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Abstract

Study about the MHD unsteady third grade thin film fluid flow
in an oscillating two parallel moving belts. The moving vertical belts
are oscillating and liquid drain down due to the gravity. Resulting fluid
flow, thermal and mass transfer processes appearing in the third grade
fluid are described by system of coupled non-linear equations are solved
using suitable perturbation method. Numerically outputs are obtained
graphically portrayed and the important characteristics parameters are

discussed.
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1 Introduction

Non-Newtonian third grade fluid have a large applications in industrial
processes such as polymers, drilling mud, molten plastics, blood, tomato
ketchup, slurries, oil recovery, gasoline, lubricants and diesel engine. In this
types of fluids are highly complex and non-linear partial differential equations.
Certain more important studies dealing with the non-Newtonian fluids flow
are (7% For different types of flow situations is the subclass of various
type fluid such as third order fluid have received special attention. So the
present analysis deals with the problem of non-Newtonian third grade fluid
due to extensive uses. Third grade fluid captures the shear thinning and also
normal stress or shear thinning effects of non-Newtonian. The impact of third
grade non-Newtonian fluid has a important applications in the current global
environment. The flow of these fluids utilized in petroleum industry, foam
processing of plastic, production of polymer materials, food industry, biological
diagnosis, manufacturing of paints and chemical industry etc. Third order thin
layer fluid actual in various positions in science and technology. Rajagopal
et.al., ® addressed the thermodynamics transfer of various non-Newtonian
third order fluid in different planes. Gul et.al., (" computed a third grade
unsteady fluid flow of vertical oscillating heat transfer with parallel plates.
Shuaib et.al., ® reported heat transfer and unsteady MHD flow of third grade
fluid past on oscillating vertical belt. Ellahi et.al.,® studied heat transfer
analysis of third order fluid effect in different level with flat channel.

Third grade thin film flow problems appear in many field from specific
situations in the flow polymer films ,thin sheets and lubrication oil processes in
engineering which is probably one of the largest sub-field of thin film. Few other
main process of applications are found in coating flows, micro-fluid engineering,
bio-fluid and medicine. Many researchers have been established by the fluid
flow and heat transfer inside thin films as follows, Hayat et.al.,(19=13) and
Siddiqui et.al., 14~ made explicated their valuable contributions to the thin
film flows of non-Newtonian third grade fluids. Idowu et.al.,'® displayed

a thermal radiation and chemical reaction effects on third grade fluid flow
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between stationary and oscillating plates. Baoku et.al., ™ developed the
effects of thermal radiation on heat transfer in third grade fluid over a vertical
plate with suction. Perturbation method are a special class of analytical
methods for determining approximate solutions of higher order systematic
non-linear equations. They are very appropriate techniques for researcher
demonstrating, predicting and describing phenomena in vibrating systems

20)

that are caused by non-linear effects. Followed Holmes mark (9 presented

the introduction to Perturbation methods for ordinary differential equations
to determine the system of non-liner higher derivatives. Nazeer et.al., 19
analyzed perturbation and numerical solutions of non-newtonian fluid bounded
with in a porous channel.

The main aim of the present work is to study of MHD heat transfer third
grade thin film flow of oscillating and moving upward belts. Let us consider
two types of third grade non-Newtonian thin film flows (7) lifting flow and
(77) drainage flow. The explanation of our mathematical model to decisive
the equations are clarify to solve flow equations for lift and drainage. The

computational with the graphical results are established and quantitatively

explained with respect to existing fluid parameters entrenched in the flow.

2 Mathematical formulation

(i)Lifting flow problem:

Assuming unsteady flow of third grade fluid and heat transfer on a flat
oscillating and vertically upward moving belt as shown in figure 1. Every
uniform velocity of the belt denoted as V. A magnetic profile is applied
uniformly to the belt. During the motion of the belt take itself a thin layer
of liquid with constant thickness ¢. System of axial framework selected by
(z,y) in such a way that z— axis perpendicular to the surface belt and y—
axis chosen to the parallel belt. We consider the fluid flow to be a steady,
incompressible, laminar, pressure is everywhere atmospheric and balance of

gravity as remain stable.
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Thin film

Magnetic field

Fig.1 Physical configuration of the lifting flow problem:
Fundamental equations of third grade fluid can be expressed as,

Conservation of mass
V'V =0 (1)

The fluid velocity vector denoted by V .

Conservation of momentum

DV

— =V.T JxB 2
o +pg + t+r (2)
Here, r = —< u+ 041%}% denoted as third grade resistance fluid.
where, % = % +(V.V) is a material derivative time, p be a density constant,

T is the shear stress, J be a Joule density, B is the magnetic field, g
represented as force of gravitation, ¢ be a porous parameter, k denoted as
permeability and p be a dynamic viscosity.

Conservation of energy

DO
Py = kV2O +tr(t.L) — V.q, (3)

Rosseland estimation of radiative heat flux is written by,

00* 40
G=——F7
0xr 3«
where, L=VV , k be a thermal conductivity, ¢, is the specific heat, T
indicates as Cauchy tensor stress, ® be a heat transfer, ¢ denoted as

a Stefan-Boltzmann constant, q, is the radiation heat flux, o' is a mean
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coefficient absorption.

Taylor series following form are expanding as ©* about 6, by:
0!~ 4030 — 30,
Conservation of species
DC

B = DV2C + tr(T.L) — K.(C — Cj) (4)

Where, C indicates as third grade concentration fluid, K; be a chemical rate
reaction, D is the mass diffusivity coefficient.
The magnetic induction (B) is applied to transitionally oscillating belt and

external Lorentz body force are derived by,
JxB= {O,JBgv[x,t],O} (5)
The tensor of shear stress T is defined by,
T=—plI+T, (6)
where —pl is the stress of isotropic and 7 is noted below,
T = AL + a1Ag + A2 + B1A3 + Bo( A1 Ay + AgAy) + B3(trA2)A,.  (7)

In which, tensors of kinematic A;, Ay and Az and «;, B; be a material

moduli constants.
T
A, =(L)+ (L)

A, =D LA, (L) + (L)A,n > 1

% Z 07 |a1 +042| S V 24:“53’@1 Z 07/817627/83 Z 0. (9)

The nature of the fluid flow oscillating form are,

V =1[0,v(x,t),0] , © =O(x,t) and C = C(z,t). (10)
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Inserting equation (10) applying in (1) and (6) - (9), the equation (1)

satisfied and equation (6) becomes a tensor stress,

Txax = _p+a2( ) +262( )(aajat)

Txy = “ax + 5= 890815 + 2(52 + 53)( ) + Bl(axaﬁ)

Ty = —p+ (200 +02) (32 + (651 +2602) (32) (55 )
T.. = — b,
sz - Tyz =0 J

where, Toy=Tye, Tos=Tox, Tys =Ty

From equations (11) applying in (2), (3) and (4) with all premises are

reduced, The system of third grade equation are,
o = g+ o (5) + Bi5e(58)

6(B2 + 83)(22)2(28) — pg — 0 B3v — (1 + 2B3(22)%) 2.

pcpat K(?)m?‘i‘/‘(g) +a13t( ) +ﬁ13t2( )2

(12)
12(8y + ) (22)? + i,
= DES + u(GE) + an g (397 + Bigp (5
2B+ B5) (B2~ KLC — C). )
Solve the equation (12) to introduced below boundary condition,
v(x,t) = V+VCoswt, O(z,t) = Oy, C(x,t) = Chatx = ¢ 13)

v(—z,t) = V+VCoswt, O(—x,t) = 0y, C(—z,t) = Chatx = —0
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2.1 Solution Method

(i)Determination of velocity, temperature and concentration:

Non-dimensional variables are introduced:

S_ v 7t —_ _ p¥%g _ 9B o
U_Vat_ 2p7x_5ast_l,v7M_ 110 7a_p527
’
_ v _ (Be+B3)V2 B Pip _ 160 O3 6-6g _ V2
Sc_ D> B_ 1102 ) 51_ 52 N = 3a’k 9 ©0,-69 Nc cp(©1—60)’
_opp = _ C—Cy u2p _ K2
=5 cc=c Ne=a-q K=7 )

Using the required dimensionless quantities in (12) and dropping the symbol

for simplicity, the non-dimensionless form of equations becomes,

%:%+O‘a_<<§_)+65( )( )+518t2( 5) — (M + Nov(x)

(15)
—S; — 28M(2) u(x)
99 (1+N)o%0 ov 2 v, , 0% ov 2 ov !
a- P @{ C(a_x) +a(%)(0t8x> ﬁl@tQ( ) +25(a—x) }(16)
G — L%+ NL((3D)" + U) () + B (3]
(17)

+28(2)") - Ke

where, M is a magnetic parameter, B, be a Brinkman number, A be a
dimensionless number, [ is non-Newtonian effect, P, denoted as Prandtl
number, N, represents as concentration difference parameter, S. denoted by
schmidt number, « is second order variable and S; is the stock number, S,
describes the material moduli of third grade fluid.

Required dimensionless boundary conditions (13) form are:

v=1+Coswt, ) =1, ¢c = latx =1

v =14Coswt, § = 0, ¢c = 0atx = —1
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To find the velocity, thermal field and concentration profile Using perturbation

techniques are,

v(w,t) = vo(x) + fe™v(x) + 0(5?)....

O(x,t) = O(x) + Be (x) + 0(52).... (19)

c(y,t) = co(z) + Becr(x) + 0(5?)....

Base part of lifting problem:

32’00

0x?

—St (M+)\)UQ:O

Required solution of the equation are,

_ N{YESYY: Jorne St 9
vo(z) = Che” T+ Che WES (20)

vo(1) = 1+ Coswt, vo(—1) =1+ Coswt, (21)

From the boundary condition (21) applying in (20), the base result is,

2Sinh/ (M+X)

)
25inh2y/(M+X) }6_,/(M+,\)ac+

. {((1+C’oswt)+ (M+,\))(1

Si QSznhm i St
{((1 + Coswt) + UES )(QSznth)} VN Pt (99)

Perturbation part of lifting problem:

02 0 02
(14 an+n*B) a“; +(8U0) {6( 8;20) —2)\1)0} —(M4+X+n)v, =0

The prescribed solution of the equation are,

)

+a1l263 \ (M+A)z + a2l3€ \ (M+X)z + a214e_ \ (M+A)z (23)
+a3l5672\/(M+)\):E + a31662\/(M+)\);r + (l4l7
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v1(1) =0,v1(—=1) =0, (24)

From the boundary condition (24) substitute in (23), the perturbation result

are,

/ MAXfn . / IW+)\+n e )
2 [(—META+n
( ) fle 1+an+n 81 1+an+n L‘? 2 ( 1+an+n2ﬁ1 )

1\/I+)\+n
2Sznh2\/ 1+om+n261)

/ M+)\+n [( _M+Xtn
( M+A+n )27} _ ( MAXN+n { f26 1+an+n ﬁl (m)x }
€

1+o¢n+n251 1+an+n251
P e
1

‘|‘f1€
ev (%)w + a1l16_3 V (M+A)z + CLll2€3 V (M+X)z + azlge V (M+A)z
+a2l46_ \ (M+A)z + a3l5e_2 \ (M+A)z -+ CL31662 v (M+X)z -+ CL4l7

Vs
Combined those solutions and neglecting the higher order terms (3?) in

equation (19), gives lifting velocity are,

— 3
’U(ZL‘) = Cre” (M) + ceV (M+M)z _ (M—i-)\) + 5€nt{ (%)m

Fege (%)xjtllale_?"/w“)m—|—l2a163‘/(M+’\ 4 lyageV MV (26)
Hlya0e™VIIENT [ qae 2V MHENT | 1 qaeVEMAENT g,

2.2 Temperature analysis of lifting flow problem:

Base part of lifting problem:

(1+N)82@0 %

2 _
P, Ox? C<8x) =0

The appropriate solution of above equation,

P.E. N
Oo(z) = Csz + Cs — T+ {rle 2V (MANz ) 29 (MAN 7"3.7:2} (27)

Oo(1) = 1,00(0) = —1. (28)

From the boundary condition (28) applying in (27), the base out comes are,

Oulc) = (Bpi=2p) + (1lgtm)) _ { e
29
2V (M+X)e +r3x2}
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where, gy = —AEe (p1e7 2V ) 2V MY gy

~ (1+N)
2 = — 2B 1V O 4 1y VTN

Perturbation part of lifting problem:

N 82@1 2 82) 81)1 E)v
(1; )(8x2)_n@1+{ (2+an+n 51)(8;)(a )+2(6;)} 0

Solution of prescribed equation are,

_ [P, [ nPr_ E P,
@1(35) = Che VI + Cge a+Ny % —(1 i N) {(2 +an+n 61)(17 e —(b1+b)x

_'_p2€(b1fb)x + p3674bx + pye 2b1x + ps + pee —4bx + p7673bx + pgebx + po + ploe(lerb):):

+p11e” 2 4 p1oe®®™® + p13e®” 4 pry + prseT + p16€3bx) + prre” 4"
+p1se™ + proe®® + poge 2 + p21} (30)
0:(0) =1,04(0) = —1. (31)

From the boundary condition (31) substitute in (30), the perturbation result

are,

nPr nPp
—1 hoe VGINT _ g o VEERT 1 sy,
@1($):—{h1—|—( 2 ! ) e (1+N) +

2Sinh2, /({5 )z

{ EH7 _ eV G }\/Wz_ E.P,

{(2 + an + nQﬁl)(ple—(bﬁ-b)w + pze(ln—b):t + p3€—4b$ + p462b1x

—3bx (b1+b)x

+ps + pee” " + pre + pge™ + po + proe + prie 2 4 proe™ + prze®™
+p1a + prse” " 4 pise®®) + prre ™ 4 prge®™ + proe®® + poge " + p21} (32)
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Combined those solutions and neglecting the higher order terms (3?) in

equation (19), gives lifting temperature flow,

P?"EC —
O(z) = Csx + Cg — m{ﬁe 2/ Nz |y o2V (N T3w2}

1Y & nPr_, EcPr —
+ﬁent{07e N7 4 CgeV 0+~ — a+m {(2 + an + n?py) (pre” b1t

+p26(b1—b)x + p3€—4bx + p4€2b1:v + ps + p66—4b:§ + p76—361’ + psebx + po + ploe(bl-l—b):c

3ba:) bx

+p11e” " 4 proe™® + pi13e®® + pry + prse” + prge + pire?

+p18e®™ + p1oe®® + poge ™" + poy } } (33)

where, hy = — L5 (2 + an + n2By) (pre~ ) 4 pre®1=) 4 pyet 4 pye?n 4
ps + pee ™ + pre™ + pgeb + po + proe® Y + prie™® + prae®® + pize® + puy +

p15e " + p16€®) + prre 1 + pi1ge®® + proe® + page ™ + par),

ha = — 2555 (2 + an +12B1) (p1e®H?) 4 poe™ @70 4 pre®® 4 pye +
D5 + pee + pre®® + pse ™ + py + proe” 1) + piie® + proe™ + prse 4 pry +

pise’ + P16€73b) + prre®® + prge ™ + proe? + page? + Pa1)

2.3 Concentration analysis of lifting flow problem:

Base part of lifting problem:

1 8260 81}0 9
EW+ {Nc(%> —]CC()—O

The appropriate solution becomes,

co(w) = Coe VR 4 ¢1peVhoer — NcSc{Q1€2 VMENE 1 goe? VDT %}(34)
co(1) =1,¢0(0) = —1. (35)
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Substitute boundary condition (35) in (34), base part are,

N (<1 - f3)€m + f4€7m)€72\/m>6 RS | ((1 - f3)€m + f467‘/W

co(w) = (fae” 28inh2 kS, 28inh2 kS,

—VkScx __ Ncsc{qlez,/(MJrA)x + q2€2,/(M+A)z + qg} (36)

Wherev f3 = CI1€_2 Y (M+A) + (&62 v (M+2)z + qs,
f4 = q1@2\/ (M+XN)z + q2672\/(M+)\ T + q3

Perturbation part of lifting problem:

1 8261 2 81}0 (%1 81)0 -
S<aﬁ>+N{«mHm+nﬁanxa>+zgm>ﬁ—wn+mq—o

solve the equation, we get

c(z) =Che Vv (ktn)Sez 4 1 eV (ktn)Ser _ NCSC{ (2+an+ nQﬂl)(ple_(bﬁb)x + poeltr =0z

+pse —4bzx + p4€2b$ + ps + p66—2bx + pre —3bz + pge L. Dy + ploe(bl—i—b)x + plle—ZbJ: + p12€4bm
+P13€% + pra) + prse " + pree®™® + prre T + p1ge®™® + proe® + p20€_2bx}(37)

1(0) = 1,¢,(0) = —1. (38)

Boundary condition (38) substitute in (37), the perturbation result is,

v (k+n)Se v/ (k+n)Sc
cmw={®VWﬂ&W” e

)+ hge\/(k-i-n)sc)e—\/(k—i-n)scx

28inh2eV (k+n)Se

h3e\/(k+n)86___h4€\/ (k+n)S
28inh2eV (n)Se

eVl {@+an+ﬁ&ﬂme“%ﬁ

_'_pze(bl—b):p + p36—4b:p +p be + ps + pee —2bx + pre —3bx + p8e T Py + ploe(bl—l—b)x + plle—Qbm

+p12e®™ + pi3e®® + p1a) + P15 " + pr6e®™ + prre T 4+ pige®™ + prge®” + P20€_2bw}(39)
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Combined those solutions and neglecting the higher order terms (/3?)

equation (19), gives lifting concentration flow,

c(x) = Coe™VESr 4 ¢ geVhoer _ NCSC{Q16_2V (MANz g2V (MFNT Q3}

(k4+n)S (k+n)Se
e e
2Sinh2e n)oe

h36 Y (hrm)Se h4€ ! (k+n)S, ) \/kJrTcx
25inh2eV (k+n)Se

{(2 +an + n2ﬁl)(ple’(b1+b)”

2ba: —3bx (b1+b)z 2bx

+poeltt0T et 4y + ps + pse 2" + pre + pge’™ + pg + proe + prie”

+p12e™ + pr3e®” + P1a) + P15 + pr6e®™ + prre M + pige™ + proe®™ + poge 2" }(40)

where, hs = —NCSC{(2+an+n251)(ple(b1+b)m+pge(blb)$+pge4bm+p462bx+
D5 + pee 2P + pre 3 4 pgel® + pg + proe® T 4 prem e 4 pioettT 4 prge? +

p14) + P15€ 7% + p16€®® + prre T 4 pr1gel® + prge®® + poge 2

hy = —NoSe< (2+an+n?B;) (pre® 0% + pye= G702 4 predbe 4 p =2 4
D5 + e + pre3 + pge P + pg + proe” 1T 4 py 2T 4 proe T 4 pigem e 4

p14) + P15€" + prae 3 + pr7e® + p1geT + prge T 4 poge”

3 (ii)Drainage flow problem:

In drainage flow problem we consider the belts is vertically not moving and
oscillating only as sketched in figure 2. Remaining axial coordinates and
assumptions are same in previous lifting flow problems. Non-Newtonian third
order fluid layer draining down to the belt due to gravity. since gravity balance

mentioned only positive.
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Fig.2 Physical configuration of the drainage flow problem:
Using the stress tensor component equation (11) and with all assumptions in

(2), (3) and (4) of drainage flow reduced, the coupled equations are described

by,

pat

F6(Ba + Bs) (22)2(Zy

“aﬂ + O‘lat(ax2) + 518152(39;2)

)+ pg — o BZv — (u+ 2P3(22)?) 2.

pcy 2@ = K29 4 (20)2 4 0, 2(2)2 4 5, 22 (202
(41)
+2(By + B)(2)P + 0o

Dax2 +H( )‘i‘O‘lat( )+518t2( )2

+2(B2 + B5)(52)* — K(C = Cy).

Vs

Appropriate boundary condition are introduced, to solve the equation (41),

v(xz,t) = VCoswt, O(x,t) = Oy, C(z,t) = Coatx = §

(42)

v(z,t) = VCoswt, O(—x,t) = 01, C(—z,t) = Chatx = —§

Applying the dimensionless quantities in equations (41) and (42) and

neglecting bars we obtain,

G = 58+ agi(53) +6B(5) (58) — (M + No(a)
(43)
+S; + 28A(2) u(x)
99 (1+N)o*0 o 2 ov._, 0*v ov ov *
o B %{Ec(%) +a(5) G + 51(%2( )”5(83;)}(44)
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oc 1 9% ov 2 ov ., 0% ov 2 ov
i E@*'Nc((%) +04(a )(61583:) ﬁlatz(—) +25(%) ) — Kc

v = Coswt, = 1, ¢c = latzx =1
(45)

v = Coswt, # = 0, ¢c = 0atx = —1

Form equations (43) — (45) solved analytically using perturbation techniques,
The system of equations are derived by,
Base part of Drainage problem:

(921)0

0x?

+St <M+/\)U0:0

The required solution of the equation are,

UO(I)—C —+/ (M+XN)zx +C \/(M+)\m+(M+>\> (46)

vo(1) = Coswt, vo(—1) = Coswt, (47)

Boundary condition (48) applying in (20), the base solution are,

2Sinh/ (M+X) )

25inh2,/(M+\) } TSy

vo(x) =

((Coswt) — (M+>\))(1

—i—{((Coswt)—( St )(2SMhv M+2) } “VMENe P (48)

M+ X) 2Sinh2/(M + \)

Perturbation part of Drainage problem:

(M A)

2
(1+an+ nm%”; + ((%0) {6(6 oy 2)\1)0} — (M 4+ X +n)v; =0

Ox O0x?

Solution of the equations are,

)

vi(z) = Cye (romenta)® 4 C, o (Fonida)” +al e~V
+a1l 3V (M+2)z +a I 6\/(M+)\m_|_a l e~V (M+N)x (49)

taglse” 2V MHENT gl 2V MEN g
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v (1) = 0,01(—1) =0, (50)

From the boundary condition (51) substitute in (50), the perturbation result
is,

, ( ]VI+A+2TL Yo , - ( 1\4+A+én = MERT )
n
vl(x) _ (f1€ Irantnsf) = _f e V 1tantnsf 2 (ﬁW ﬂl)

: M+X+n ) + €
QSth\/( Trantn?f] )

MEXT [T TAT Vi S ries o LI Y (Co e RS
_MrArn — _MrArn 1+an+ _ 14+an+n28
+ ! (1+an+n261 )x 1+an+n2,31 )x + f26 antn®f f16 anTnTe
1€ € 25inh2, [(F AL
1+an+n=pq

(51)
(ot ) n a’ll’le—S\/(MnL)\)x +a’1l’2€3w/(M+)\)x I a;lée,/(MH)z

Faplye VN gl LoV (MANz LoV (MANT 4 g T

Vs

Combined those drainage velocity and neglecting the higher order terms (3?)

in equation (19), The velocity becomes,

M+X4+n )

v(z) = Cre VT 4 CleV/(Mro)r | St ﬁent{c;e (anbndsy)”

(M+a)
04V ERE e WO [ 0T g/ (52

Hlyage” VIMFOT 4 [Lgrem2V (MFa)r 4 g eV M T 4 g

3.1 Temperature analysis of drainage flow problem:

Base part of drainage problem:

(1+ N) 9%6q

v

P, Ox? el ox

2 =0

solve the base equation,
! ! PTEC I =24/ (M+N)z " 24/ (M+N)z r2
@0(35) = O5$ + CG - m re + rye + r3x (53)

Bo(1) = 1,6,(0) = —1. (54)

Applying boundary condition (55) in (54), the base solution is,

g/—g/—2 1—(g/+g/ P.E, ;o -
Oo(z) = (QTlﬂ + ( é 2)) BGEN) e 2V (M)
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+rye 2(/(M+)a —l—rx} (55)

where, g, = — FrEe (rle VD) ol g2V (MFX) gy

TN
g'2 (ﬁ% (7“1 V(M) —i—r e 2V (M+A) 4 ) 3) -

Perturbation part of drainage problem:

N 82@1 2 82) 81)1 E)v
(1; )(8x2)_n@1+{ [(2+an+n 51)(8;)(8 )+2(6;)} 0

The solution of equation becomes,

/ nPyp _nPr_. ECPT .
@1($) = 076 m T+ C e\/m — m{(Q—i_Oén—*—nQﬁl)(ple (b1+b)z

_'_p2€(b1fb)a: + p3674bx + p 2b1x + p5 + pG —4bx + p —3bx + pg T 4 Do + ploe(b1+b)x

+pyie 2 4 proe® 4 pige®® 4 piy + prse T+ pige™) + proe
+p/1864b$ ‘1‘19/196%36 +p,206_2bm —|—p/21} (56)
01(0) = 1,0, (0) = —1. (57)

From boundary condition (58) applying in (57), the perturbation solution is,
—1 / h;e_v (infg])x — hlle_ v (%)x _ (nPr Yo
— = hy 4 ( ) e

1+N
25inh2,/( fﬁv)x

@1(&7) =

nPr nPT

hpe VUER _ eV mms - ELP,

+{ 2 < }e (%) ——{(Z—i-om—l—n%l)
25inh2y /(2L )z (1+N)

1+N
(p’lef(bﬁb)m + pée(bl—b)z + p;674bz + p;ezb” + pl5 + p%674bx + p;e’%x—i-

(b1+b)z —2bzx 4bx 2bx

psebm + Dg + D1p€ + p1i€ TP FpigeT Py +p15eibx

+P’1663b$) + PI17@_4bI + p,1864bz + Pllge%cc + pl20@_2bz + p,21} (58)

1085



Turkish Journal of Computer and Mathematics Education Vol.10N0.03 (2019), 1069-1100

Research Article

Combined those drainage temperature and neglecting the higher order terms

(%) in equation (19), The solution becomes,

/ ’ PTEC r_ ’ ’
H(x) = 053; + 06 _ m{"’le 27/ (MA4N)z 4 70262\/(M+A)m + 7,31,2}

y [P, » Py E.P, ;o
+ﬂent{07e Ny + CgeV T+ ——{(2+an+n251)(ple (b1+b)e

(1+N)

+p’26(b1—b)x + p;€—4bx + p 2b1x + p5 + p66 bx + p —3bx + pS T 4 p;) + plloe(bl-l-b)z

2bx 2bx

+ppe T+ p1264bm T D3¢ Pyt p15€7b$ + p16€3bx) + p17674bz

+p/18€4bx + p/19€2bx + pl206 S p21 }} (59)

where, h} = — i (2 +an+ n?B1)(pre” G170 4 poe®i=t) 4 pre=1b 4 ple?h 4

s + pge ™ + pre7 + pee® + py + proe® ) + priem® + proe® + prge® + pyy +
p/1537b + p/1663b) + p/17€74b + p/1864b + p,1962b + p/20672b + pl21) ,
hy = — 55 (2 + an + 0281 (p1e® 0 4 poe™ @70 4 pye®® 4 pre +

Ps +pee™ + pre® + pge ™ + po + proe” P + ppy e +proe + pige ™ +py, +
P15€” + Prge™™) + pire® + prge™ + plge ™ + poge® + pyy)

3.2 Concentration analysis of drainage flow problem:

Base part of drainage problem:

1 6200 81}0 9
EW+ {Nc(%> —k’Co—O

Solution of the equation as become,

C()(ZL') — Cée— kScx + C;OG EScx NCSC{Q’le—QV(M—i—)\)w

62‘/(M+)‘ z 4 qé} (60)
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co(1) =1,¢(0) = —1. (61)
From boundary condition (62) substitute in (61), base part is,

/ 1— VES: 4 f o—VESe
eola) = (e~ — (LT S sy s
25inh2v/ kS,

(1= fy)eV¥se + freVF5
2S5inh2+vkS.

+( )6_ kS.x

_NcSc { q;672\ / (M+/\)CE + q’262\/ (M+/\)x + qé} (62)

where, fé _ q’1€—2\/(M+/\):c X q’262\/(M+/\)x X q;,
£l = qflez,/(MH)x i q’2672\/(M+)\)x i qé

Perturbation part of lifting problem:

1 0% o Ovy, OV vy 4 _
S(ax2)+N{((2+an+nﬁ1)(a )(ax)+2(%))}_("+k)cl_o

solve the equation, we get

c1 (Q;) = O;le—\/ (k+n)Scx + 0126\/ (k+n)Scx _ NCSC{(2 +an+ n251)(p’1€—(b1+b)r +p’2€(bl—b)m

4bx 2bx

+pse” " + p4€ + s + Pee_%gc + P e Ps M ploe(bl+b)x +pe " et

+p13€2bx + 1) + p156_bx + p1663bx + p17e_4bx + p1864bx + p1962bx + p20€_2bx}(63)

c1(0) = 1,¢,(0) = —1. (64)

Boundary condition (65) applying in (64), the perturbation are,

v/ (k+n)S, h e\/ (k4+n)S.
28inh2eV (k+n)Se

~ hee , - B .
Cl( ) {( v (k+ )S( 3 )+h3e\/(k+ )Sc)8 V/(k+n)Se

hgey/(k—l-n)sc . hile\/ (k+n)S,
2Sinh2eV (ktn)Se

) v/ (k4+n)Scx {(2 +an +n251)(p/16_(b1+b)‘”
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+p, e(b1 b)x + p3674bx + p462bz + ps + p6672bx + p —3bz + p8€ L Do + ploe(b1+b)x + p11672bz

+I712€4bz + p1362bx + 1) + Plse_bw + p1663bx + 1’9176_4[)z + p1864bx + plge%m + P20€_2bz}(65)

Combined those drainage concentration and neglecting the higher order terms

(6%) in equation (19), The solution becomes,

c(x) _ CS;B_ kScx + Cioe kScx Ncsc{q’le—Qy/(M-ﬁ-)\)a: + q’262\/(M+)\)a: + qé}

(k+n)S (k+n)Se
{< e e T VT
2Sinh2e n)oe

e /(k+n)S h4€‘ /(k+n)S, ) \/mx

25inh2 \/W {(2 + an + n251)(p'16—(b1+b)x
m e c

(b1—b)x —4bx —2bzx

+pye + e 4 pe®® 1 g+ pee™ % 4 pre T 4 peet® + py + proe™ VT 4 p) e

126" 4 P13 + pry) + Pise "+ Prg™” + proe T 4 prge™™ + pro€®™ + pyoe }(66)
where, hy = —N.S.{ (2+an+n?B;)(pie” 1702 4 pebri=b)z gy e=tbe 4 gy o2 4

s + Pge 2% + pre 3T 4 peb® + py + proe® I 4 pl e 4 ploetT 4 plaeT

/ /o —bx ! 3bx ! —Abx ! 4bx ! 2bx o —2bx
P1a) + Pis€ + P +Dige + D1ge "+ Pro€™ + Py

' "b r a3 '’ ab r 4 ) 1o
P1a) + D157+ D16 A D1t A Prge T A prge T+ pyge”

4 Results and Discussion

To see the influences of emerging pertinent variables, such as third order

parameter (f), magnetic induction (M), stock number S;, material moduli
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third order (f;), porous parameter (\), second grade number («), Eckert
number (E.), Prandtl number (P,), Schmidt number (S.), Chemical
difference parameter (N.), Chemical reaction rate (K), Oscillatory flow
(w). Figures (3 — 32) have been displayed for both lift and drainage
problem. The solutions are discussed numerically and graphically depicted
by MATHEMATICA 10.0. The effects of parameters on velocity are depicted
for both flow in figures (3 — 8) and (18 — 23). Figures (3,4) and (18,21)
is prepared to established the effect of magnetic parameter M , third order
parameter [ on fluid velocity V. One can notice that increases velocity by
raises the value of both flow [. It is noted that the third grade velocity
is larger when compared with the Newtonian fluid. Figures (5,6,7,8) and
(19,20,22,23) shows the effect of stock number S;, axis profile x, second
grade number «, porous parameter A, on lift and drainage field velocity.
This figures shows that lift velocity rises when (S;, A\) enhances while in case
of drainage flow velocity descends and (S;, A) increases. It shows that raises
stock number, porous parameter causes the motion of fluid due to opposite
direction. Figures (6,8) and (19,22) represents the axis profile, second grade
variable. We observe that the temperature is raises by rises in drainage and
enhances by falling in lift. Figures (9 —12) and (24 —27) displays the effects
of physical parameters E., N, P,,[3; on heat field of lift and drainage flow
of third order problem respectively. Figures (11) and (21) are plotted to
examine the effect of 5; on temperature field of both flows. Raising values of
non-Newtonian parameter increases the thermal for both flow system. Figures
(9,10,12) and (24,25,27) are described to observe the influence of E,., P., N
enhances the thermal field in lift but declined in drainage. The prandlt number
falling in lift and rises in drainage with the time series of thermal distribution.
Figures (13 — 16) and (28 — 31) are elucidate the impact of profile axial,
chemical difference parameter, reaction of chemical rate, Schmidth number on
the concentration field. Chemical reaction rate parameter and axial profile are
escalation on upward direction and enhances on downward direction of flow.

Chemical difference parameter are raises when flow is lifting and falling in flow
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draining. The oscillatory flow is most high frequency of combined fluid with

decreases in upward flow and increases in downward flow.
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Figure-3: Effect of the " M” on the lift velocity variation.
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Figure-7: Second grade parameter ”a” with lift variation.
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Figure-13: Time series of lift concentration fluid with variation ”z” .
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Figure-23: Time series of velocity profile flow for drainage with variation
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Figure-32: Oscillatory frequency of Drainage concentration fluid with
variation "x” .
Its conclude that, Raises Schmidt number S. when concentration is increases

for both flow of chemical reaction.

5 Conclusion

MHD unsteady third grade thin film flow of thermally conducting oscillating
vertical moving belts has been discussed with lifting and drainage flows. The
flows of third grade fluids in porous medium are quite prevalent in many
engineering fields such as enhanced oil recovery, drilling of mud and oil,
paper and textile coating and composite manufacturing processes. In the non-
Newtonian parameter, gravitational force is more dominant coefficient of the
flow problem. The flow is lifting gravitational force upward direction in time
series of fluid positive direction and drainage gravitational force downward

direction in time series of fluid negative way.

References

[1] Chhabra,R.P., and Richardson,J.F., (2008), Non-Newtonian flow and
applied rheology, Second edition in Non-Newtonian fluid behavior, 1-55.

[2] Szeri,A.Z., and Rajagopol,K.R., (1985), Flow of a non-Newtonian fluid
between heated parallel plates, International journals of non-linear

mechanics, 20(2), 91-101.

[3] Chen,H., and Chenc,C., (1988), Free convection flow of non-Newtonian
fluids along a vertical plate embedded in a porous medium, Journal of

heat transfer, 110, 257-260.

1096



Turkish Journal of Computer and Mathematics Education Vol.10No0.03 (2019), 1069-1100

Research Article

[4] Hameed,T., and Nadeem,S., (2007), Unsteady MHD flow of a non-
Newtonian fluid on a porous plate, Journal of mathematical analysis and

application, 325, 724-733.

[5] Maneschy,C.E., Massoudi,M., and Choneimy,A., (1993), Heat transfer
analysis of a non-Newtonian fluid past a porous plate, International

journal of non-linear mechanics, 28(2), 131-143.

(6] Rajagopal,K.R., and Fosdick,R.L., (1980), Thermodynamics and stability
of fluids of third grade Mathematical and physical sciences, 369, 351-377.

[7] Gul,T., Rehman,I., Islam.S., Khan.M., Ullah.W., and Shaz,Z., (2015),
Unsteady third Grade Fluid flow with heat transfer between vertical

oscillating plates, Journal of applied environmental and biological sciences,

5(4), 72-79.

[8] Shuaib,H., Gul,T., Khan,M.A., Islam,S., Nasir,S., Shah,Z., Ayaz M., and
Ghani,F.; (2015), Heat transfer and unsteady MHD flow of third grade
fluid past on vertical oscillating belt, Journal of applied environmental

and biological sciences, 5(5), 25-34.

9] Ellahi,R., Ariel,P., Hayat, T., and Asghar,S., (2009), Effect of heat transfer
on a third grade fluid in a flat channel, International journal for numerical

methods in fluids, 63(7), 847-859.

[10] Sajid,M., Ali,N., and Hayat,T., (2009), On exact solutions for thin film
flows of a micropolar fluid, Communications in non-linear science and

numerical simulation, 14(2), 451-461.

[11] Hayat,T., Ellahi,R., Mohammad,F.M., (2008), Exact solutions for thin
film flow of a third grade fluid down an inclined plane, Chaos solitons and

fractals, 61(9), 987-994.

[12] Abbasbandy,S., Hayat,T., Ahmed,B., and Alsaedi,A., (2009), On

comparision of exact and series solutions for thin film flow of a third

1097



Turkish Journal of Computer and Mathematics Education Vol.10No0.03 (2019), 1069-1100

Research Article

grade fluid, International journal for numerical methods in fluids, 61(9),

987-994.

[13] Hayat,T., Ullah,I., Ahmed,B., and Alsaedi,A., (2017), MHD mixed
convection flow of third grade liquid subject to non-linear thermal

radiation and convective condition, Results in physics 17, 31125-32.

[14] Siddiqui,A.M., Mahamood,R., and Ghori,Q.K., (2006), Thin film flow of
a third grade fluid on a moving belt, international journal of non-linear

science and numerical simulation, 7(1), 7-14.

[15] Siddiqui,A.M., Mahamood,R., and Ghori,Q.K., (2006), Some exact
solutions for thin film flow of a PPT, Physics letters, 7(1), 7-14.

[16] Siddiqui,A.M., Mahamood,R., and Ghori,Q.K., (2007), Thin film flow of
non-newtonian fluids on a moving belt, Chaos solitons and fractals, 33(3),

1006-1016.

[17] Siddiqui,A.M., Mahamood,R., and Ghori,Q.K., (2008), Homotopy
perturbation method for thin film flow of a third grade fluid down an
inclined plane, Chaos solitons and fractals, 35, 140-147.

[18] Idowu,A.S., and Sani,U., (2019), Thermal radiation and chemical reaction
effects on unsteady MHD third grade fluid flow between stationary

and oscillating plates, International journal of applied mathematics and

engineering, 4(10), 11-18.

[19] Baoku,A.S.; Islam,S., and Shah,R.A., (2014), Effects of suction and
thermal radiation on heat transfer in third grade fluid over a vertical

plate, international Jounal of physical Science, 23(1), 17-26.

[20] Holmes,M.H., (2013), Introduction perturbation method, Second edition,

New york.

[21] Nazeer,M., Ahmad,F., Ali,W., Khan,M.I., Saleem,A., Khaliq,Z., and

Kadry,S., (2020), Perturbation and numerical solutions of non- newtonian

1098



Turkish Journal of Computer and Mathematics Education

Vol.10No0.03 (2019), 1069-1100

Research Article

fluid bounded with in a porous channel, Numerical methods for partial

differential equations, 38(3), 278-292.

Appendix:
_ ((14Coswt)+ (Msi)\) )a- 22.:1?:2\/(M1);\) )
1= NV YESy 5
_ 2Sinhy/(M+X) |
Cy = ((1+ Coswt) + (M+/\))(2Smh2\/(M+,\))
f (%ﬁlﬁi v (%) (M+7>\+n)x
Cs = (% 2Sinh2 M+)\+n ) ) + fieV trenins
e \/ Tran+n2p,
o (f2€¢<m> _flewmn)
4= . —
2smh2\/(%)
P (14+an+n2p1) A (1+an+n?p1)
1= O+N (+an)—(M+r+ntn?p1) * 92 = ((0+3) I+an)— (M4 +ntn26y))
as (1+an+n2p1) ay — _(1+o¢n+n261) .
= W0 (I+on)—(M+Aatntn2p) » ¥4 = (M4>x+n)
Iy = —(6(M + N)2A3 + 20N(M + N)A3); Iy = —(6(M + N\)2A3 + 20(M + ) A3) ;

Iy = 6(M+N)2A A2 —2N(M+N\) A1 A2 1y = 6(M +N\)2Ap A2 —2\(M +\) Ay A2

ls = —20S,A2: lg = —2MS;A2; [ = 4NS; A Ay
1/ M+n+>\ 4 12 4 12 2
b= —1+an+n251 bl = \/M‘F)\, 1 =4b Al;TQ =4b AZ;Tg =b AlAQ;
_ Vnbr npPy . _ . _ bb1 A1 A
b3 — 1fN 7b2 T 14N ;b4 (n+k)sc ) b5 - (TL + k)SC7 b = b%+b21+21bb13+bg )

_ __bblA1A4 3b%a1Aicy . _3b%a1Aicp .
b2 = b2 2 y D3 2 y D4 2 )

+b%—2bb1 +b2 16b24-ba 4b%2+by

_ b2 a2A1¢3 . b2asAics . _ 2b%azAjcs .
bs = y Pe = 4b21 by ) b7 = 0021 by !

_ _217 azAics . b1bA302 . bi1bA3 A4 .
bs = b24by Po = y P1o = b§1+b2+2bb1+b1 )
_3b%a1Ascy . _ 3b? a1A201 . _ bagAscs .
Pn W2iby 0 P12 = Tgerth, 0 P13 = Teprib, o
_ b2A204a2 . _ 2b2%a3c5A, . _ 2b2%a3c6As .
P14 = y P15 = b2 by ! P1s = 0b21by !

_ 2b4A14 . o 2vtAd _ 4tA A3
bir = 1662103 ° Pis = 16b2+b2 y P19 = — 4621 by

_ _4phA(Ar®) | _ 6b*AZA7
P20 4b21by y P21 b )

_ . _ . . . _ bb1 A1 A3 . . bbhiA1 A4
mgz = l9+l12 sy = l10+l11 ) b2 = —Npr; ll — b%+b+2bb1+b2 ) l2 - b%+b+2bb1+b2 )
. — __ bbiA243 I, — bbidsAs . 3b2a1 Alcy | I — 3b%a1 Asca |
3 b2 1 b+2bby+by 0 4 b2 +b+2bby+by 0 D 1662+ * 6 16012402
[ — 2b2a3A1cs |
T 0 by

1 2

lo — 2b%a3A266 X _Sb%alAlcg - Sb%alAgcl . o b%llQAlCzl e — b%(lgAQCg, X
87 T2 qby, 0 9T 4b2 b2 0 Y10 T g2, 0 ML T T an o P12 T2y o
l _2b%a3A106 i l _21)%(1314205 i l o b%agAlcg,-‘rb%agAzcg . l o ZbilA% .
13 b2 by o2 0 16 T b2 » t16 1663 1by

2b1 A2
l17 — 145 .

16b%+bz !
Lo — _ 12b}A%AZ Lo — _ 8biA3A, Lo — _ 8btA3A; | l Aj A
18 by 0 19 4b3+by 0 V20 A2 4by 0 21 T B2 2bby by
loy = Az A3 < lon = St Az l A1 Ay s = Az Ay
22 = pRTqbt2bbitby 0 123 T T M (b34b2) ¢ 24 T B3rbt20bitby 0 025 T B34b+2bbitbs °
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lop = StAs loy = aiAicy . - ajAscl loa = Staicy

26 = T (M) (b2 1ba) 16b3+bg 0 V28 T AbZ4by 0 ‘29 T T (M4A) (902 +03)

ag — @dic2 . p - aidsco . g Staicy e = — Stascs .

30 7 4p2apy 0 UL T A6b24be 0 V32 T T (M) (962 +bg) 0 V3D (M+2) (462 +b3)
_ a3zAics . __ a3zAacs . __ a3zAacs . _ Stasce .

ly3 = 96742 Iy = b24by lss = 9b7+by layr = (M) (463 1bg)

—  agAicr . —  agdacy . ___stager . — aAic . _
l38 - b%+b2 3 l39 b%—l—bg ) l40 (M~+X]))(ba) l4l - 4b%+b2 3 l42 -
_ stascy .

(MA4X)(b2+b2)
__ agAsc3 . _ 5¢a2€3 __ _a2AscatArazcs . _
l43 - 4b§+bg ) l44 - (M+)\)(b2+62) l45 - b ) A5 - BTpT(Tl + Tro +
T3+ 14);
—2 M -1 2 M -1 — M —1
As = 1+ B.p((e Vi) Jri + (e Vi Jra + (e Vi) Jra +

(e\/EM+’\)_1)r +r3+76); T = —(Mjl)A% ;

(M+1 2. 25t A
A , 1 A1

Ty = _)\AlAQ, Ty = _(M+)\)2 ; s = —
Te = ]2W<(MS-|t-,\))2; f3
gs + @13+ qua — 5) 5 f1= NeSeqi;

S3 = (bg —
by — b)hg(etr=b=0)) 4
(4by + b3)h(eltr7b)) 4

(bl + b))h1(€7(b1 + b+ bg)) +
(bg + bl + b)h4(€(b1+b7b3)) +

(by — by + b)hy(e~
(bs — 4by)hs(e
(bs — 3b1)qrel =317 4 (bg + 3by )gs (e %)) +-
+ (by + b3)qz(elby — b)) +

(g1 +92+93); fL = %(m1+m2+m3);

25tAs .
(M+X)2 >

:Ncsc(hl+h2+h3+h4+h5+h6+h7+h8+h9+(h+

breb=bs)) + (bs +
(*4b1+b3)) +
(2by +

(b +

m, =

bs) iy (e 09)) 4 (—2by + by)hs (el 721 +%)
bs)qra (01 73)) ;
fo = (m1 + may + my) —
(g1(e™" — @ —2/(4)y
my = (gale + VAV g = g30b: by = \flks)s by =
s(n+k);
= (Cos(at) — (M+,\))(1 — \/_MJW\ ) A, = (Cos(at) —

A
Ay = (5 = D) + 55(m); A= —3
cg = —2AmAZ;c; = 4AAmA Ay ;

Le by + %n);

(O,

(M—&—A)
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