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Abstract: Parametric statistics are among the most important research that enables us to identify the advantages of
the communities studied from the study of some of the samples taken from them. In this paper, we identify WeibwlI's
modified model with three parameters a.b. c, then we study the asymptotic properties of these parameters estimation, using
the least squares and maximum likelihood methods by comparing estimated parameters with seized parameters by
changing the size of the sample each time.
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1. Introduction

In parametric statistics, modelling, applied mathematics, computation and operations research the
optimization theory and methods play a very important role, which has wide applications in sciences,
engineering, management, technology and many others fields. The subject is involved in the optimal solution of
problems that are mathematically presented. The optimal solution of a practical problem can be found from lots
of schemes by means of scientific methods and tools. It involves the study of optimality conditions of the
problems, the construction of model, the determination of algorithmic, the establishment of convergence of these
algorithms, and numerical experiments with typical problems and real life problems. It did not become an
independent subject until the late 1940s, when G.B. Dantzig presented the well-known simplex algorithm for
linear programming. After the 1950s, when conjugate gradient methods and quasi-Newton methods were
presented, the nonlinear programming developed greatly. Now various modern optimization methods can solve
difficult and large scale optimization problems, and become an indispensable tool for solving problems in diverse
fields. We suggest the mathematical form of the examples and the basic conditions for finding the optimal
solution, whether smaller or larger. Second, we give the general format of the least squares method and the
maximum likelihood method to find the three parameters for a modified weibull distribution by optimization. So
we study and illustrate the properties of the three parameters estimate of this two methods. Finally, an applied
and comparative study by extracting the right model for the modified Weibull distribution by stabilizing the
solution, changing the sample size every time and from our existing model, taking the three parameters as
optimal solutions, using the two methods and studying the rate of convergence.

The general form of optimization problems is:

min f(x) )
where x € X c R"™ isavariable, f isa function, X ¢ R"

2. Least-Squares Problems

In this section we're talking about nonlinear least square :
m

mip ) =370 =3 GO m=n @)

Wherer: R® — R™ isanonlinear function of x.
It can also be translated (2) as a non-linear wreck of equations as follows:

rx)=0,i=1,..,m. 3

Where r; (x) is the residual function , while m =n
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In this work we simulate the data that tracks the Modified Weibull distribution and then estimate the three
parameters using this method.

We calculate 8 such that the function F5(x;) fits the data as well as possible, this conduct us to minimizing
problem below:

m

min > [e,F? 4)
i=1

Where
e =Fa(x)—y; i=1..,m
And Y™ [e;(x)]? isthe sum of the squares of the error

We proposed use Newton’s method to solve the nonlinear system with three unknown parameters and we
give some effective and special methods for solving nonlinear least-squares problem with MWD.
The MWD distribution function (a, b, c) defined by:

F(x,a:bic) =1—e 2B x>0 (5)

the Jacobean given by :
de de de
L )—1(x)—1(x)\

l a d d
,(x)_i = (x)aigmﬁ(x) i

aen Tl Tl /
\E (x) a_B (X) ay (x)
Then the gradient

Gx) = Z(Vn- VL))" + 1 (0)V() =J ()] (x) + S(x) (7
i=1

6

Where

SW =) @@ ®
i=1
Therefore, the quadratic model of the function f(x) is:

1
g9 () = flx) + g’ (x — x;.) +E(X —x)6)x—x) (9

)G+ ()P =)+ = 0T ) + 5D ) = 70
Then the Newton’s method for (2) given by:
X1 = X — ()T ) + S ) (e ) ()™ (10)
Algorithm :
Step 0: Givenx, = 0, k:=0.
Step 1: If |lg,ll < &, stop.
Step 2: solve
Jx )T G)s = =] () r(x)  for s,
Step 3:Set xp.1 = x, + s, k:=k + 1. GotoStepl
Theorem 01

Consider f: R®™ —» Randf € C2. We assume that x is the local minimized of the nonlinear least-squares
problem (2) and J( x)TJ(%) is positive definite. Also we assume that the sequence {x,} generated by Algorithm
« | » converges to x. Then, if G(x) and J(%)TJ( %) are Lipschitz continuous in the neighbourhood of x, we have :

ot pr =2 IE < WJCOTTC) MNSE) Mlx — % NOlx, = x 1) (11)
Theorem 02
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Consider f: D cR" — R and f € C*(D), where D is an open convex set. Let J(x) be Lipschitz continuous on
D, ie:

/) —Jll; < llx =yl Vx,y € R (12)
Least Square Estimation:

Historically, the least-squares method was the first to be developed in the early 1800s by Adrien-Marie
Legendre (1752-1833), a French mathematician, and Gauss (1777-1855), a German mathematician, as a curve-
fitting method in the context of the theory of errors; see Stigler (1986) and Gorroochurn (2016).

let on consider x;,...,x, are the outputs of random variables X,,..., X,, independent and same distribution
F(x) We're using the least square method to find the parameters (&, b, ¢) may be obtained by minimising the
following quantity in relation to a, b, c:

mingegs X[y, — ax, — bxf]" where 6 =(a,5,¢) (13)

And y; = —log(z) =
To obtain a0; b0; c0, we must solve the following non-linear system of:

o _ g n 2 n c+1l —
Pyl Y%y —aXigxi —b X, x;" =0

al

o= X[ yilogil) —a X, Xt = b X, xf¢ =0 (14)

al .
;:Z?=1 x{ylogitk;) — a Xy x{ T Hogix;) — b Xy x7loglifi;) =0

In order to find the optimal solution for this system, we rely on the modified Newton numerical method, in
which case we choose the primitive condition and identify the value of accuracy in order to choose convergence to
the solution.

3. Modified Newton’s Method

The Newton—Raphson numerical method is an alternative search method. This method appears approximate
the near optimal solution, more efficient and faster in term of convergence. It is an iterative root finding
technique using the partial derivatives of the function as the new system of equations. The algorithm uses
Cramer’s direct method to find the solution of the system.

Newton’s method for multivariable optimization searches is based on Newton’s single variable algorithm for
finding the roots and the Newton—Raphson method for finding roots of the first derivative, given a X,, iterate
Xn+1 = Xn — PO (Xn) until [Xn.1 — Xy| is less than some small tolerance.

We might also use Method 2 (see Meerschaert, 1993, p. 73). The algorithm is expanded to include partial
derivatives with respect to each variable’s dimension.

And in Miley, when you get a three-microscope non-linear equations system in both ways, and to find the
optimal solution, we use the Newton-Raphson algorithm.

4. Model, Definitions and Assumptions:

let on consider x4, ..., x,, are the outputs of random variables X,..., X,, independent and same distribution
The MWD distribution function (a; b; c) defined by :

F(x,o:bic) =1 —e P x>0 (15)

Where ¢>0 a, b> 0and a + b > 0, we have is a scale parameter, and a, b are form parameters.
after the MWD (a,b,c) the following distribution is obtained :
after the MWD(a,b,c) we have the following distribution
for ¢ = 2 we have LFRD(a,b)
for a = 0 we have WD(a,b) distribution of weibull
fora=0and ¢ =2 we have RD(b)
for b = 0 we have ED(a) the exponential distribution.
the density function of MWD(a,b,c) :
f(x,a:b:¢) = (ax — bex¢ e ®=bx" x> (16)
the hazard function of MWD(a; b; c) :
h(x,a:b:c) = (ax — bex¢™1) (17)
It is easy to verify from (17) that: the hazard function is constant when ¢ = 1, when ¢ < 1, the hazard function is
decreasing, and (3) if ¢ > 1 the increasing hazard.
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The maximum likelihood method
let on consider x4, ..., x, are the outputs of random variables X, ..., X, independent and same distribution,
the likelihood function :

for sample x4, ..., x,,, the function of the parameter 9 :

10 xp...,%,) = HP(X —x,;0) (18)
When the likelihood function is considered as a functlon of 8 dependent by observations x4, ..., x,
Maximum-likelihood:
The maximum likelihood estimator (MVE) of is the corresponding random variable noted by 6, can be

defined :

6, = arg mgaxlogL(B;xl,...,xn) (19)

when 6 = (64, ...,6,) and all of the following partial derivatives exist, 8,, is solution of the system of
equations called likelihood equations

a .
28, —logL(6; x4,...,x,) i €{1,..,d}

the likelihood of MWD :

n

L(x,a:B:c) = n(a — Bex; ¢ 1)emaxi—Bxi

i=1

The log-likelihood function is :

I—Zlog(ax — Bex;, 1)—azzx —Zxc !

i=1 i=1
Computing the first partial derlvatlves of [ and setting the results equal zeros, we get the likelihood equations

as in the following form :

— =) —— n .=

da l=1a+bcxl Zl 1% =0

al

ab :l 1a+bcx Z? 1X (20)

al Z fl(clogxi) i . .
_— _—— x:“logx; =
dc T a+bcxic—1 i gXi

i=1
To find the solutions of the nonlinear system, we use the Newton method, which represents the discretionary
solutions of the three parameters, we will mention the algorithm in what comes from this work.
Properties of maximum likelihood estimators:

To know the spin-offs of the estimates and to access the exact values, the information filter can be computed,
the asymptotic distribution of the MLE is given by, Miller (1981),

a ay Vi1 Vi Vi3
b |~N (b>, Vor Vaz Va3
¢ ¢/ V3 Vs V3/1
Then the observed information matrix is given by:

111 112 113

I'=\Iy I I

] ] ] I3 I3 I3
so that the variance-covariance matrix may be approximated as :

Viin. Viz Wiz Ly Ly Iz
V=|Var Voo Vg |=|ln I Iy

V31 V32 V33 131 132 133

(21)
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We change I;; = I;; , when (a, b, c) replaces (@, b, ¢) we get it

ij o

e btzo) Vo  Ctz0)Vas,

where z, is the upper 8 _the percentile of the standard normal distribution

6, Converges almost surely to 8 when n — 4o
Vn(6, - 6) > N(0,1)
6,,is asymptotically Gaussian, unbiased,
In this case, we use a numerical method that enables us to find the best solution: the Newton-Raphson
method, in the end, we address an application.
5.Comparison between MV et LS
Application: Numerical study and simulation:
Simulation
Let's consider the distribution function to be modified so that we take the parameters(0.5,1.1,2) and extract
the model (X, Y) to change each time the N=10, then N=25, and then N=50.

F(x,a:bic) = 1 — e 05x-112% x5

The following diagram shows the simulation of the modified Weibull distribution model by taking the
optimal solution (0.5; 1.1 ;2). About 100 graphs.

Graph(01)
Model MWD(0,5;1,1;2) of N=100

2.5

Estimation

Since in the modelling part we relied on optimal solutions (0.5; 1.1; 2). To test the effectiveness and properties
of the two methods we take each time the length of the sample N=10, 25 and then 50 to study a convergence (a, b,
c) to the optimal solution (0.5;1.1;2).

533



Jamel Kenouza, Abderrahmane Belguerna

Table 1 below shows the average and standard deviation of estimated parameters from a sample size of N=10
with constant replication, using tow methods.

Table.1. average and standard deviation of estimated parameters by tow methods.

the average of the

the variance of the

parameters parameters
(LS) (0.488 ;1,29 ;2,019) (0.0068 ;0.032 ;0.699)
(ML) (0.531 ;0.867 ;1.738) (0.011 :0.235 :0.231)

From the first table we note that the average parameter of what sample size is equal to 10 approaches the
optimal solution. The following diagram (2) shows the exact distribution function as compared to the function
estimated using the minimization method. Also, graph (3) shows the comparison of errors in the tow methods,
which shows that both take the normal distribution model as well as errors in the least squares method that are
smaller than errors at the maximum likelihood , which explains that the better method in this case is the small

squares. We also note that the standard deviation is approaching zero.

Graph(02)

comparison between MWD(0,5;1,1;2) and MWD estimed by (LS) et (ML) for N=10
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Graph(03)
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0.05 \ [
error of LS
0.045 \ error of ML [}
0.04 / \
0.035 \
0.03 / -
1|
0.025 } i
|
N
0.02 H \\
] \
0.015 “ ﬁ \K
[ A
/
0.005 f‘ A \
ol V N
0 1 2 3 4 5 6 7 8 9 10
Table.2.
the average of the the variance of the
parameters parameters
(LS) (0.489 ;1,085 ;1,968) (0.0031;0.0012 ;0.012)
(ML) (0.509 ;1.077 ;1.977) (0.004 ;0.024 ;0.052)

Graph(04)

comparison between MWD(0,5;1,1;2) and MWD estimed by (LS) et (ML) for N=25
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comparison between MWD(0,5;1,1;2) and MWD estimed by (LS) et (ML) for N=25

77 [ [
0.94 MWD n
MWD estimed by (LS)
/ MWD estimed by (ML)
0.92 /
/’/V
0.9 :
0.88 i
0.86
0.84
0.8 1 1.2 14 1.6 1.8
Graph(06)
x 10°  comprarison of the error between LS et ML) tab02 N=25
6
error of LS
N error of ML
5 i ‘\
[
il
|
4 .
] ‘
.
| \
f u
s
| \
\
0
0 1 4 5 6 7 8 9 10

536



Optimal Solutions of Parameters of the Modified Weibull Distribution using Least Squares and Maximum Likelihood Methods

Table. 3
the average of the parameters the variance of parameters
(LS) (0.500081 ;1,09995 ;2,00015) (2.15%10°;3.6*107 ;6.18*107)
(ML) (0.4999 ;1.10006 ;1.999) (5.8%107°;3.8*107 ;3.16*10°)
Graph(07)
x 10°  comprarison of the error between LS et ML) tab03 N=50
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6.Comparison

Through the second and third tables and the funny graphics, so it's possible to observe Mille.
The rate of parameters approaches the optimal solution, the larger the sample size as well as the standard
deviation, the greater the sample size. For graphics the diagonal curve of the tow methods is close to the basic
curve Errors take the normal distribution model and approach zero as the sample size increases

And we can also say that a the maximum likelihood with N= 25 and 50 was the fastest approach to the optimal
solution.

7.Conclusion

This study was designed to figure out the best digital means of reaching a solution, taking into account the
basic conditions.

Based on the foregoing

The least squares method and the maximum likelihood method contribute greatly to finding optimal solutions

to mathematical problems, making it easier for a lot of researchers in the field to estimate parameters, applied
mathematics, or examples to figure out the way for them.

To solve the system of non-linear equations, the best way to reach the approximate solution is the iterative
Newton-Raphson method with the primitive condition given.

To estimate Weibull's modified parameters, two special methods can be used to see what sample features
follow for this distribution.
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