(v,) =T(v,). Hence, v, is a coincidence point of
T and G.

Theorem 3.4: In addition to hypothesis of Theorem 3.3, suppose that X is a totally ordered
set then T and G have a unique coincidence point. Moreover, if G is weakly compatible with
T then T and G have unique common fixed point.

Proof: Assume that X,ve X are coincidence points of T and G. Since we have for all
coincidence pointsx,ve X, there exists a point ue X such that G(u) is comparable to
G(x)andG(v). Let u, =u then define a sequence G(u,,) . The sequence G(u,) and its limit
defined similar as in Theorem 3.3, so we have andG(u,) =T (u,) .

By the (V-Fuzzy b-Metric Space (vi)), we have
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!LrEV(G(u),G(u), ..... ,G(u),G(x),%) =1
which implies that for any &  (0,1) there exists t, such that
V(G(Uy),G(Up), -, G(Uy),G(X),2) >1—¢. (D)
As ¢pe®,, so there exists r>t, such that lim _ ¢"(r) — 0, which implies, there exists
m, €[] such that ¢"(r) <t forall m>m, andt > 0.
By (1) and Lemma 2.13, we get
V(G(u,),G(u,),.....G(u,),G(X),1)
2V (G(Uy), G(Uy )serrs G Uy ), G(X), 8" (1))
= V(T (U 1) TUp oo T (U 1), G(X), 87 (1))
2V (G (Up1), G(Upy) s G(Up 1), G(X), 4™(r))

>V (G(u,), G(Up),-....., G(Uy), G(X),T)
2V (G(Uy), G(Uy).v-rrs G (). G(X), ;)
>l-¢
forall m>m, andt> 0.
Hence, from (8) we can conclude that lim  G(u,,)=G(x) and similarly we can easily
show that lim __ G(u,)=G(v) and from Uniqueness of limit we get G(x) = G(v).
Now, let e=T(v)=G(v) and T, G are weakly compatible mappings i.e.,
T()=T(G(v))=G(T(v))=G(e). So, e is a coincidence point which implies that
G(e)=G(v) =e. Hence, e is a coincidence and common fixed point of T and G. Now
suppose that there exists e*(#e)e X such that T(e*)=G(e*)=e*. Then
e =G(e) = G(e*) = e*which shows uniqueness of common fixed point of T and G.

Corollary 3.5: Let (X,V,*) be a complete V-Fuzzy b-Metric Space and (X,<) a partially
ordered set. X has the following property:
@ If {x,,} is a non-decreasing sequence such that x, — x the x, < xvmeN.

(b) If {x,,} is a non-increasing sequence such that x, — x then x, >xVmeN.

Suppose that T:X — X be a mapping such that T is non-decreasing and continuous
mapping. Let there exists ¢ € ®  such that for all t >0, b>1 and x,ve X with x<v we

have VT(X), T, T(X), T(V), 0(£)) 2V (X, X,..0, X, V, 5)
Also, assume that there exists y, € X such that y, ~T(y,) then T has a fixed point.
Furthermore, If X is a totally ordered set then T has a unique fixed point.

Lemma 3.6: Let (X,V,*)be a V-Fuzzy b-Metric Space such that * is a continuous t-norm.
Define V™ : X" x X™ x.....n-times....x X" xR" — | such that

VIAL A AE) =0V (8,850 800 1)

forall A, =(a;,a;,,......a;,) € X™ and forall t>0,b>1, where je(@2,...,n).

Then, the following properties hold.

Q) (X™V™*) isalso a V-Fuzzy b-Metric Space.
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(ii) Let {A =(a,a’..,a")} be a sequence on X" and a point
A=(a,a,,..,a,)e X", Then {A}— A implies and implies by {a} —>a, for
ie@2,..,m).

(iii) If (X, V, *) is complete then (X™,V™,*) is also complete.

Proof: (i) As, * is a continuous mapping and (X,V,) be a V-Fuzzy b-Metric Space, so that
all properties of definition of V-Fuzzy b-Metric Space are trivially satisfied by (X™,V™ *).
Hence, (X™,V™*) is also a V-Fuzzy b-Metric Space.
(i) If {A}—>Aas r—ow,ie, forevery ¢ (01), there exists n, e N such that for
all r >n,, we have

VT'(ALA, ... A AL)21-¢ forall t > 0.
Since we have

V'(ALA,.... AA,b) *V(al,al,...,a,a,t)

= V(a,a .,a,,ai,g)*....

*V(al, aJ ..... ala, )%

V(@'a',....a ", a,,1) .....(9)
and we have

miﬂv(a‘ al,. .,a",a.,ﬁ)

V(ara ar,ai,b)

*, V(aJ al,....al,a %)

v (af",a", a,.t)

<l—-g¢ ....(10)

forall r>n, andt>0, b>1.
Thus, (9) and (10) implies that, for all r>n,V(a,al,...a,a,t)>1-¢ for every
ie(L2,...,m).Hence, {a} >{a} as r >oo.
Conversely, suppose that {a!} —»{a,} as r —>oo for all ie(2,...,m) and * as continuous
mapping, from definition of V" we get
!mevm(A,A,....,A, b)—llm*m vV(,a,..a,a,i)

I|mV(ar, Lewdha,t)=1
forallt>0. Hence, {A} > Aas r —>oo.
(iii) Suppose that sequence {A.} is a Cauchy in (X™,V"™*) i.e., for every < (01) there
exists n, e N such that V"(A,A.,...,A A, t)=>1-¢ for all r,n>n, and t> 0, b>1. We
have

V'(ALA,.....A A H=*"V(@,a,...,a,a,t (1)
and min,_,_ V(a,a,.... ,a,,a;,g)>
A y\(al ... aal t) >1-¢ ..(12)

forall r,n>n, and t>0,,b>1.
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By (11) and (12), we can conclude that {a'} is a Cauchy sequence in X,V,* for all
ie@2,...,m).

Now, let (X,V,*) complete V-Fuzzy b-Metric Space i.e., {a'} — a, for every i< (1,.2,....,m)
and a e X which implies that sequence {A }converge to a point A on X™. Hence
(X™V™*) is also a complete V-Fuzzy b-Metric Space.

Definition 3.7: Let (X,V,*) be a V-fuzzy b-metric space. Let (X,<) be a partially ordered
set and ® =(oy,0,,....,0,) an m-tuple mappings from (1,m,.....,m) to itself. The mappings
F:X™—> X and g: X — X aresaid to be ®—compatible in V-FMS if

3lim ox! = lim F(x7®,x7@ ., x7™M)
for all monotonic sequences {x'},{x’},....{x"}in X. We have
lim HOOV(gF(xf"(l), X3 L xam ) (x;"(l), X3 L xam )

...... ,gF (xr"i(l), x7@ xr"i(m)), F(ox®,gx7@,...., gxfi(m’),%) =1.

forall t>0,b>1. and i (L2,.....,m)

Remark 3.8: If m = 2 in Definition 3.6 (see, [13]), then F: X xX — X and g: X — X are
compatible mappings on V-fuzzy b-metric spaces.

Lemma 3.9: Let (X,V,*)be a V-fuzzy b-metric space such that * is a continuous t-norm. If
F:X™—> X and g: X — Xare ®-compatible mappings on (X,V,*) then T: X" — X"
and G: X™ — X™ are also compatible in (X™,V™,*) where T and G defined as
TY)= (F(xal(l), Xo ()1 xal(m)),....,F(xal(l), Xo(2) 100 Xa,(m))’

----- F X X200 K )
And G(Y) = (g%, 0%, P¥s-v.rrs G%y)
Forall Y e X™ and x, € X,ie(1,23,....,m)

Proof: Let {x'},{x’},......,{x"} are monotonic sequences in X such that

lim gx! =lim F(x®,x*@....,x7™)

r—oo r—o

forall x, e X and ie(L2,.....,m)

By Lemma 3.7, im,__ G(Y,)=lim __ T(Y,), where Y, :({x}},{xf},....,{xl“})e X™ . Since F
and g are @ -compatible and * is continuous mapping, we get
!Lrpovm(GT(Yr),GT(Yr), ..... ,GT(Y,), TG(Y,),})
= !ian*{‘;lV(gF(xfi(”,x,f’i(z), ..... , X ) gF(xf‘(l), x7@ ... x"i(m))
...,(x;’i(l),xfi(z), ..... x"‘(m’), F(gx;’i(l),gxf‘(z), ..... ,gx"i("‘)),%):
> 1im r_mv(gF(x;’i“), x® L xam ) gF(xfi(l), x7® L xom )
oF (xr"i(l),xr"‘(z), ..... ,xfi‘m)), F (gxf‘(l), ox7 @ .., gx"i‘m)),%)
=1
all t> 0. Hence T and G are compatible mapping in (X "‘,Vm,*).
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Theorem 3.10: Let (X,V,*) be a complete V-Fuzzy b-Metric Space and (X,<) a partially
ordered set. Let {A, B} be any partition of A, ={1,2,3,...,m} and ® =(o,,0,,.....,0,,) an n-
tuple of mappings from A into itself verifying that o; €Q,, if ie A and o, €, if

ieB.Let F: X™ - Xand g: X — X be two mappings such that

(i) F(X™) < 9(X).
(i) F has the mixed g-monotone property on X.
(iii) Assume that there exists a function ¢ € @, such that
V (F (X, Xgeoens X )y F (X0 Xgars X Dyenneey F (X Xgeonn X ),
F(Yi Yoo Vo) () 2 7 (F11V (9%, 9%, o0, 9%, GY; ) (13)

for all t > 0, b>1and X, X,ecey Xpps Voo Yareeeens ¥y € X @nd gx;<; gy, for all ie(1,2,....,m),
where y :[0,1] —[0,1] such that *"; »(a) > a for all a €[0,1]. Suppose that

y(*in;lv (gxgj(i), gXUj(i) yurany gXUj(i), gXO'j(i)’%>)

>y (*1,V (9%, 9% 0%, Y11 E) ) ...(14)
for i, je(L2,...,m) and for all X;,X,,..., X;, Y1, Yaseeees Y € X With gX,<,QY; -
Also, suppose that either
(b,) F and g are continuous and ® -compatible or
(b,) X has the following properties
@ If {x,} is a non-decreasing sequence such that x, — x then x, <xVneN.
(b) If {x,} is a non-increasing sequence such that x, — x then x, >xvVneN,

and also suppose that either
(b,,) g is continuous and F, g are ® -compatible maps

(b,,)a(X) is closed.
If there exist x3,xZ,....,xJ' € X satisfying gxgjiF(x{,’i(l),xg’i(z),....,xg’i(m)) for ie(2,.,m)
then F and g have @ -coincidence point.

Proof: Let (X,V,*) be a V-Fuzzy b-Metric Space such that * is a continuous t-norm and
(X,<)a partially ordered set. According to Lemma 3.7 (X™,V™*) is also a V-Fuzzy b-
Metric Space. Define mappings T: X™ — X and G: X™ — X as
T() =(F(xgl(l),xal(z),....,xal(m)),...., F(xai(l),xai(z),....,xgi(m)),...,

F(xam(l),xam(z),....,xgm(m))) ....(1%5)
and G(Y) = (9%, 9%, ..., OX.,) ....(16)
Forall Y e X™ and x, e X forie(L2,.....,m)
Since F(X™) < g(X) which implies that T(X™) = G(X™).
Suppose  gxi=<; F(xJ®,x3@ ..., x7™M) then there exists X,eX™ such that
G(X)=n T(X,).
Now, to prove that T is a G-isotone, let there exists U,Y € X™such that G(Y) <G(U) which
implies that gx; <gu; when je A and gx;-gu,when jeB, we have o,e€Q,z= {
oA, —>A, such that c(A)c A and o(B)cB} when ieA and o,€Q,,= {
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o:A, —>A,suchthat o(A)c B and o(B) = A} when ieB. Thus, we have gx;;, < gu,;,
when je A and gx;, =9u;; when jeA, for fixed i A. As, F is mixed g-monotone,
when j e A and fixed i € A, we have

F(Xoi(n'""’Xai(j—l)’Xai(j)’Xai(j+1)'""’xai(m>)5

F(Xaml)'-"-’xai(jfl)’Xai(n'Xai(jﬂ)’"--’xoi(m))
Similarly, when je B and fixed i € A the inequality (17) hold. Hence, for fixed i € A and
for all j the inequality (17) also holds. Thus, we conclude that

F Xo 1y s Xor (20 10000 , Xai(m))-j (uai(l),ugi(z), ...... ,uUi(m)) . (18)
for i € A. Same for i € B, we have
F(Xa,(l)’ Xo (2)0eee- , xai(m))g (ual(l),uai(z), ...... ’Ua,(m)) .....(19)

From (18) and (19), we get T(Y) <, T(U) for Y, U e X",

Hence, T is a G-isotone mapping.

Now, for Y,U e X™ we have G(Y)=<,,G(U) . From Proposition 2.15 (xd(l),xd(z),...., xg(m))and
(ua(l),ua(z),....,ua(m)) are comparable. By using (15) and (16) in the view of these points and
it follows that for all t > 0,

F(Xai(l)’xai(zw ----- ’Xamm))’----’F(Xaiawxai(zw ----- vxai<m>)’

> *M

= i:17(*T:1V(gXai(i)'gxai(j)’""’gxoi(nguai(j)’%)
Z*Zly(*Tzlv(gX“gXV1gxlagu1a%)
=*07(V"(G(Y),G(Y),....G(Y),G(U).{))
=*"y(V"(G(Y),G(Y).....G(Y),G(U).}))
>V™(G(Y),G(Y),....G(Y),GU),}) .....(20)
Hence, condition (iii) of Theorem 3.8 implies that condition (iii) of Theorem 3.3 w.r.t.
(X™V™*). Now, we have to deduce other conditions of Theorem 3.3. According to
condition (b,) of Theorem 3.10, we have F, g are continuous and @ -compatible, by (15) and

(16) T and G are continuous and using Lemma 3.10, T and G are compatible. Hence
condition (a,) of Theorem 3.3 holds w.r.t. (X™,V™*).

Now, we assume a non-decreasing sequence {Y,}e X ™ such that Y, - Y as r —oofor some
Y e X™. By Lemma 3.6, X’ —x' as r oo and for all ie(L2,...,m). Since, Y, <, Y., for
all re N {0} then {X,} is non-decreasing sequence when i e A and {x, }is non-increasing
sequence when ieB for all re N w{0}. By condition (b,)of Theorem 3.10, we have
x! <x'when ie A and x! = x'when ieB forall r e N U{0}. Which implies that, Y, <Y
forall r e N U{0}.

Similarly, by assuming Y, as a non-increasing sequence we get Y, >, Y for all r e N U{0}.

g(X) isclosedi.e., G(X™) is closed.

1137



Turkish Journal of Computer and Mathematics Education ~ Vol.11 No.03 (2020), 1125-1141

I — Research Article

Hence, all conditions of Theorem 3.3 hold w.r.t (X™,V™*). Therefore, according to the

Theorem 3.3, T and G have a coincidence point, and from (15) and (16) that coincidence
point will be the ® -coincidence point of F and g.

Corollary 3.11: In addition to hypothesis of Theorem 3.11, suppose that X is a totally
ordered set then F and g have a unique @ -coincidence point. Moreover, if g is ® -weakly
compatible with F then F and G have a unique ® -common fixed point.

Proof: From (15), (16) and Theorem 3.4, we can easily deduce that T and G have a unique
coincidence point w.r.t. (X™,V™,*), which is unique ® -coincidence point of F and G.

Hence, v, e X™ is a @ -coincidence point of F and g which implies that v, =gx, = gv,.
Hence, v; isa @ -common fixed point and @ -coincidence point of F and g. In order to prove
uniqueness suppose that is another @®-common fixed point of F and g then, we have
u, = gu, = gv; =V., which proves uniqueness.
Taking m = 2, A = {1}, B = {2} in Theorem 3.11 and corollary 3.12, we get coupled
coincidence and coupled fixed point result as:

Corollary 3.12: Let (X,V,*) be a complete V-Fuzzy b-Metric Space with * is a continuous
t-norm. Let (X,=<)be, partially ordered set. Let F:X* > X and g:X — X be two

mappings such that
(b) F has the mixed g-monotone properties on X.

(ii) F(X*) < g(X).
(iii) If there exist ¢ € @, such that
v (F(Xv X)s F (X X) ey F (X0, X5), F(Vl,Vz),(D(%))
>y (V(9(%), 9(%),- 9(%), 9 (%), §)
WV (9(%.), 9(%)1- 9(%,), 9(V,), §)
For all t > 0 and x,X,,V;,V, € Xand g(x,) < g(v,) and g(x,) > g(v,), where y:[0,1] - [0,1]
such that y(a)*y(a) >a forall a<[01]. Also, suppose that either
(c,) F and g are continuous and compatible or
(c,) X has the following property
@ If {x,} is non-decreasing sequence such that x, — xthen x, <xvVnell .
(b) If {x,} is non-increasing sequence such that x, — Xthen x, >xVnell ,
and also suppose that either
(b,,) giscontinuous and F, g are ® -compatible maps or
(b,,) 9(X) is closed.
If there exists x;,x; e X satisfying g(x;) < F(x,xZ) and g(x;) < F(x;, ;) then F and g have
coupled coincidence point. Assume that X is a totally ordered set then F and g have a unique

coincidence point. Moreover, F and g are weakly compatible then F and g have a unique
common coupled fixed point.
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Remark 3.13: We can omit continuity of Q and compatibility of P, Q in the hypothesis of the
Theorem 3.1 and Theorem 3.2 in [13], instead of these points add condition (C2.2) (i.e., Q(X)
is closed) of the Corollary 3.12, we will get the coupled fixed point. For example, take a
discontinuous function

Q(x) =
1 i x>

WIN wirn

We use the family of the function @, which is more general class of the functions than
#(t) =kt, ke (0,0). In this manner, we generalize and improve the coupled fixed pointresults
in [13].
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