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ABSTRACT:In this article, we establish some coincidence point and common fixed 

pointtheorems in the recently introduced notion of partially ordered V-fuzzy b-metric spaces 

for  -construction. Using the results, suitable conditions are framed to make sure the 

existence of multidimensional coincidence point and common fixed point results, which 

generalize and improve fixed point results of Gupta and Kanwar [13].   
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INTRODUCTION:  

Fixed point theorems have been studied in many contexts, one of which is the fuzzy setting. 

The concepts of fuzzy sets were initially introduced by Zadeh [34] in 1965. To use this 

concept in topology and analysis, the theory of fuzzy sets and its applications have been 

developed by eminent authors. It is well known that a fuzzy metric space is an important 

generalization of a metric space. Sedghi et al. [30] generalized the definition of metric space 

and introduced the notion of S-metric space. Soon after, Abbas et al. [1] generalized 

definition of S-metric space and introduced the notion of A-metric space. On the other hand, 

Sun and Yang [31] generalized the definition of fuzzy metric space (see, [10], [23]) and 

introduced the notion of G-fuzzy metric space. In the process of generalization, Gupta and 

Kanwar [13] generalized the definition of G-fuzzy metric space and introduced the notion of 

V-fuzzy metric space and established the coupled fixed point results in a partially ordered V-

fuzzy metric space.In 1987, Guo and Lakshmikhantham [12] introduced an important notion 

of coupled fixedpoint for some continuous and discontinuous operators. Thereafter, many 

authors introducedcoupled, tripled and higher dimensional fixed point and coincidence point 

results in different spaces. Sedgi et al. [29] introduced coupled fixed point results in fuzzy 

metric spaces. Recently, Roldan et al.[27] established multidimensional coincidence results in 

partially ordered fuzzy metric spaces for compatible mappings.Many authors, obtained fixed 

point results under the assumptions 


=1
)(:)(

n

n ta  =1  forall t > 0 and some other 
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conditions (see, [8] [14] [33] [15]). Ciric [7], weakened thecondition (a) and introduce the 

condition (CBW). Jachymski [20] introduced condition: tt  )(0   and  0)(lim =→ tn

n   

for all t> 0. Recently, Fang [9] gave the weaker conditionof − contraction in the context of 

Menger probabilistic metric spaces and fuzzy metricspaces. 

 

In addition to fuzzy metric spaces, there are still many extensions of metric and metric space 

terms. Bakhtin [2] and Czerwik [6] introduced a space where, instead of triangle inequality, a 

weaker condition was observed, with the aim of generalization of Banach contraction 

principal [3]. They called these spaces b-metric spaces. Relation between b-metric and fuzzy 

metric spaces is considering in [29]. On the other hand, in [33] the notion of a fuzzy b-metric 

space was introduced, where the triangle inequality is replaced by a weaker one.  

 

Our aim in this article is to present some multidimensional coincidence and common fixed 

point theorems for  -contraction in partially ordered V-fuzzy b-metric spaces with the help 

of some coincidence point and common fixed point results for a pair of mappings. 

 

PRELIMINARIES: 

In order to state and prove out results, we will use the following notions. These notions can 

be found in [26].  Throughout in this article, I = [0, 1], m is any Natural number, mX  will 

denote the Cartesian product of m copies of X where X is a nonempty set, n and p will denote 

non-negative integers. },......,2,1{, mji   and for any mXUY , will mean,

),......,,( 21 mxxxY =  and  ),......,,( 21 muuuU = respectively. For brevity )(xg will be denoted 

as .gx  

 

Henceforth, let a fix partition },{ BA  of },.......,2,1{ mAm = , i.e., mBA =  and = BA

such that A and B are non-empty sets. We will denote : 
})(  and  )(::{, BBAAmBA →=  and

})(  and  )(::{, ABBAmBA →=   

Let ),( X  be a partially ordered space, ux,  X and mi  , we will use the following  

notation: 

   









Biux

Aiux
vx i

  if    

  if    




  

Consider on mX  the following partial order: for mXUY ,  , iiim vxUY    

for all ),.....,2,1( mi . If UY m   or UY m   , then Y and U are comparable (we will denote 

)( UY  )  

Definition 2.1: [26] A binary operation ]1,0[]1,0[]1,0[: →  is said to be 

continuoustriangular norm (t-norm) if * satisfies the following conditions: 

 (i) a * b = b and a * (b * c) = (a * b) * a,  ]1,0[,, cba ; 

 (ii) * is continuous; 

 (iii) 1 * a = a ]1,0[a  

 (iv) dcba **  , whenever ca   and db   for all ]1,0[,,, dcba  

 then m

m

i aaa *......*** 211 == . 

 

 

 



Turkish Journal of Computer and Mathematics Education   Vol.11 No.03 (2020), 1125-1141 

 

 

 

1127 

 

 
 

Research Article   
 

 

Definition 2.2: [13] A triple (X, V, *) is said to be V-fuzzy metric space (V-FMS), where X 

is a nonempty set, * is a continuous t-norm, and V is a fuzzy set on ),0( nX  satisfyingthe 

following conditions for all t,s> 0: 

 (V-FMS1) 0),,,......,,,( tyxxxxV  for all ;,, yxXyx   

 (V-FMS2) ),,.....,,(),,,.....,,( 212111 txxxVtxxxxV n  for all    

 Xxxx m ,.....,, 21  with ;....21 nxxx   

 (V-FMS3) 1),,......,,( 21 =txxxV n  if and only if ;......21 nxxx ===  

 (V-FMS4) )),....,,((),,.....,,( 2121 txxxpVtxxxV nn  , where p is a permutation   

  function; 

 (V-FMS5) *),,,.....,,(),,.....,,( 12121 tlxxxVstxxxV nn −+ );,,,....,,,( sxllllV n  

 (V-FMS6) ;1),,....,,(lim 21 =→ txxxV nt  

 (V-FMS7) ]1,0[),0(:,....),.....,,( 21 →nxxxV  is continuous. 

 

Example 2.3: Define a continuous t-norm as abb =* a and let R=X and ),( AX  be A-

metric space. Define IXV n → ),0(:  such that,  
1

21
21

),......,(
exp,,....,,(

−

















=

t

xxxA
txxxV n

n for all Xxxx n ,......,, 21  and t> 0. Then 

,*),( VX  is a V-fuzzy metric space. 

 

Definition 2.4: [13] Let triple ,*),( VX  be a V-fuzzy metric space. A sequence }{ nx  in X is 

said to converge to a point Xx x if 1),,,.....,,(lim →
→

txxxxV nnn
n

 

for all t > 0, i.e., for each 0 , there exists N0n , such that ),,,.....,,( txxxxV nnn > −1 for 

all 0nn   and for all t > 0. 

 

Definition 2.5: [13] Let triple ,*),( VX  be a V-fuzzy metric space. A sequence }{ nx in X is 

said to be Cauchy sequence if for any 1),,,.......,,( →txxxxV mnnn  as →mn, , for all t > 0 

and Nmn, , i.e., for any 0 , there is N0n , such that −1),,,......,,( txxxxV mnnn  for 

all onmn ,  and for all t > 0. 

 

Definition 2.6: [13] A V-fuzzy metric space ,*),( VX  is said to be complete if every Cauchy 

sequence in X is convergent sequence.  

 

Definition 2.7: [32] Let ) ,( r

rY   be a partially ordered set and S and T two self maps of rY

We say that S is T-isotone map, if for any rYXX 21, 1 2 1 2( )  ( ) ( )  ( ).r rT X T X S X S X  

 

Definition 2.8: [26] Let ) ,( X  be a partially ordered space and XXF m →: and XXg →:  

two mappings. We say that F has the mixed g-monotone property (w.r.t {A, B}) if F is g-

monotone non-decreasing in arguments of A and g-monotone non-decreasing in arguments of 

B, i.e. for all ,,,,,......,1 Xzyxx m   

 gzgy    ),......,,,,.......,(  ),.....,,,,.....,( 111111 miiimii xxzxxFxxyxxF +−+−   for all i. 
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Definition 2.9: Two self maps T and G in X are said to be weakly compatible if GTxTGx =  

for all Xx  such that GxTx = . 

 

Definition 2.10: [18] Let ),....,,( 21 m=  be an m-tuple mappings from },.....,2,1{ m  into 

it. The mappings XXF m →:  and XXg →:  are said to be  -weakly compatible if 

( ) ( ))()2()1()()2()1( ,.....,,,.....,, mm iiiiii
gxgxgxFxxxgF  = ,                        

whenever ),.....,,( )()2()1( mi iii
xxxFgx = for all i and some m

m Xxxx ),.....,,( 21  

 

 Definition 2.11: Given XXGT →:,  we will say a point Xx  is said to be  

• fixed point if xxT =)( . 

• common fixed point if xxGxT == )()(  

• coincidence point if )()( xGxT = . 

(see, [11]) Given XXT →2: , a point 2),( Xyx  is said to be 

• coupled coincidence point of T and g if gxyxT =),( and gyxyT =),( . 

• coupled common fixed point of T and g if xgxyxT ==),( and ygyxyT ==),( . 

 Given XXF m →:  and XXg →:  a point is said to be 

• (see, [26])  -coincidence point if 

 im gxxxxF
iii

=),......,,( )()2()1(   

 for all ),.....,2,1( mi  and ),.....,,( 21 m  is an m-tuple mappings from {1,2,.., m} 

 into itself. 

 

Definition 2.12: [9] Let w  denote the family of all functions : → satisfying the 

condition, for each 0t  there exist tr   such that lim ( ) 0.m

m
r

→
=  

 

Lemma 2.13: [13] In a V-fuzzy metric space ),,.....,,( 21 txxxV n  is non-decreasing with 

respect to t. 

 

Lemma 2.14: [9] Let w , then for every 0t r t    such that tr )( . 

 

Proposition 2.15: [25] If ,  UY m  it follow that  

   ( ) ( )
)()2()1()()2()1( ,....,,  ,....,, mmmxxx    if BA  ,  

   ( ) ( )
)()2()1()()2()1( ,....,,  ,....,, mmmxxx    if BA  ,  

 

Definition 2.16:[16]The 3-tuple ( ), ,X M T  is known as fuzzy b-metric space if X is any set, 

T is a continuous t-norm, and M is a fuzzy set in (0, )X X    satisfying the following 

conditions for all , ,x y z X and , 0,s t  and a given real number 1,b         (i)    

( ), , 0,M x y t               

(ii)    ( ), , 1M x y t =   if and only if ,x y=          

(iii)    ( ) ( ), , , , ,M x y t M y x t=                      

(iv)     , , , , ,     ,( ( ) ( ) ( ), ,)t s
b b

T M x y M y z M x z t s +          

(v)   ( , , ) :[0, ) [0,1]M x y  → is continuous. 
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Definition 2.17: [18]The 3-tuple  ( ), ,X V   is called a V-fuzzy b-metric space if  is a 

continuous t-norm, and V is a fuzzy set in (0, )nX    satisfying the following conditions for 

all , , , 1ix y a X b  and , 0;s t   

(i) ( ), ,..., , , 0,t
b

V x x x y x y   

(ii) ( ) ( )1 1 1 2 1 2 3 2 3, ,..., , , , , ,..., , , ...t t
n nb b

V x x x x V x x x x x x x     

(iii) ( )1 2 3 1 2 3, , ,..., , 1 ...t
n nb

V x x x x x x x x=  = = = =  

(iv) ( ) ( )1 2 3 1 2 3, , ,..., , ( , , ,..., ),t t
n nb b

V x x x x V p x x x x= where 1 2 3( , , ,..., )np x x x x  is permutation 

on 1 2 3, , ,..., nx x x x  

(v) 1 2 3 1 1 2 3 1( , , ,..., , , ) ( , , ,..., , , ) ( , , ,..., , , )t t
n n n nb b

V x x x x a V a a a a x V x x x x x t s− −  +  

(vi) 1 2 3( , , ,..., , ) 1t
n b

V x x x x =  as t →  

(vii) 1 2 3 1( , , ,..., , ) : (0, ) (0,1]nV x x x x −   →  is continuous. 

 

Lemma 2.18: [18]Let ( ), ,X V   be a V-fuzzy b-metric space. Then 1 2 3( , , ,..., , )t
n b

V x x x x   is 

non-decreasing with respect to .t  

 

Proof: Since 0, 1t b  and t s t+   for 0,s   by letting nl x=  in condition (v) of V-fuzzy b-

metric space we get, 1 2 3 1 2 3( , , ,..., , ) ( , , ,..., , ) ( , , ,..., , ).t s t s
n n n n n nb b b

V x x x x V x x x x V x x x x+   This 

implies that 1 2 3 1 2 3( , , ,..., , ) ( , , ,..., , ).t s t
n nb b

V x x x x V x x x x+   So, 1 2 3( , , ,..., , )t
n b

V x x x x  is non-

decreasing with respect to .t  

 

Lemma 2.19:[18] Let ( , , )X V   be a V-fuzzy metric space such that 

1 2 3 1 2 3( , , ,..., , ) ( , , ,..., , )kt t
n nb b

V x x x x V x x x x  with 1,b  (0,1).k  Then 1 2 3 ... .nx x x x= = = =  

 

Proof: By assumption 1 2 3 1 2 3( , , ,..., , ) ( , , ,..., , )kt t
n nb b

V x x x x V x x x x                                    (1)For 

0, 1,t b    since ,kt t
b b
  by lemma 2.1 we have 1 2 3 1 2 3( , , ,..., , ) ( , , ,..., , ).kt t

n nb b
V x x x x V x x x x

    (2)From (1) and (2), and the definition V-fuzzy metric space 

we get  1 2 3 ... .nx x x x= = = =  

 

Definition 2.20: [18] Let ( , ,*)X V  is said to be V-Fuzzy b-metric space. A sequence { }rx  is 

said to converge to a point x X  if ( , , ,..., , , ) 1 0, 1,t
r r r r b

V x x x x x as r for all t b→ →    

that is, for each 0,   there exist n N  such that for all ,r N  we have 

( , , ,..., , , ) 1 ,t
r r r r b

V x x x x x → − and we write lim .r rx x→ =  

 

Definition 2.21: [18] Let ( , ,*)X V  is said to be V-Fuzzy b-metric space. A sequence { }rx  is 

said to Cauchy sequence if ( , , ,..., , , ) 1 , 0, 1,t
r r r r q b

V x x x x x as r q for all t b→ →    that is, 

for each 0,   there exist 0n N  such that for all , ,r q N  we have 

( , , ,..., , , ) 1 .t
r r r r q b

V x x x x x → −  

 

Definition 2.22:[18] The V-Fuzzy b-metric space ( , ,*)X V  is said to be complete if every 

Cauchy sequence in X is convergent. 
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Definition 2.23:[18] The mappings : :P X X X and Q X X → →  are said to be compatible 

on V-Fuzzy b-metric space if lim ( ( , ), ( , ),..., ( , ), ( , ), ) 1t
r r r r r r r r b

r
V QP x y QP x y QP x y P Qx Qy

→
=

And lim ( ( , ), ( , ),..., ( , ), ( , ), ) 1,t
r r r r r r r r b

r
V QP y x QP y x QP y x P Qy Qx

→
= whenever { }rx  and { }ry  

are sequences in X such that lim ( ) lim ( , ) lim ( ) lim ( , )r r r r r r
r r r r

Q x P x y x and Q y P y x y
→ → → →

= = = =  

for all , 0, 1.x y Xand t b    

 

MAIN RESULTS 

In this section, we establish our main results and utilize these results to acquire the 

multidimensional results in partially ordered V-fuzzy metric spaces. 

 

Definition 3.1: Let ,*),( VX  be a V-fuzzy b-metric space and T, S two self maps on X. T and 

S are said to be compatible if and only if 

 lim ( ( )), ( ( )),...., ( ( )), ( ( )), 1m m m m
m

t
V T S x T S X T S X S T x

b→

 
= 

 
 

 for all  0 & 1,t b   whenever Xxm }{  such that xxSxT mxmm == →→ )(lim)(lim  for  

 some Xx . 

 

Lemma 3.2: Let ( , ,*)X V  be a V-Fuzzy b-Metric Space and }{ mV  a sequence in ,*),( VX . If 

there exists afunction w  such that 

 (i) 0)( t , for all t > 0; 

 (ii) 1 1 1 1( , ,......, , , ( )) ( , ,....., , , )t t
m m m m m m m mb b

V v v v v V v v v v+ − − −  

  for every Nm  and t > 0 and 1,b    then }{ mv  is a Cauchy sequence. 

 

Proof: From (V-Fuzzy b-Metric Space (vi)) of definition of V-fuzzy b-metric space, we have 

   
1 2 1lim ( , ,...., , , ) 1t

n n b
t

V v v v v−
→

= Which implies that for any ,0  there is 00 t  

such that 0

0 0 0 1lim ( , ,...., , , ) 1
t

b
t

V v v v v 
→

= −  

 Now we have w , then there exists 01 tt   such that 0)(lim 1 =
→

tm

t
  

Therefore, for t> 0, there is N0m , such that ttm

m → )(lim 1  for all 0mm  , from 

condition (i), 0)( tm , for all Nm  and t > 0. It follows by induction and condition (ii) 

that 1 0 0 0 1( , ,......, , , ( )) ( , ,....., , , )m t t
m m m m b b

V v v v v V v v v v+  for all Nm  and t > 0. Using Lemma 

2.13, we have 1

1 1( , ,......, , , ) ( , ,....., , , ( ))
tmt

m m m m m m m mb b
V v v v v V v v v v + +  

   01

0 0 0 1 0 0 0 1( , ,......, , , ) ( , ,....., , , ) 1
tt

b b
V v v v v V v v v v    −  

  

 Hence, we can observe that →m , 1( , ,......, , , ) 1t
m m m m b

V v v v v + →  for any 0  and t > 0. 

Now, from (V-Fuzzy b-metric space (v)) of definition of V-Fuzzy b-Metric Space we know 

that for Np  and t > 0 we have 

   1( , ,......, , , ) , ,....., , ,t
m m m m p m m m mb

t
V v v v v V v v v v

pb
+ +

 
  

 
 

   1 1 1 2* ,....., , *....m m m m

t
V v v v v p

pb
+ + + +

 
 
 

-times…… 
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1 1 1* , ,...., , ,m p m p m p m p

t
V v v v v

pb
+ − + − + − +

 
 
 

 

 Letting, →m , we get 

   ( , ,....., , , ) 1*1*....t
m m m m p b

V v v v v p+  -times….*1*1. 

 Hence, we can conclude that sequence }{ mv  is a Cauchy sequence. 

 

Theorem 3.3: Let ,*),( VX  be a complete V-Fuzzy b-Metric Space, and ) ,( X  a partially 

ordered set. Let XXT →:  and XXG →:  be two maps such that 

(i) )(XGTX  . 

(ii) T is a G-isotone mapping. 

(iii)Assume that there exists a function w , such that  

 ( )( ), ( )....., ( ), ( ), ( )t
b

V T x T x T x T y   ( )( ), ( ),...., ( ), ( ), t
b

V G x G x G x G y  .…(1) 

 0,,  tXyx  and )(  )( yGxG  . 

Suppose that either 

 )( 1a T, G are continuous and compatible maps; or  

 )( 2a X has the following property 

 (a) If mx x is a non-decreasing sequence such that 
mx x→  then N mxxm . 

(b)     If mx  is a non-increasing sequence such that xxm →  then N mxxm  

 and also suppose that either 

 )( 1.2a  G is continuous and T, G are compatible maps; or  

 )( 2.2a  G(X) is closed. 

 If there exists Xx 0  such that ))(( 00 xTxG   then T and G have a coincidence point. 

 

Proof: Let Xx 0 x be a point such that )()( 00 xTxG  . Given that )()( XGXT  . So, we 

choose Xx 1  such that )()( 01 xTxG = . Continuing in this way, we construct a sequence 

Xxm }{  for {0}m   such that )()( 1 mm xTxG =+ . 

Since )()( 00 xTxG  , we suppose that )(  )( 00 xTxG   (the case ))(  ( 00 xTxG   treated as 

same). Assume that )(  )( 1 mm xGxG −  and we have T is G-isotone mapping which implies 

)(  )( 1 mm xTxT − .We set 1000 )(  )( vxTvxG ==   and 11 )(  )( +− == mmmm VxTVxT   

Indeed, the sequence }{ mv  is a non-decreasing sequence. From (1), we get 

 1( , ,....., , , ( ))t
m m m m b

V v v v v +  

   =  1 1 1( , ,......, , , ( ))t
m m m m b

V T T T T − − −  

   1 1 1( ( ), ( ),......, ( ), ( ), )t
m m m m b

V G x G x G x G x− − −  

   =  1 1 1( , ,...., , , )t
m m m m b

V v v v v− − −      .…(2) 

for all {0}m   and t > 0, 1.b Obviously from condition (iii) we observe that 0)( t  

for all t > 0. 

From Lemma 3.2, we conclude that }{ mv  is a Cauchy sequence. Since ,*),( VX  is complete 

V-Fuzzy b-Metric Space, there exists a point Xv  such that , i.e.,  

   vxGxT m
m

m
m

==
→→

)(lim)(lim      .…(3) 

 By considering the condition )( 1a , T and G are compatible, that is  
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   ( )lim ( ( )), ( ( )),...., ( ( )), ( ( )), 1t
m m m m b

m
V G T x G T x G T x T G x

→
= , 

 for all t > 0. Since T and G both are continuous maps, we get 

   ( ( ), ( ),....., ( ), ( ), ) 1t
b

V G v G v G v T v =  

 for all t > 0, which implies that )()( vTvG = . Thus, v is a coincidence point of T and G in X. 

Now, suppose that conditions )( 2a  and )( 1.2a  hold. Since G is continuous and T, G are 

compatible maps, we have  

   ( ) ( ) ( ) )()(lim)(lim)(lim vGxGGxTGxGT m
m

m
m

m
m

===
→→→

 ….(4) 

By Lemma 2.14, we have for every t > 0 there exists tr   such that 0)( − rt  .  Using 

Lemma 2.14, (1), (4), (V-Fuzzy b-Metric Space (iii)), (V-Fuzzy b-Metric Space (v)) and 

considering →m , we get 

   ( )( ), ( ),...., ( ), ( ), t
b

V G v G v G v T v  

   ( )1( ), ( ),...., ( ), ( ( ) ( )t
m b

V G v G v G v G G x r+ −  

   ( ))(),(),((),....,((),((* 111 rvTxGGxGGxGGV mmm +++  

   =  ( ( ), ( ),...., ( ), ( ( ), ( ))t
m b

V G v G v G v G T x r−  

   ))(),()),(()),.....,(()),(((* rvTxTGxTGxTGV mmm   

   ))(),()),(()),....,(()),((( rvTxTGxTGxTGV mmm   

   =  ))(),()),(()),....,(()),((( rvTxGTxGTxGTV mmm   

   1)),()),(()),....,(()),((( = rvGxGGxGGxGGV mmm  

 Hence, )()( vTvG = , v is coincidence point of T and G. 

Now, considering conditions )( 2a  and )( 2.2a . Since ,*),( VX  is complete V-Fuzzy b-Metric 

Space and )(XG  is closed, there exists X0 v such that  

vvGxGxT m
m

m
m

===
→→

)()(lim)(lim 0     …..(5) 

)( mxG is a non-decreasing sequence. So, )()( 0vGxG m   for all Nm . Using (1) and in the 

view of Lemma 2.13 and Lemma 2.14, we get 

 0( ( ), ( ),...., ( ), ( ), )t
m m m b

V T x T x T x T v  

   ))(),(),(),.....,(),(( 0 rvTxTxTxTV mmm   

   )),(),(),.....,(),(( 0 rvGxGxGxGV mmm  

   )),(),(),.....,(),(( 0 tvGxGxGxGV mmm    …..(6) 

for all t > 0, 1,b   and Nm , taking →m  in (6) we get )()( 0vTxT m →  and by 

uniqueness of the limit we conclude that )()( 00 vTvG = . Hence, 0v  is a coincidence point of 

T and G. 

 

Theorem 3.4: In addition to hypothesis of Theorem 3.3, suppose that X is a totally ordered 

set then T and G have a unique coincidence point. Moreover, if G is weakly compatible with 

T then T and G have unique common fixed point. 

 

Proof: Assume that Xvx ,  are coincidence points of T and G. Since we have for all 

coincidence points Xvx , , there exists a point Xu  such that )(uG  is comparable to 

)(xG and )(vG . Let uu =0  then define a sequence )( muG . The sequence )( muG  and its limit 

defined similar as in Theorem 3.3, so we have  and )()( 1uTuG o = . 

 By the (V-Fuzzy b-Metric Space (vi)), we have 
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   lim ( ( ), ( ),....., ( ), ( ), ) 1t
b

t
V G u G u G u G x

→
=  

 which implies that for any )1,0(  there exists 
1t  such that  

   1

0 0 0( ( ), ( ),....., ( ), ( ), ) 1
t

b
V G u G u G u G x  − .   …..(7) 

As w , so there exists 1tr   such that 0)(lim →→ rm

m  , which implies, there exists 

0m   such that ( )m t
b

r   for all 0mm   and t > 0. 

By (1) and Lemma 2.13, we get 

   ( ( ), ( ),....., ( ), ( ), )t
m m m b

V G u G u G u G x  

   ))(),(),(),......,(),(( rxGuGuGuGV m

mmm   

   = ( ))(),(),(),.....,(),( 111 rxGuTuTuTV m

mmm −−−  

   ( ))(),(),(),.....,(),( 1

111 rxGuGuGuGV m

mmm

−

−−−   

   ....  

   )),(),(),......,(),(( 000 rxGuGuGuGV  

   )),(),(),......,(),(( 1000 txGuGuGuGV
   ……(8)

 

   −1         

for all 0mm   and t > 0. 

Hence, from (8) we can conclude that )()(lim xGuG mm =→  and similarly we can easily 

show that )()(lim vGuG mm =→  and from Uniqueness of limit we get )()( vGxG = . 

Now, let )()( vGvTe ==  and T, G are weakly compatible mappings i.e., 

)())(())(()( eGvTGvGTeT === . So, e is a coincidence point which implies that 

evGeG == )()( . Hence, e is a coincidence and common fixed point of T and G. Now 

suppose that there exists Xee  )(*  such that **)(*)( eeGeT == . Then 

**)()( eeGeGe === which shows uniqueness of common fixed point of T and G. 

 

Corollary 3.5: Let ,*),( VX  be a complete V-Fuzzy b-Metric Space and ),( X  a partially 

ordered set. X has the following property: 

 (a) If }{ mx  is a non-decreasing sequence such that xxm →  the N mxxm .  

 (b) If }{ mx  is a non-increasing sequence such that xxm →  then N mxxm . 

Suppose that XXT →:  be a mapping such that T is non-decreasing and continuous 

mapping. Let there exists w such that for all t > 0, 1,b   and Xvx ,  with vx   we 

have   ( ( ), ( ),....., ( ), ( ), ( )) ( , ,...., , , )t t
b b

V T x T x T x T v V x x x v   

Also, assume that there exists Xy 0  such that )( 0yTyo   then T has a fixed point. 

Furthermore, If X is a totally ordered set then T has a unique fixed point. 

 

Lemma 3.6: Let ,*),( VX be a V-Fuzzy b-Metric Space such that * is a continuous t-norm. 

Define .....:  mmm XXV n-times…. IX m → +
R  such that  

1 2 1 1 2( , ,....., , ) * ( , ,...., , )m mt t
n i i i nib b

V A A A V a a a==  

for all 
m

jmjjj XaaaA = ),.....,,( 21 , and for all t > 0, 1,b   where ),....,2,1( nj . 

 Then, the following properties hold. 

 (i) ,*),( mm VX  is also a V-Fuzzy b-Metric Space. 
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 (ii) Let )},....,,({ 21 m

rrrr aaaA =  be a sequence on mX  and a point 

 m

m XaaaA = ),....,,( 21 , Then AAr →}{  implies and implies by i

i

r aa →}{  for 

 ),....,2,1( mi . 

 (iii)  If (X, V, *) is complete then ,*),( mm VX  is also complete. 

 

Proof: (i) As, * is a continuous mapping and ),,( VX  be a V-Fuzzy b-Metric Space, so that 

all properties of definition of V-Fuzzy b-Metric Space are trivially satisfied by ,*),( mm VX . 

Hence, ,*),( mm VX  is also a V-Fuzzy b-Metric Space. 

 (ii) If AAr →}{  as →r , i.e., for every )1,0( , there exists Nn 0  such that for 

all  0nr  , we have  

   ( , ,....., , , ) 1m t
r r r b

V A A A A  −  for all t > 0. 

Since we have 

   1( , ,....., , , ) * ( , ,....., , , )m m i i it t
r r r i r r r ib b

V A A A A V a a a a==  

    =  
1 1 1

1( , ,...., , , )*....t
r r r b

V a a a a  

    * ( , ,....., , , )*....*j j j t
r r r j b

V a a a a  

    ( , ,...., , , )m m m t
r r r m b

V a a a a      …..(9) 

 and we have 

   ( )
1
min , ,...., , ,j j j t

r r r j b
j m

V a a a a
 

 

    ( )1 1 1

1, ,...., , , t
r r r b

V a a a a  

    ( )*.... , ,...., , , *....j j j t
r r r j b

V a a a a   

    ( )* , ,...., , ,m m m t
r r r m b

V a a a a  

    −1         ….(10) 

for all 0nr   and t> 0, 1.b  

Thus, (9) and (10) implies that, for all 0 , ( , ,...., , , ) 1i i i t
r r r i b

r n V a a a a   −  for every

),....,2,1( mi .Hence, }{}{ i

i

r aa →  as →r . 

Conversely, suppose that }{}{ i

i

r aa →  as →r  for all ),.....,2,1( mi  and * as continuous 

mapping, from definition of 
mV  we get 

 1lim ( , ,...., , ) lim* ( , ,..., , , )m m i i it t
r r i r r r ib b

r r
V A A A V a a a a=

→ →
=  

    =  1* lim ( , ,..., , , ) 1m i i i t
i r r r i b

r
V a a a a=

→
=  

 for all t > 0. Hence, AAr →}{  as →r . 

 (iii) Suppose that sequence }{ nA  is a Cauchy in ,*),( mm VX  i.e., for every )1,0(  there 

exists N0n  such that ( , ,...., , , ) 1m t
r r r n b

V A A A A  −  for all 0, nnr   and t> 0, 1.b  We 

have 

   1( , ,....., , , ) * ( , ,....., , , )m m i i i it t
r r r n i r r r nb b

V A A A A V a a a a==    …..(11) 

and 1min ( , ,....., , , )i i i i t
j m r r r n b

V a a a a    

    1* ( , ,....., , , ) 1m i i i i t
i r r r n b

V a a a a =  −     ….(12) 

 for all 0, nnr   and t>0,, 1.b  
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By (11) and (12), we can conclude that }{ i

ra  is a Cauchy sequence in ,*,VX  for all 

),....,2,1( mi . 

Now, let ,*),( VX  complete V-Fuzzy b-Metric Space i.e., i

i

r aa →}{  for every ),....,2,1( mi  

and Xai   which implies that sequence }{ nA converge to a point A on mX . Hence 

,*),( mm VX  is also a complete V-Fuzzy b-Metric Space. 

 

Definition 3.7: Let ,*),( VX  be a V-fuzzy b-metric space. Let ),( X  be a partially ordered 

set and ),....,,( 21 m=  an m-tuple mappings from (1,m,…..,m) to itself. The mappings 

XXF m →:  and XXg →:  are said to be − compatible in V-FMS if 

   ),....,,(limlim
)()2()1( m

rrr
r

i

r
r

iii xxxFgx


→→
=  

 for all monotonic sequences }{},....,{},{ 21 m

rrr xxx in X. We have  

 ( ) ( )( ,,....,,,,....,,lim
)()2()1()()2()1( m

rrr

m

rrrr
iiiiii xxxxxxgFV



→  

   ( ) ( ) )(1) (2) ( ) (1) (2) ( )
......, , ,...., , , ,...., ,i i i i i im m t

r r r r r r b
gF x x x F gx gx gx

       = 1. 

 for all 0, 1.t b   and ),.....,2,1( mi  

 

Remark 3.8: If m = 2 in Definition 3.6 (see, [13]), then XXXF →:  and XXg →: are 

compatible mappings on V-fuzzy b-metric spaces.  

 

Lemma 3.9: Let ,*),( VX be a V-fuzzy b-metric space such that * is a continuous t-norm. If 

XXF m →:  and XXg →: are  -compatible mappings on ,*),( VX  then 
mm XXT →:  

and 
mm XXG →:  are also compatible in ,*),( mm VX where T and G defined as  

 ( )( ( ),,....,,,....,,....,,)( )()2()1()()2()1( 111 mm iii
xxxFxxxFYT =  

   ( )))()2()1( ,....,,....., mmmm
xxxF   

And )......,,,()( 321 mgxgxgxgxYG =  

 For all mXY   and ),....,3,2,1(, miXxi   

 

 Proof: Let }{},......,{},{ 21 m

rrr xxx  are monotonic sequences in X such that  

   ( ))()2()1(
,....,,limlim

m

rrr
r

i

r
r

iii xxxFgx


→→
=  

 for all Xxi   and ),.....,2,1( mi  

By Lemma 3.7, )(lim)(lim rrrr YTYG →→ = , where ( ) mm

rrrr XxxxY = }{},....,{},{ 21  . Since F 

and g are  -compatible and * is continuous mapping, we get 

 lim ( ( ), ( ),....., ( ), ( ), )m t
r r r r b

r
V GT Y GT Y GT Y TG Y

→
 

  =  ( )( ( ))()2()1()()2()1(

1 ,.....,,,,.....,,*lim
m

rrr

m

rrr

m

i
r

iiiiii xxxgFxxxgFV


=
→

 

  ( ) ( ) )(1) (2) ( ) (1) (2) ( )
..., , ,....., , , ,....., ,i i i i i im m t

r r r r r r b
x x x F gx gx gx
      = 

  ( ) ( )( ,...,,.....,,,,.....,,lim*
)()2()1()()2()1(

1

m

rrr

m

rrrr

m

i
iiiiii xxxgFxxxgFV



→=  

  ( ) ( ) )(1) (2) ( ) (1) (2) ( )
, ,....., , , ,....., ,i i i i i im m t

r r r r r r b
gF x x x F gx gx gx

       

  = 1 

 all t > 0. Hence T and G are compatible mapping in ( ),*, mm VX . 
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Theorem 3.10: Let ,*),( VX  be a complete V-Fuzzy b-Metric Space and ),( X  a partially 

ordered set. Let },{ BA  be any partition of },...,3,2,1{ mm =  and ),.....,,( 21 m=  an n-

tuple of mappings from m  into itself verifying that BAi ,  if Ai  and BAi ,  if 

Bi . Let XXF m →: and XXg →:  be two mappings such that  

 (i) )()( XgXF m  . 

 (ii) F has the mixed g-monotone property on X. 

 (iii) Assume that there exists a function w , such that  

( ),....,,(),......,....,,(),....,,( 212121 mmm xxxFxxxFxxxFV  

   ))(),....,,( 21 tyyyF m  ( )1* ( , ,....., , , )m t
i i i i i b

V gx gx gx gy =
  …..(13) 

for all t > 0, 1b  and Xyyyxxx mm ,.....,,,,....,, 2121 and iii gygx   for all ),....,2,1( mi , 

where ]1,0[]1,0[: →  such that aam

i = )(* 1   for all ]1,0[a . Suppose that 

   ( )( )1 ( ) ( ) ( ) ( )* , ,...., , ,
j j j j

m t
i i i i i b

V gx gx gx gx    =
 

   ( )1* ( , ,...., , , )m t
i i i i i b

V gx gx gx gy =      …..(14) 

for ),...,2,1(, mji   and for all Xyyyxxx mm ,....,,,,...,, 2121 with iii gygx  . 

 Also, suppose that either 

 )( 1b F and g are continuous and  -compatible or  

 )( 2b X has the following properties 

 (a) If }{ nx  is a non-decreasing sequence such that xxn →  then N nxxn . 

 (b) If }{ nx  is a non-increasing sequence such that xxn →  then N nxxn ,  

 and also suppose that either  

 )( 1.2b  g is continuous and F, g are -compatible maps 

 )( 2.2b g(X) is closed. 

If there exist Xxxx m 0

2

0

1

0 ,.....,,  satisfying ( ))(

0

)2(

0

)1(

00 ,....,,
m

i

i iii xxxFgx
  for ),...,2,1( mi

then F and g have  -coincidence point. 

 

Proof: Let ,*),( VX  be a V-Fuzzy b-Metric Space such that * is a continuous t-norm and 

),( X a partially ordered set. According to Lemma 3.7 ,*),( mm VX  is also a V-Fuzzy b-

Metric Space. Define mappings XXT m →:  and XXG m →: as 

 ( ) ( )( ,...,,....,,,....,,....,,)( )()2()1()()2()1( 111 mm iii
xxxFxxxFYT =  

   ( )))()2()1( ,....,, mmmm
xxxF        ….(15) 

and ),.....,,()( 21 mgxgxgxYG =       ….(16) 

For all mXY   and Xxi   for ),.....,2,1( mi  

 Since )()( XgXF m   which implies that )()( mm XGXT  . 

 Suppose ),....,,( 
)(

0

)2(

0

)1(

00

m

i

i iii xxxFgx
  then there exists mXX 0  such that 

)( )( 0 om XTXG  . 

Now, to prove that T is a G-isotone, let there exists mXYU , such that )(  )( UGYG  which 

implies that jj gugx     when Aj  and jj gugx   when Bj , we have BAi , = {

mm →:  such that AA )(  and BB )( } when Ai  and BAi , = {
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mm →: such that BA )(  and AB )( } when Bi . Thus, we have )()(   jiji gugx   

when Aj  and )()(   jiji gugx   when Aj , for fixed Ai . As, F is mixed g-monotone, 

when Aj  and fixed Ai , we have 

  ( ) ,....,,,,...., )()1()()1()1( mjjj iiiii
xxxxxF  +−  

   ( ))()1()()1()1( ,....,,,,...., mjjj iiiii
xxxxxF  +−      

Similarly, when Bj  and fixed Ai  the inequality (17) hold. Hence, for fixed Ai  and 

for all j the inequality (17) also holds. Thus, we conclude that  

   ( ) ( ))()2()1()()2()1( ,......,,  ,......,, mm iiiiii
uuuxxxF      …..(18) 

 for Ai . Same for Bi , we have 

   ( ) ( ))()2()1()()2()1( ,......,,  ,......,, mm iiiiii
uuuxxxF      …..(19) 

 From (18) and (19), we get (U)  (Y) m TT   for mXUY , . 

 Hence, T is a G-isotone mapping. 

Now, for mXUY ,  we have )( )(  UGYG m . From Proposition 2.15 ( )
)()2()1( ,....,, mxxx  and 

( )
)()2()1( ,....,, muuu   are comparable. By using (15) and (16) in the view of these points and 

it follows that for all t > 0, 

  ( ))(),(),(),.....,(),( tUTYTYTYTV m   ( )( )()2()1(1 ,.....,,* m

m

i iii
xxxFV = , 

  ( ) ( ))()2()1()()2()1( ,.....,,,....,,.....,, mm iiiiii
xxxFxxxF  , 

  ( ) )(1) (2) ( ), ,....., , ( )
i i i

t
m b

F x x x     

   ( )(1 1 ( ) ( ) ( ) ( )* * , ,...., , ,
i i i i

m m t
i j j j j j b

V gx gx gx gu   = =
 

  ( )(1 1* * , ,...., , ,m m t
i j j j j j b

V gx gx gx gu= =  

  ( )1* ( ( ), ( ),...., ( ), ( ), )m m t
i b

V G Y G Y G Y G U==  

  ( )* ( ( ), ( ),...., ( ), ( ), )m m t
b

V G Y G Y G Y G U=  

  ( ( ), ( ),...., ( ), ( ), )m t
b

V G Y G Y G Y G U      …..(20) 

Hence, condition (iii) of Theorem 3.8 implies that condition (iii) of Theorem 3.3 w.r.t.

,*),( mm VX . Now, we have to deduce other conditions of Theorem 3.3. According to 

condition )( 1b  of Theorem 3.10, we have F, g are continuous and  -compatible, by (15) and 

(16) T and G are continuous and using Lemma 3.10, T and G are compatible. Hence 

condition )( 1a  of Theorem 3.3 holds w.r.t. ,*),( mm VX . 

Now, we assume a non-decreasing sequence m

r XY }{  such that YYr → as →r for some 
mXY  . By Lemma 3.6, ii

r xx →  as →r  and for all ),....,2,1( mi . Since, 1m  +rr YY   for 

all }0{Nr  then }{ rx  is non-decreasing sequence when Ai  and }{ rx is non-increasing 

sequence when Bi  for all }0{Nr . By condition )( 2b of Theorem 3.10, we have 
ii

r xx    when Ai  and ii

r xx    when Bi  for all }0{Nr . Which implies that, YY mr     

for all }0{Nr .  

Similarly, by assuming rY  as a non-increasing sequence we get YY mr    for all }0{Nr . 

  )(Xg  is closed i.e., )( mXG  is closed. 
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Hence, all conditions of Theorem 3.3 hold w.r.t ,*),( mm VX . Therefore, according to the 

Theorem 3.3, T and G have a coincidence point, and from (15) and (16) that coincidence 

point will be the  -coincidence point of F and g. 

 

Corollary 3.11: In addition to hypothesis of Theorem 3.11, suppose that X is a totally 

ordered set then F and g have a unique  -coincidence point. Moreover, if g is  -weakly 

compatible with F then F and G have a unique  -common fixed point. 

 

Proof: From (15), (16) and Theorem 3.4, we can easily deduce that T and G have a unique 

coincidence point w.r.t. ,*),( mm VX , which is unique -coincidence point of F and G. 

Let ( ))()2()1( ,....., mii iii
xxxFgxv ==  and F and g are  -weakly compatible. We get, 

  ( ))()2()1( ,....., mi iii
xxxgFgv =  = ( ))()2()1( ,....., miii

gxgxgxF   

  =  ( ))()2()1( ,....., miii
vvvF   

Hence, m

i Xv   is a  -coincidence point of F and g which implies that iii gvgxv == . 

Hence, iv  is a  -common fixed point and  -coincidence point of F and g. In order to prove 

uniqueness suppose that  is another  -common fixed point of F and g then, we have 

iiii vgvguu === , which proves uniqueness.  

Taking m = 2, A = {1}, B = {2} in Theorem 3.11 and corollary 3.12, we get coupled 

coincidence and coupled fixed point result as: 

 

Corollary 3.12: Let ,*),( VX  be a complete V-Fuzzy b-Metric Space with * is a continuous 

t-norm. Let ) ,( X be, partially ordered set. Let XXF →2:  and XXg →:  be two 

mappings such that  

(b) F has the mixed g-monotone properties on X. 

 (ii) )()( 2 XgXF  . 

 (iii) If there exist w , such that 

  ( )1 2 1 2 1 2 1 2( , ), ( , ),...., ( , ), ( , ), ( )t
b

V F x x F x x F x x F v v   

  ( )1 1 1 1( ( ), ( ),...., ( ), ( ), t
b

V g x g x g x g v  

  )2 2 2 2* ( ( ), ( ),...., ( ), ( ), t
b

V g x g x g x g v  

For all t > 0 and Xvvxx 2121 ,,, and )(  )( 11 vgxg  and )(  )( 22 vgxg  , where ]1,0[]1,0[: →

such that aaa )(*)(   for all ]1,0[a . Also, suppose that either  

 )( 1c F and g are continuous and compatible or  

 )( 2c X has the following property 

 (a) If }{ nx  is non-decreasing sequence such that xxn → then nx x n   . 

 (b) If }{ nx  is non-increasing sequence such that xxn → then nx x n   , 

and also suppose that either 

 )b( 1.2  g is continuous and F, g are -compatible maps or  

 )b( 2.2
)(Xg  is closed. 

If there exists Xxx 2

0

1

0 , satisfying ),(  )( 2

0

1

0

1

0 xxFxg   and ),(  )( 1

0

2

0

2

0 xxFxg  then F and g have 

coupled coincidence point. Assume that X is a totally ordered set then F and g have a unique 

coincidence point. Moreover, F and g are weakly compatible then F and g have a unique 

common coupled fixed point.  
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Remark 3.13: We can omit continuity of Q and compatibility of P, Q in the hypothesis of the 

Theorem 3.1 and Theorem 3.2 in [13], instead of these points add condition (C2.2) (i.e., Q(X) 

is closed) of the Corollary 3.12, we will get the coupled fixed point. For example, take a 

discontinuous function 

   














=

3

2
     if     1

3

2
     if     

)(

x

xx

xQ  

We use the family of the function w  which is more general class of the functions than 

ktt =)( , )1,0(k . In this manner, we generalize and improve the coupled fixed pointresults 

in [13]. 
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