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1. INTRODUCTION AND PRELIMINARIES: 

The foundation of fuzzy mathematics is laid by Lotfi A. Zadeh[24] in 1965. In 1975, 

Kramosil and Michalek [10] introduced the concept of fuzzy metric space. George and 

Veeramani [7] modified the concept of fuzzy metric space. In 1963, Gahler [5, 6] generalized 

usual notion of metric space called 2-metric space. Using the notion of 2-metric space, S. 

Sharma[21] and S. Kumar [11] introduced fuzzy 2-metric space without knowing each other 

but Ha et.al shows that 2-metric need not to be continuous function, further there is no easy 

relationship between results obtained in the two settings. In 1992, BapureDhage [4]in his 

PhD thesis introduced a new class of generalized metric space called D-metric space [13]. B. 

Singh and M. Chouhan[22] defined S-fuzzy metric space by using concept of D-metric space. 

However, Mustafa and Sims in [14] have pointed out that most of results claimed by Dhage 

and others in D-metric spaces are invalid. To overcome these fundamental flaws, they 

introduced a new concept of generalized metric space called G-metric space [14]. Using the 

concept of G-metric space, G. Sun and K Yang [23] introduced the notion of the notion of Q-

Fuzzy metric space, K.P.R. Rao et. al.[15] proved two fixed point theorems in symmetric 

Q(G)-metric space Sedghiet. al. in [16] introduced D*-metric space which is a generalized G-

metric space and gave an example which is D*-metric space but not G-metric space. Using 

the concept of D*-metric space, Sedghi and Shobe [17] defined M-Fuzzy metric space. Very 

recently, Sedghiet. al. in [18] defined S-metric space which is generalization of D*-metric 
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space and G-metric space and justified their work by various examples and definitions related 

to topology of S-metric space. N. Malviya [12] introduced the notion of N-fuzzy metric 

space, pseudo N-fuzzy metric space and describes some of their properties and examples.  

In addition to fuzzy metric spaces, there are still many extensions of metric and metric space 

terms. Bakhtin[1] and Czerwik[3] introduced a space where, instead of triangle inequality, a 

weaker condition was observed, with the aim of generalization of Banach contraction 

principal [2]. They called these spaces b-metric spaces. Relation between b-metric and fuzzy 

metric spaces is considering in [9]. On the other hand, in [19] the notion of a fuzzy b-metric 

space was introduced, where the triangle inequality is replaced by a weaker one.  

 

Now, in this paper we introduced a new space that is N-fuzzy b-metric space with the help of 

N-fuzzy metric space and b-Metric space and using the notion of asymptotic regularity of 

mappings, we prove some fixed point theorem in N-fuzzy metric space.These theorems 

generalize and improve some known fixed point theorems in literature. 

 

Definition1.1:-A binary operation :[0,1] [0,1] [0,1] [0,1]     is said to be a continuous t-

norm if ([0,1], )   is an abelian topological monoid with unit 1 such that a b c d    for 

, .a c b d  Examples of a t-norm are min{ , },a b a b  a b ab  and  

max{ 1,0}.a b a b     

 

Definition 1.2:- The 3-tuple  , ,X M T  is known as fuzzy metric space (shortly, FM-space) 

if X is an any set, T is a continuous t-norm, and M is a fuzzy set in (0, )X X    

satisfying the following conditions for all , ,x y z X and , 0;s t   

(FM-1)     , , 0,M x y t   

(FM-2)     , , 1M x y t  iff ,x y  

(FM-3)    , , , , ,M x y t M y x t  

(FM-4)          , , , , , , , ,T M x y t M y z s M x z t s   

(FM-5)   ( , , ) : [0, ) [0,1]M x y   is continuous. 

 

Definition 1.3:-A 3-tuple  , ,*X N is called anN-fuzzy metric space if X is an arbitrary (non-

empty) set, *  is a continuous t-norm, and Nis a fuzzy set on 
3 (0, ),X   satisfying the 

following conditions for each , ,x y z X and , , 0;r s t   

(N1)   , , , 0,N x y z t   

(N2)   , , , 1N x y z t  iff .x y z   

(N3)         , , , , , , , , , , , , ,N x x a r N y y a s N z z a t N x y z r s t      

(N4)  ( , , , ):(0, ) [0,1]N x y z    is continuous function. 

 

Definition 1.4:-The 3-tuple  , ,X M T  is known as fuzzy b-metric space if X is any set, T is a 

continuous t-norm, and M is a fuzzy set in (0, )X X    satisfying the following conditions 

for all , ,x y z X and , 0,s t  and a given real number 1,b   

(BM-1)     , , 0,M x y t   

(BM-2)     , , 1M x y t    if and only if ,x y  
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(BM-3)       , , , , ,M x y t M y x t  

(BM-4)     , , , , ,     ,( ( ) ( ) ( ), ,)t s
b b

T M x y M y z M x z t s   

(BM-5)   ( , , ) :[0, ) [0,1]M x y   is continuous. 

 

Definition 1.5:-The 3-tuple  , ,X N T  is known as N-fuzzy b-metric space if X is any set, T 

is a continuous t-norm, and Nis a fuzzy set in (0, )X X X     satisfying the following 

conditions for all , , ,x y z a X and s, t >0 and a given real number 1,b   

(NF-1)    , , , 0,N x y z t   

(NF-2)   , , , 1N x y z t    if and only if .x y z   

(NF-3) ( ( ) (, , , , , , ), ( )) (, ,     , , ,),s tr
b b b

N y zT x x a N y a N z a N x y z r s t    

(NF-4)     ( , , , ) : (0, ) [0,1]N x y z    is continuous function. 

 

Definition 1.6:-A mapping :[0,1] [0,1]   is called an altering distance function if  

(i)   is strictly decreasing and left continuous. 

(ii) ( ) 0    if and only if 1   

i.e, 
1

lim (1) 0.



 

  

 

Definition 1.7:- Let p  and q  be two self mappings on a N-fuzzy b-metric space  , ,*X N

and { }nx  be a sequence in .X p  is said to be asymptotically regular at a point nx X  if  

 1

0 0 0lim ( ( ), ( ), ( ), ) 1, 0, 1.n n n t
b

n
N p x p x p x t b


     

Also the sequence { }nx  is said to be asymptotically regular with respect to the pair ( , )p q  if

 lim ( ( ), ( ), ( ), ) 1, 0, 1.t
n n n b

n
N p x p x q x t b


     

 

Definition 1.8:-Two self mapping p  and q be on a N-fuzzy b-metric space  , ,*X N are said 

to be compatible if 

lim ( ( ), ( ), ( ), ) 1, 0, 1.t
n n n b

n
N pq x pq x qp x t b


     

where { }nx  is a sequence in X  such that     ,n n
n n
lim p x lim q x x
 

  for  some .x X
 

 

Definition 1.9:- A function :f    is called b-non-decreasing if x by  implies 

( ) ( ) , .f x f y for all x y   

 

2. MAIN RESULT: 

Theorem 2.1:-Let  , ,*X N be a complete fuzzy b-metric space,   be the altering distance 

function and :p X X  be such that the following condition is satisfied: 
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1

2

3

4

5

( ( ( ), ( ), ( ), )

( , ) [min{ ( ( , , ( ), )), ( ( , , ( ), ))}]

( , ) [min{ ( ( , , ( ), )), ( ( , , ( ), ))}]

( , ) ( ( , , , ))

( , ) ( ( , , ( ), )) ( ( , , ( ), ))

( , ) (

t
b

t t
b b

t t
b b

t
b

t t
b b

N p x p x p y

b x y N x x p x N y y p y

b x y N x x p x N y y p y

b x y N x x y

b x y N x x p x N y y p y

b x y N



  

  



 











 

 ( , , ( ), )) ( ( ( ), ( ), , ))

.............(1)

t t
b b

x x p y N p x p x y

 

, , 1x y X b   and 0t  where : [0, ), 1,2,3,4,5ib X X i     are such that for some 

arbitrary fixed 10, 0    and 20 1   

1 2 1

3 4 5 2

( , ) ( , )

( , ) ( , ) 2 ( , )

b x y b x y

b x y b x y b x y





 

  
 

And , : R R    are continuous functions at (0) (0) 0.    

If p is asymptotically regular at some point 0 ,x X then p  has a unique fixed point in .X  

 

Proof: Suppose that  nx  is a sequence in X where 0x X  and  1 0,nx p x n     Now if 

for some 10, ,n nn x x    then nx  is a fixed point of f. Suppose that 1n nx x n  . We show 

that the sequence  nx  is Cauchy. 

Suppose to the contrary 0 1, 0, 1t b       and two sequence of integers  nr  and  ns  

such that ,n nr s n   

   , , , 1
n n n

t
r r s b

N x x x    

   
1 1 1
, , , 1

n n n

t
r r s b

N x x x
  

   

     
1 1
, , , 1 , 0

n n n

t
r r s b

N x x x n
 

         (4) 

Now, we have  

 
1

1 , , , , , ,
3n n n n n n

t
r r s r r rb

t
N x x x N x x x

b

 
     

 
1

, , ,
3n n nr r r

t
N x x x

b

 
  

 
1

, , ,
3n n ns s r

t
N x x x

b

 
  

 
 

   1 lim , , , 1 1 1
n n n

t
r r s b

n
N x x x


         

(Since f  isasymptotically regular at 0x ) 

 lim , , , 1
n n n

t
r r s b

n
N x x x


          (5) 

Again,  
1

, , , , , ,
3n n n n n n

t
r r s r r sb

t
N x x x N x x x

b

 
  

 
, , ,

3n n nr r s

t
N x x x

b

 
  

 
1 1
, , ,

3n n ns s s

t
N x x x

b 

 
  

 
 

 
1

lim , , , 1
n n n

t
r r s b

n
N x x x


          (6) 

Taking 
1

x
nr

x


  and 
1

y
nsx


  in (1), we have  

  , , ,
n n n

t
r r s b

N x x x            n-1 n-1 n n-1 n-1 n1 r r r s s sb x,y min N x ,x ,x , N x ,x ,x ,t t
b b

    

          n-1 n-1 n n-1 n-1 n2 r r r s s sb x,y min{ N x ,x ,x , , N x ,x ,x , }t t
b b
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n-1 n-1 n-13 r r sb x,y N x ,x ,x , t

b
         

n-1 n-1 n n-1 n-1 n4 r r r s s sb x,y N x ,x , x , N x ,x , x ,t t
b b

   
 

       
n-1 n-1 n n n n-15 r r s r r sb x,y N x ,x , x , N x ,x , x ,t t

b b
   
   

Taking n  and by (4), (5), (6) and using the fact that p is asymptotically regular at 0x  

we have,            3 51 b x,y 1 2b x,y 1 1            which is a contradiction. 

Thus  nx  is a Cauchy sequence. Since  , ,X N   is a complete N-fuzzy b-metric space, 

z X   such that nx z . 

Now, 

        , , , t
n n b

N p x p x p z            1 1, min , , , , , , ,t t
n n n b b

b x y N x x x N z z p z   

          2 1, min , , , , , , ,t t
n n n b b

b x y N x x x N z z p z       3 , , , , t
n n b

b x y N x x z 

        4 1, , , , , , ,t t
n n n b b

b x y N x x x N z z p z
   
 

        5 1, , , , , , ,t t
n n nb b

b x y N x x p z N z z x 
  
 

 

For n  

           4 5lim , , , , , lim , , ,t t
b b

n n
N z z p z b x y b x y N z z p z

 
       

       4 51 , , lim , , , 0t
b

n
b x y b x y N z z p z


        

   lim , , , 0t
b

n
N z z p z


    

(Since      3 4 50 , , 2 , 1b x y b x y b x y     ) 

 p z z  . 

If u  is another fixed point of f in X, then  

      , , , , t
b

N p u p u p z            1 , min , , , , , , ,t t
b b

b x y N u u p u N z z p z     

               2 , min , , , , , , ,t t
b b

b x y N u u p u N z z p z     

        3 , , , , t
b

b x y N u u z   

             4 , , , , , , ,t t
b b

b x y N u u p u N z z p z   
 

 

             5 , , , , , , ,t t
b b

b x y N u u p z N z z p u   
 

  , , , t
b

N u u z     3 , , , , t
b

b x y N u u z      52 , , , , t
b

b x y N u u z   

      3 51 , 2 , , , , 0t
b

b x y b x y N u u z        

  , , , 0t
b

N u u z    

(Since      3 4 50 , , 2 , 1b x y b x y b x y     ) ,u z   

COROLLARY: Let , :p q X X  be mapping on a complete fuzzy b-metric space 

 , ,X N   and   be the altering distance function. Let p   and q  be asymptotically regular at 
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a point 0x X  and 1b  and both satisfy the inequality (1). Moreover, if

                   , , , , , , , , , , , ,t t t t
b b b b

N p x p x q y k N x x y N x x p x N y y q y      

           (7) 

where 0 1k   and ,x y X ,  

Then p   and q  have a unique common fixed point in X. 

 

Proof: From theorem [2.1], both f  and g   have unique fixed points say, z   and v  

respectively. 

Since f   and g  satisfy (7), 

                   , , , , , , , , , , , , ,t t t t
b b b b

N p z p z q v k N z z v N z z p z N v v q v      

            , , , , , , , , , , , ,t t t t
b b b b

N z z v k N z z v N z z z N v v v      

    1 , , , 0t
b

k N z z v     

  , , , 0t
b

N z z v       (Since 1k  ) 

z v   i.e., p   and q have a unique common fixed point. 

 

Theorem 2.2:-Let :p X X be a mapping on a complete fuzzy b-metric space  , ,*X N and 

  is the altering distance function. If f  is asymptotically regular at a point 0x X  and f  

satisfies, 

1

2

( ( ( ), ( ), ( ), ))

min{ ( ( , , , )), ( ( ( ), ( ( ), , )), ( ( ( ), ( ( ), , ))}

min{ ( ( , , , )), ( ( ( ), ( ( ), , )), ( ( , , ( ), ))}

t t t
b b b

t t t
b b b

N f x f x f y t

h N x x y N f x f x x N f x f x y

h N x x y N f y f y y N x x f y



  

  





   (8)

 

For all , , 1x y X b   and 0t   where 1 2, 1,h h   

Then f  has a unique fixed point in .X  

 

Proof:  As theorem 2.1, we construct a sequence  nx  in X  by 

   1 0 ,n nx f x n      where 0 Xx  . If there exists n  with 1,n nx x   then nx  is a 

fixed point of f . Suppose that 1n nx x   for all n . 

To show that  nx  is a Cauchy sequence. 

Let  , 0m n  . From (8) 

       , , , t
n n m b

N p x p x p x  

              1 min , , , , , , , , ( , , ,t t t
n n m n n n n n mb b b

h N x x x N p x p x x N p x p x x   

             2 min , , , , , , , , , , ,t t t
n n m m m m n n mb b b

h N x x x N p x p x x N x x p x     

Since, f  is asymptotically regular at 0x X , taking ,n m

,
lim ( ( ( ), ( ), ( ), )) 0t

n n n b
n m

N p x p x p x



 


,
lim ( ( ), ( ), ( ), ) 1.t

n n m b
n m

N p x p x p x


  

i.e.{ }nx   is a Cauchy sequence in ( , ,*)X N  
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since ( , ,*)X N  is a complete, therefore nx z  (say) in X  . 

using (8) 

1 1( ( , , ( ), ))t
n n b

N x x p z     

1

2

( ( ( ), ( ), ( ), ))

min{ ( ( , , , )), ( ( ( ), ( ), , )), ( ( ( ), ( ), , ))

min{ ( ( , , , )), ( ( ( ), ( ), , )), ( ( , , ( ), ))}

t
n n b

t t t
n n n n n n nb b b

t t t
n n n nb b b

N p x p x p z

h N x x z N p x p x x N p x p x z

h N x x z N p z p z z N x x p z



  

  





 

( ( , , ( ), )) 0t
b

N z z p z   

( ) ,p z z   establishes that z  is a fixed point for .p  

Uniqueness can be shown easily. 

Hence, z  is the unique fixed point of .p  

 

Theorem 2.3:- Let  , ,*X N be fuzzy b-metric space,   be the altering distance function and 

p and q  be two commutative self-mappings on X  such that 

1

2

( ( ( ), ( ), ( ), ))

[ ( ( ( ), ( ), ( ), ))]

[ ( ( ( ), ( ), ( ), )) ( ( ( ), ( ), ( ), ))]

t
b

t t
b b

N p x p x p y t

k N q x q x q y

k N q x q x q y N q y q y q y





 






    (9)

 

where , , 0, 1x y X t b    and 1 1 2: [0,1), 0 , 1.k k k    moreover if  

(i) q  are asymptotically regular at 0.x  

(ii) ( ),X q X  

(iii) X or ( )q X  is a complete subspace of ,X  

then p  and q  have a unique common fixed point. 

 

Proof: Let 0 .x X  since ( ) ( ),p X q X  define a sequence { }nu  by 1 1( ) ( ),n n nu p x q x  

{0}.n   

Again since p  and q  are asymptotically regular at 0x  , 

1lim ( ( , , , )) 0t
n n n b

n
N u u u 


         (10) 

To show that the sequence { }nu  is Cauchy. 

Suppose, there exist 0 1, 1b    and two sequence of integers { }nr  and { }ns  such that 

,n nr s n   

( , , , ) 1 ,
n n n

t
r r s b

N u u u    

1 1 1
( , , , ) 1 ,

n n n

t
r r s b

N u u u 
  

   

1 1
( , , , ) 1 , {0}

n n n

t
r r s b

N u u u n
 

          (11) 

Following the technique applied in theorem 2.1 we can show that 

lim ( , , , ) 1 , 0, 1
n n n

t
r r s b

n
N u u u t b


          (12) 

1 1 1

1

2

( ( , , , )) ( ( ( ), ( ), ( ), ))

[ ( ( ( ), ( ), ( ), ))

( ( ( ( ), ( ), ( ), ))

( ( ( ), ( ), ( ), ))]

n n n n n n

n n n

n n n

n n n

t t
r r s r r sb b

t
r r s b

t
r r s b

t
r r s b

N u u u N p x p x p x

k N q x q x q x

k N q x q x p x

N q x q x p x

 







  








 

Taking n  and using (10) and (12) we have  



Turkish Journal of Computer and Mathematics Education   Vol.11 No.01 (2020), 647-656 

 

 

 

654 

 

 

 
Research Article   

 
 

   1(1 ) 1 1k           

is a contradiction. Hence { }nu  is a Cauchy sequence. 

Suppose that ( )q X  is complete, then there exist ( )v q X  such that 

lim .n
n

u v


    Also, for some z X  we have ( ) .q z v  

Now,  

1

1

2

( ( ( ), ( ), , )) ( ( ( ), ( ), ( ), ))

[ ( ( ( ), ( ), ( ), )

( ( ( ( ), ( ), ( ), ))

( ( ( ), ( ), ( ), )))]

t t
n nb b

t
n b

t
b

t
n n n b

N p z p z u N p z p z p x

k N q z q z q x

k N p z p z q z

N p x p x q x

 







 







 

For n  , 

1 2( ( ( ), ( ), , )) [ ( ( ( ), ( ), , ))]t t
b b

N p z p z v k k N p z p z v   

1 2(1 ) ( ( ( ), ( ), , )) 0t
b

k k N p z p z v    

( ( ( ), ( ), , )) 0t
b

N p z p z v   

( )p z v   

Therefore ( ) ( )p z v q z  i.e. z  is the coincident point of p and q . 

Next, from (9), 

1

2

( ( ( ( )), ( ( )), ( ), )) [ ( ( ( ( )), ( ( )), ( ), )

( ( ( ( ( )), ( ( )), ( ( )), ))

( ( ( ), ( ), ( ), )))]

t t
b b

t
b

t
b

N p p z p p z p z k N q p z q p z p z

k N p p z p p z q p z

N p z p z q z

 










 

1

2

[ ( ( ( ( )), ( ( )), ( ), ))

( ( ( ( ( )), ( ( )), ( ( )), ))

( ( ( ), ( ), ( ), )))]

t
b

t
b

t
b

k N p q z p q z q z

k N p p z p p z p q z

N p z p z q z













 

(Since pq qp ) 

1

2

[ ( ( ( ( )), ( ( )), ( ), )

( ( ( ( ( )), ( ( )), ( ( )), ))

( ( ( ), ( ), ( ), )))]

t
b

t
b

t
b

k N p p z p p z p z

k N p p z p p z p p z

N p z p z q z











 

1 ( ( ( ( )), ( ( )), ( ), ))t
b

k N p p z p p z p z  

1(1 ) ( ( ( ( )), ( ( )), ( ), ) 0t
b

k N p p z p p z p z    

( ( ( ( )), ( ( )), ( ), ) 0t
b

N p p z p p z p z   

( ( )) ( )p p z p z v    

Similarly,  ( ( )) ( ) .q q z q z v   

Hence v  is a common fixed point of p and q . If 1v  is another common point of p  and q  , 

then 

1 1 1

2

1 1 1

( ( ( ), ( ), ( ), )) [ ( ( ( ), ( ), ( ), )

( ( ( ( ), ( )), ( ), ))

( ( ( ), ( ), ( ), )))]

t t
b b

t
b

t
b

N p v p v p v k N q v q v q v

k N p v p v q v

N p v p v q v

 











 

1 1 1

2

1 1 1

( ( , , , )) [ ( ( , , , )

( ( ( , , , ))

( ( , , , )))]

t t
b b

t
b

t
b

N v v v k N v v v

k N v v v

N v v v
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1 1(1 ) ( ( , , , )) 0t
b

k N v v v    

1v v   

Hence p  and q  have a unique common fixed point in .X  
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