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Abstract

The present study is to originate theKannan Iterated Function System in complete b-metric space and we
demonstrate several uniqueness and existence of theattractor. Our results deduce and expand several modern
consequence correlated with Hutchinson-Barnsley operator and KIFS in complete b-metric space. To obtain
our result we using some basic concepts and properties given in the literature. As an application, we formulate
Collage theorem for KIFS in complete b-metric spacewhich can be used to solve inverse problems of
reconstruction the fractal objects. We also discuss well-posednessfor Kannan mapping in complete b-metric
spacewith illustrative example.
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1. Introduction
Firstly, B. Mandelbrot [1] presented the idea of fractal analysis in 1975. We know that, an union of a few self-

similar pieces indicates the terminology fractals acquire the similar features in distinct measures. The fractal
analysis provide us many research possibilities in engineering, computer science, biology, astronomy and
astrophysics, quantum mechanics, pure and applied science etc.

In the nature, fractals found as self- similar images of objects might beconstructed by utilizing IFS.
The fundamental definition of IFS was firstly proposed by Hutchinson [2]. The theorywas popularized by
Barnsley and Demko[3] and many others. Hutchinson-Barnsley theory (HB theory) initiated and developed
by the Hutchinson [2] and Barnsley[4]. Hutichinson[2] designed IFS as a collection of finite set of contraction
mappings and presented HB operator.They also construct an attractor of such a system originate through the
IFS adopting the Banach fixed point principle. Furthermore, there has been a lot of progress in the
investigation of IFS by many researchers. In 2010,Sahu et al.[5] investigated the KIFS based on kannan
mappings and established the Collage theorem in the setting of complete metric space. In 2011, S.C.
Shrivastava and Padmavati [6] established the collage theorem for IFS under the contraction condition in two
mappings. They reported the extension of Hutchinson’s classical framework for commuting mapping.
Recently, S. C. Shrivastava and Padmavati [7] introduced D-iterated function system they designed IFS in
D-metric space and established collage theorem in D-metric space. In 2012, S. C. Shrivastava and Padmavati
[8] introduced an iterated function system due to Reich. For years, many researchers studied IFS and they
published the research papers of IFS to construct attractors for different spaces and different mappings.

b- metric space is another important development of metric space.Backhtin [9] gave an idea of b-
metric spaceadopting that thoughtCzerwik[10] introduced a speculation of the Banach fixed point hypothesis
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in the framework ofb-metric space in 1993. They provided a new concepts and theory for mathematicians.
Numerous mathematicians have studied and extended the fixed point theorem inthe same setting. Boriceanu et
al.[11] expanded the idea of fractal operator theory for multivalued operators in the same setting. They
considered multi- function system and established a fewexistence and uniqueness outcomes in &-metric space
for multi-function system and they also considered the well-posedness of the self-similarity problems in the
same framework of the system.In 2013, R. Uthaykumar et al. [12] presented Reich IFS and utilizethe HB
operator to reconstruct an attractor by applying contractions and they also discussed well-posedness of fixed
point problem in the same setting.S. Phiangsungnoen and P.Kumam [13] presented the unique hypothesisof
multivalued fuzzy contraction mappings in the same frameworkin 2015 and established the existence of -
fuzzy fixed point theorems in the same framework. They also provided illustrative examples to support their
outcome. In 2016, Naziret. al. [14] introduced fractals of generalized F-HBoperator in the same spaceand
they employ commutativity assumption on the maps. Recently,Hung et.al. [15] studied fractal theory and
introduced multi fractals of generalized MIFS in the same setting. They defined some basic concepts and
notion concerningb-metric space, IFS and generalized multi-lterated Function System. They also
demonstrated several existence and uniqueness results and Collage theorem for multifractals in the same
framework.

The intension of this study to findKIFS in complete b-metric space. For this purpose we divide our
paper into 5 sections. In the section 2, we give some basic concepts, results and hypothesis concerning b-
metric spaces & KIFS which is useful for our outcome. In section 3, we verified a few existence and
uniqueness results of attractors for KIFS in complete b-metric space. In section 4, we discussed well-
posedness problem for kannanmapping in the same setting with illustrative example. In section 5, we
conclude our outcome.

2. Preliminaries
A. b- Metric Space

This segmentdefine some essential concepts and results which is valuable for demonstrating our outcome.

Definition 2.1 [16]:ConsiderX is a non-empty set together witht € R, where t = 1.Let d: X x X — R¥is said
to be ab-metricif and only iffor everywu, v, w € X.If it satisfies the following axioms:

[by)d(u,v) = 0iff u=mw.
[b]d(u,v) = dlv,u).
[bsld(u,w) = tld(u, v) + dv, w)].

The pair(X,d)is said to be ab — metricspace.
Remark 2.1:
I If t = 1. Thenthe b — metricspace can be compressed in metric space.

Il. Definition (2.1) represents each metric space be a b -metric space on the hand
generally the opposite does not possible.
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We discuss some illustration which defineb-metric spaces,

Example 2.1[17]:ConsiderX = {0,1,2} and d(2,0) = d(0,2) =m = 2;
d(0,1) =d(1,2) =d(1,0) =d(21) =1 and d(0,0) = d(1,1) =d(2,2) = 0.

Tn
dlu,w) = 3 ld{u, v) + (v, w)l Vu,v,weX.
Forn = 2, thetriangle inequalitydoes not possible.

Remark 2.2:We note that example (2.1)definedb-metric on X but it is not necessary to have the metric onX.

Remark 2.3: Usuallyeach metric is a continuous functional in the pair of factors although ah-
metricnecessarilyoccupythis axioms, that is ab-metric space but it is not necessary to have the continuous.

Example 2.2[18]:Consider a set I,(R)
along0 < p < 1,wherel,(R) = {(x,) © R: 7= |x,|? < co}togetherwith the function d:1,(R) x 1,(R) — R,

d(xj }} = (Z |x;~: _}?nlfp}i
n=1

Where; x = {x,.}, ¥ = {3,,} € 1,(R) be a b-metric space with ¢ = 27 > 1.
By an elementary calculation we get,

d(x, z) = 28[d(x, ) + d(y, 2)].

Remark 2.4:The above example(2.2) consider the familiar conditionl,(X) with 0 < p < 1, where X be a
Banachspace.

Example2.3[16]:Let 1,[0,1]] be a space of all real functionsx(u),u €[0,1] such that
fﬂllx(u}l?’ dt = ootogether with the function

d(x,y) = (f71x(w) — yw)[P)?,  foreachx,y € L,[0,1]
be ab-metric space with & = 25,

Definition 2.2 ([10],[16]): A sequence {x,}.=x ina b-metric space (X,d) is said to be:
i. Convergent ifffor everys=0andn €N 3x€X such thatd(x,x) <& ie d{x,x)— 0as
n — oo, Considerxbe the limit of the sequence can be expressed as it ;.. X, = .
ii.  Cauchy if and only if for each =0 and n,m € N3x € X such that dix,x,)<s¥nm=N
ie.dlx,,x,) — 0 as n,m— oo,

Remark 2.5:Suppose( X, d)be a metric space holds the following properties:
i.  Ifasequence is convergent then it has a unique limit point.
ii.  Every convergent sequence be a Cauchy sequence.

Definition 2.3[16]:Suppose b-metric space(X, d) is complete if every Cauchy sequence in X converges.
Definition 2.4[16]: Suppose(X,d) is a b-metric space.Then a subset ¥ of X is said to be:

i.  Closed iff for every sequence{x, },.exin ¥ which converges to an element x € Y{i.e.; ¥ = ¥).
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ii.  Compact ifffor every sequence in ¥'has a convergent subsequence in¥.
iii. Bounded iffé(¥) = supld(a,b):a, b € ¥} < oo,

Definition 2.5 [14]: Let Xbe a complete b-metric space and H{X)denotes the family of all non-empty
compactsubsets of X.Let a, b € X and A,B € H(X). Then the Hausdorff metric is expressed by;
hd(‘qj E} = max { mpEEﬂd(ﬂ‘J B} » SUPReR d(bjﬂ}}

Where; dla, B) = infid(a, b):b € B}. The pair (H(X), h;) is called Hausdorff metric space (or Fractal
space).

Lemma 2.1[16]:Consider{X,d) be a b-metric space.Then for all 4,E,C € H(X), we have

Theorem 2.1[16]: If (X, d) be a complete b-metric space. Then(H(X), h ;) is also a complete h-metric space.

Theorem 2.2(Banach contraction principle [19]): Consider(X,d) be a complete b-metric space with
constant £ = 1, such that &-metric is a continuous functional. Suppose that T: X — X be a contraction mapping
with contractivity ratios € [0,1) in a complete h-metric space X. Then T possesses exactly one fixed point
x* € X. Moreover, for eachpoint x € X, the sequence {T™(x):n = 0,1,2,3,— — ——] converges to x* That is
lim e T™(x) = x*, for each x € X,

B. K-Iterated Function Systemin metric space

Kannan[20] introduced a new mapping in 1969, which was defined as follows:

Definition 2.6 [20]:Let X be a metric space with distance function d and T be a self- mappinlg from X into
itself. Then T is said to be a Kannan mapping if there exists a K-contractivity factor s, 0 < s =< -, such that for
everyx, v € X,

d(T(), 7)) = s[d(xT(x)) +d(3T())]

Sahuet. al.[5] established the concept of K-IFS in complete metric space based onlterated Function System
provided by Barnsley[4], which was defined as follows:

Definition 2.7[5]:A K-IFS consistingof a complete matric space(X,d) together with a definite collection of
contraction mappings T,,: X — X, with K-contractivity factor s,,, for alln € N.

Theorem 2.3[5]: Let {X:T,,n=1,———— N} bea K-IFS with K-contractivity factors. Then the
mappingW:H(X)—H(X) represented by W{B) = U¥_, T, (B)for every B € H(X) is a continuous Kannan
mapping on the complete metric space (H(X), k) with contractivity ratio s. Its unique 4 € H{X), exists and
is given by A4 = lim,,_,.. W°™(B) forany B € H(X).

Definition 2.8[5]:The fixed point 4 € H{X) of the HB operator ¥ describe in Theorem(2.3)is said to be
attractor of the KIFS in complete metric space.

Theorem 2.4(Collage Theorem for KIFS in Metric space [5]): Consider(X,d) be a complete metric
space.Supposel € H{X)and £ = 0 be given. ChooseKIFS{X:(T,), T}, T2,— — — —— ,Tx1, where T, is the
condensation mapping with K-contractivity ratio s, such that
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N
hd(Lj U TH(L}) <¢

n=0n=1
Then
1-—5

hg(L,A%) = fT3:
The notation A* is called attractor of the KIFS. Equivalently,

hd(LJA*}}i(li__;S)hd (LJ U_ Tn{L})

Forall L € H(X).

3. KIFS in b-metric space
Throughout this portion, we will attempt to research the chance of progress in KIFS by supplantingcomplete
metric space by a complete &-metric space.

Now, first we present the fixed point theorem for Kannan mapping in h-metric space.

Theorem 3.1:Assume that (X,d)be a complete b-metric space. ConsiderT:X — X be a Kannan
contractionmapping  satisfyingd(T(x),T(3)) = s[d(x,T(x)) +d(»,T())]for allx,y € Xon a metric
space( X, d),wheresis a K-contractivity factorsand satisfying0 < s = % Then T has a exactly one fixed point.

Proof: -Now, the verificationof above statementwill be possibleby two steps.
Step I: Firstly, we have to show that the existence of the fixed point.

d(T™x, T™x) = d(T(T"1x), T(T™x))
= s[d(T™ 1x,T"x) + d(T"x, T™ 1x)]
= 5d(T" 1%, T™x) + 5d(T"x, T 1x)
(1—5)d(Tmx, T™1x) = sd(T™ 1x,T"x)
5

d(T7x, T™1y) < (E)d(T”'lx,T”x}
A(Tx, T x) = kd(T* 1x, T"x)
Where, k = (i:] L 0<s<

;!.—3 2
< k[kd(T™ 2%, T"1%)]
= k2[d(T™ 2%, T™ 1x)]
= k3[d(T™ 3%, T™ 2x)]

d(T"x, T"1x) = k™[d(x, Tx)]
Presently, we will demonstrate the sequence{x,, be a Cauchy sequence inX.

We know that,
d(Thx, T ™My) = t[d(T”xJ Tn¥ly) + d(Tn¥1y, T”*mx}]
= td(T"x, T x) + t{t[d (T 1, TP 2x) + d(T7 2%, TP ™My)])
= td(T7x, TP x) + t24(T7 1y, T 2% ) + — — — — — + tmd{T”‘*m‘lxj T”+mx}
= thk"d(x,Tx) + k™ d{x, Tx) + - ————— — — +tMEnt M40y, Tx)
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=tk"[1+th+tk*i+ - ——————— ——— + ¢t ™ 1)d(x, Tx)
= tk™(1— tk)~d(x, Tx)
1
Em d(x,Tx} VTl,TTlEN.
Takingn — co, since k™ —= 0.
It follows that;  limy,oe d(T™x, T™ %) = 0 since, ; =1

Hence,{T™x}be aCauchy sequence.
Since,Xbe a complete h-metric space,3 p € X s.t. T™(x) = p.

d(p, Tp) = t[d(p,T"*1p) + d(T" 1p, Tp)]

= t{d(p, T™*'p) + d(T(T"p), Tp)]

= t{d(p, T"*1p) + s[d(T"p.T"*1p) + d(p, Tp)]}

= td(p, T™1p) + ts d(T"p, T 1p) + ts d(p,Tp)
(1—st)d(p, Tp) = td(p, T™ 1p)+ ts d(T™p.T" 1p)
dlp, Tp) = td(p, T 1p) + ts d(T™p, T" p)

d(p,Tp) = (1 ;lstJ [td(p, T 1p) + tsk™d(x, Tx)]

Takingn — co,which implies that

dip,Tp) =0

Implies that, pis the unique fixed point ofT.
Hence,p = Tp.

Step 11: Now, we will prove that the uniqueness of the fixed point.
We consider,

p*be the unique fixed point of T.
i e, p*=Tp*
Suppose that 3 one more fixed point g* € Xs.t.g* = Tg*,

d(p*.q*) = d(Tp*,Tq*)
= s[d(p*, Tp*) + d(q*, Tq*)]
= s[d(p*,p*) + dlg*, q*)]
d(p*,q*) = 0.

Therefore; p*=g*

We need the verification of subsequent lemmas to establishment of KIFS in the new framework.

Lemma 3.1:Suppose that Xbe a completeb-metric spacewith metric d.Consider the mappingT: X — Xbe a
continuous Kannan mapping satisfying the inequality,

d(T(x), T() = s[d(x,T(x)) +d(v,TH))]
for all x, v € X', wheresis aK -contractivity factor and satisfying0 = s = 5

ThenT: H{X) — H{X)defined by T(B) = {T(x): x £ Blis also a Kannan contraction mappingsatisfies the
inequality,

ha(T(B),T(C)) = s[ha(B, T(B)) + hs(C, T(C))]
for eachBE, C € H{X)with k-contractivity factor s.

Proof:by definition of K —Iterated Function System;
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d(T(B), T(C)) = s[d(B,T(B)) +d(c, T(C))] ¥ B,C € H(X)
and d(T(€),T(B)) = s[d(c,T(C)) +d(B,T(B))] Vv B,C € H(X)

LetB,C € H(X),Then

hs(T(B),T(C)) = d(T(B),T(c)) v d(T(C),T(B))
= s[d(B,T(B))+ d(c,T(c))1vs[d(c,T(C)) +d(B,T(B))]
= 5{[d(B,T(B)) + d(c,T(C))] v [d(c,T(c)) + d(B,T(B))]}
=s[d(B,T(B)) + d(c,T(C))]

he(T(B),T(C)) = s[hs(B,T(B)) + hy(C, T(C))]

Lemma 3.2:Let(X,d)is a completeb-metric space. Consider {T,,:n = 1,— — ——, Nlbe continuous Kannan
mappings which maps(H(X), hJinto (H(X), h4). Let the K-contractivity factor for T, be denoted by s,, for
each n.Definel: H(X) = H(X)byW(B) =L (B) UTR(B)U — — — — — UT,(B) = UY-, T, (B)for

everyB € H(X).ThenTalso satisfying

ha(W(B),W(C)) = s[hy(B,W(B)) + hs(C,W(C))]

for all B, € € H(X), with K-contractivity factor s = max{s,;n =123, ———— —— , N1
Proof:we have to using mathematical induction method to prove of the lemma;

The lemma is obviously valid for N = 1.
Now,forlV = 2, we see that

ha(WB)UWI(C) = hy(T(B)U TL(B), L (CIUTL(C))

= hg(T(B)L, T (C))V he(T2(B), T2 (C))

= 51 [ha(B. T (B)) + ha(C, Ty (C))1V 5,[ha(B, T(B)) + hy(C, T2 (0))]

= (51 V52){[ha(B. 11 (B)) v (B, T2 (B))] + [ha(C, T (C)) v ha (€, T2(C)]}
= 5[ha(B, T (B) UTL(B)) + hs(C, T (€) U T (C))]

Therefore;

hs(W(B), W(C)) = s[ha(B,W(B)) + ha(C, W(C))]

Lemma (3.2)is verified through the mathematical induction principle.

Hence, we explainKIFSwith the help based on previous provided outcomes and definitions. Now, we introduce
an interesting result for KIFS in the new setting.

Definition 3.1: A K-IFS consisting of a complete b —metric space (X, d) together with a definite collection of

contraction mapping T,,: X — X with K-contractivity ratios,, forn =1,2,— — ——, N.
The representation of the IFS just introduced is {X:T,,,n =1,2,3 — — — — N} and its K-contractivity ratio is
s=max{s:n=123————NL

Theorem 3.2:Consider{X, d)is a completeb-metric space.LetT,,: ¥ — Xare continuous and satisfies the kannan
contractive condition as
d(Tx, T,y) = 5, [d(x, Tx) + d(y, T,y

.. . 1
for all x, v € X, wheres,areK —contractivity factorswithO < s, =< -,
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Then the transformationW': H(X) — H{Xrepresented byW(B) = UJ_, T,,(B) for allB € H(X)also satisfies
the kannancontractivity condition,

ha(W(B),W(C)) = s[ha(B,W(B)) + ha(C,W(C)]

Where;B,C € H(X),s = max{s,;m=12,——— — — , N LIts unique fixed point in (H{X), hs), which is also
known as attractor,4* € H(X)satisfyingd* = W(4*) = UY_, T, (4*)and is given by
A* = limy . Wo™(B) for anyB € H(X) wherel¥’°"denotes then —fold compostion of I¥.

Proof:Let(X,d) is acompleteb —metric space.

Then (H(X), h) is a Complete Hausdorff & —metric spaceby theorem(2.1).
Also, theHB operatori#”is Kannan contraction mapping by lemma(3.2).
Hence; we conclude thatl#’has a unique fixed point bykannan fixed point theorem (3.1).

Now, we develop a Collage theorem for KIFSin & —metric space.

Theorem 3.3:Consider (X,d) is a complete b—metric space. Assume thatL. € H{XJands = 0be given. Choose
KIFS{X: (Ty), Ty, Ty, — — — — — , T LwhereTyis the condensation mapping with & —contractivityratio s,such
that

ha(L, Unzgm=1 Tu(L)) = £
Then;

13
&
hy (LAY =¢ 1—:::)

The notation A*is calledattractor of the KIFS.Equivalently;

hy(L,A%) = (1_—*“) h (LW (L)

or; ha(L,4%) = () ha(L, UN-y T (1))
holds for allL. € H{X).

Proof:Consider (X, d)be a complete & —metric space.
Applying definition of b —metric space, we know that

ha(L,W™(L) = t[hg(L,W(L)) + hy(W(L), W=(L))]
= thy(L,W (L)) + tha (W(L), Ww™(L))
= tha (LW (L)) + t{t[ha (W(L), W2(L)) + hy (W2 (L), Ww=(L))]}
= thy(LW (L)) + t2h(W(L), W2(L)) + t2h(W2(L), W™ (L))
Continue these process, we get
= thy(LW(L)) + t2ha(W(L),W2(L) + — — — — — +t7h g (W(L), W™ (L))(1)

Since Wis a Kannan contraction mapping, we have

ha(Wn(L), W™ (L)) = hao(W(W1(L), W (W™(L))
= s{ha (W™ 1(L), Wn(L)) + ha (W (L), W™*1(L))}

= shy (W»=2(L), W™ (L)) + shy (W(L), Wn+1(L)
(1— s)hs(Wn(L), Wr+(L)) = shy (W™ 1(L), W™ (L))

ha(Wn(L), Wn*1(1)) = (i) h g (WP=L(L), W™ (L))
ha(Wn(L), W™H(L)) = khs (W (L), W™ (L))
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Where; k = i, 0<s<
1-=

Mull—l

e[k hg (Wn=2(L), W™1(L))]

=
= k?[ha(W(L), W"(L)]

ha (W (L), W1(L)) = k™h 4 (LW (L))

From equation {1) & equation {2}; we get

ha(L,Wn(L) = thy(LW(L)) + t2khs (LW(L) +—— — — — +t7k" Lhy (L, W(L))
stll+th+——————— + 7 U hg (Lw (L)) ; for th<1
=t [iliﬂ] 2 (LW(L)) ; for tk<1

Taking the limit asn — oo, we get

ha(L,Wn(L)) = ( ) S(L WD
or; hd(LA*}c:( )hd(L UN_, T (L))

holds for allL. € H{X).

Remark3.1:The above theorem(3.3) shows that; the Hausdorff distance amongfractal and Collage of the
picture is little. At that point the distance of the attractor of KIFS from the fractal will be little. Clearly, aKIFS
has anextraordinaryattractor in complete b-metric space.

Remark 3.2: We observe that our result(3.2)is a generalization of the fundamental outcomes concerning the
well- knownHutchinson IFS and the K-IFS, respectively.

4. Well-Posedness
Now, we present well-posedness concept for KIFS in the new framework.

Definition 4.1([11],[21],[22]): Consider{X,d]} is acomplete h-metric space. Assume thatT:X — X is an
operator.ThenT is calledwell-posed iff Fix(T) = {p} and if {x,).=be a sequence in X such that
d(x,, Tx,) = 0asn— cothend(x,,p) = 0asn— oo,

Example 4.1: Consider (X,d) is a complete b-metric space. Assume thatT is aKannancontration mapping
from X into itself. Then, T is well-posed.Indeed Fix{T) = {pland suppose a sequence {x,, },.e» in X such that
d{x,, Tx,)—= 0asn — o,

We know that;

d(x,p) = tld(x,, Tx,) + d(Tx, ,Tp)]
= t{d(x,, Tx,) + s[d(x,, Tx,) + d(p, Tp)]}
= tdlx,,Tx,) + tsd(x,,Tx,) + tsd(p, Tp)
=t(1+5)d(x,,Tx,) =0 asn — o,
d(x,,p) 20 as n— w
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5. Conclusion

In the present work we investigate theKIFS in complete b-metric space and establish the Hutchinson-
Barnsley results for an IFSof kannanmappingbythe new setting of the space. We demonstrated a fewinteresting
theory forKIFS in the usualcomplete b —metric space. Some of the recent results established in this paper
which are true for KIFS. We also established Collage theorem which can be devoted to obtain anattractor for a
KIFS and determined inverse problems of reconstruction the fractal objects. In addition, we proved well-
posedness problem in a different setting.
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