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1. Introduction

The degree of approximation of the functions in Lipschitz spaces using single and product summability means
has been studied by the authors. But so far nothing seems to happen in the direction of the present work. So, we

established a theorem on degree of approximation of the conjugate function corresponding to the Lip « and

weighted (Lr ,§(t)) class through the product sum of the conjugated Fourier series.

Let Zun be a given infinite series with a sequence of its n th partial sum { S, } .The change is defined as the
n=20

nth partial sum of (C.I) the sum and is given by

n

1
Cn = — Sn—)S as N—oo
n+1k:0 '

So this Zu is is able to add a certain number of s by (C,1) method.

n(=0)

n

If,

(R,q)= N Zn:[nj q"* s, —>sasn—ow.

(L+a) ok

An infinite series Zun with partial sum S, is then said to be summable by (R,q) the method for a fixed
n=0

number s.A product of transform (C.1) of (R, q)defines (C,1)(R, q) transform and denotes by C* R?

transform.
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Thus if,
C!RY = (C1)(R,q) =izn:Rf —>s asn—>oo.where RY denotes the (R, ) transform, then the

n+1:5

series Z u, is called summable b (C,1)(R,q) means or summable (C,1)(R,q)to a definite number s. Let
n =0

g(Xx) be periodic and integral with period 2 7z in the sense of Lebesgue. The Fourier series is given by

a, & .
g(x) ~?°+Z(an cosnx +b, sinnx) (1.1)
n=1
The conjugate series of (1.1) is define as
> (b, cosnx —a, sinnx) = > B, (X) (12)
n=1 n=1

A signal (function) g e Lip « is define as,

g(x+1) — g(x) = O(|t|“) for0 <ar <1,

[zﬂg(xﬂ) - g(x)|r0|X}r = O(|t|“),0<a£1,r21

And its positive increasing function £(t) ,

[j|g(x+t)—g(x)|fder - o(&w),

and when g eW (Lr, f(t)) then,

1

U [ {o(x+1) — g(x) } sin” x‘dxjr = 0(&(t)), g=0.

When =0 then W(Lr, §(t)) coincides  with Lip(f(t) ,I’) and when &£(t) = t“ then
Lip(£(t),r) class coincides with the class  Lip (@, r) andif r—> oo then Lip(er,r) class reduce to
the class Lip «.

Norm defined by
1

2z T
lall, = [J.|9(X)|r dXJ , r>1 (1.3)
0

Degree of approximation E (g) is define by

E, = min||g — T, |,
(1.4)
Where T, (X) s the trigonometric polynomial of power degree n.
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The following notation is used:

$() = g(x+1) — g(x-1t) —29(x)

. 1
1 N 1 N K S|n(v+2)t
SPGB WS v

27r(n+1)k=0 (1+q)k o

2. Main theorem

Lebesgue integral on [0, 27z] and belong to W (Lr, (1) ) class, so its degree of approximation is given by

CiRI-g| = 0{(n A [iﬂ 2.1)

n+1

Provided £ (t) that the following condition is satisfies:

{@} be a decreasing order (2.2)
th [MJ sintdt } = O[iJ (23)
o | E(t) n+1

and
I[—té'fﬁt)'] sin" vt =0{n+1)’ ) 9

11
Where & is an arbitrary number such that S(1 —8)—1>0, =+= =1, the condition (2.3) and (2.4) holds
r s

equally in xand C} RY s (C,l)(R,q) the means of the conjugated Fourier series (1.2).

2. Lemmas:
The following lemmas are necessary for our proof of main theorem:

Lemaa (3.1): |K, (t)] = O(n+1) for 0 stsi
n+1
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VA . .
Proof: For 0 <t<—— ,sinnt <nsint
n+1

1 o (quk_v. (2v +1)sin;t

(1+q) = Sini

l n
02 &

1

= 2eD) i(zk +1)

27r(n+1
=0(n+1).

Lemma (3.2): |K, (t)] = OG) for ”1 <t<r.
n+

V4
Proof: For
n+1

. (t t .
<t<r.,using Jordan’s lemma, Sin (EJ >— and sin(nt) <1.
T

K 1
K"(t)_ n+1 Z;) 1+q (2 +1) VZO(VJ (tj

2tn+1 Z

=0
4, Proof

Following Titchmarsh [20] and using the Reimann — Lebesgue theorem, S, {g ; X}of the series (1.2) is given

17 sm(n+2jt
S0105%) = () = —[9() —— dt

sin —
2

Therefore, conversion of (R, g) transform (Rﬁ) is S, {g ; X} using (1.2) is given by

q _ _ 1 T ¢(t) $ n n-K 1
RY —g(x) = 2o _([ Lt {kz_:o[kj q" “sin (k+2 jt}dt :
2
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Denoting (C,l)(R,q) transform of S {g ; X} as C'RY the change as now, we write

1pg _ 1 0 1 5 4@ S 1
C!RY —g(x) = 270 +D) > I {Z(kJ q" “sin (v+2 jt}dt

k=0 (1+q)ko sin£ k=0
2

T

n+l T
= [ +] [pOK @d =141, say (4.0)
"M
Now,
1] < [lp)]K, ©)|dt
0
We have,

[p(x+1) — g(X)| <|gU+x+t) —g (U+X)| +|gu—x—t) —g (U—X)]|

Using Minkowiski’sinequality ,

|

T {p(x+1) — p(x)}sin” x

0

dx}Ir < r_ﬁ {g(u+x+t) —g(u+x)}sin” x‘r dx} +

[T\ {gu+x—t) =g (u—x)}sin” x’ dx}
=0(£())

)

Then geW (L, ,&(t) =g () eW (L, , &(t)).

Using Holder's inequality and the fact that ¢(t) eW (Lr ,§(t)), ,(2.3), the lemma (3.1) and the second mean

value theorem for integrals,

Therefore ,
1

T

il . B r ﬁ S ¥
< I {t|¢(t)|sm t} " I{g(t)||<n(t)|} "

! E(t) ! tsin”t

1

o 1) |"F (e
_o(mlj !{ 55 }dt
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N O R B A (G 1
_O{S{MJ} j { MR }dt for some O<€<n+1

= O{(n +1)ﬂ*% g(iJ } since %+1 =1 (4.2)

n+ S

. . 2t
Now Holder’s ,[sint <1, sint 2(—), lemma (3.2),(2.2),(2.4) and mean value theorem.
T

= [t |p)|sin?t] ®K, ®]°
el < l { E(t) } at i{t 7 sin’t

n+l n+l

1

@)
——
—~
5
+
=
——
S
N\H'—._‘;
SAN
7~ N\
< |+~
N—
w
o
<
w

ojmyd LT Y
O\ ) || e

T

1

0 {(n 11y g[ij} [(n LN _ psermals

n+1

:O{(n+1)5 g(n%l]} [(n Lq)ien=o-t f

=O{(n+l)/’ ** g(i]} %+%=1 (4.3)

n+1

Now collecting (4.1), (4.2) and (4.3) we get

LRS- g(x)\=0{(n+1)ﬂ*i é[n%lj}

s ool 24 of
:0{(n+1)/’*1 g[nilﬁfdx}i
ofwrt { 4]

Which is the complete proof of the theorem.
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5. Corollary
Following corollary becomes particular case of our main theorem.

5.1. Corollary

If =0 and &(t) =t“, then the degree of approximation of a function is given by

CIR? - g(¥)| =0 _ 1 |, geLip(a,r),0<a<i,.

1

‘ (n+2)"r

5.2. Corollary

If r—> o0 in above corollary (5.1), then for 0<a <lis given by
1
| =0 —
f (n+1)

If f=0 , &(t) =t andq, =1,V n, then the degree of approximation of a function

C,R; —9(x)

5.3. Corollary

gelLip (a, r),0<aS1, is given by

CiR! —g(x)| =0
5.4 .Corollary

If r—> o0in above corollary (5.3), then for 0<a <1, we have

e Re — (o) =0 {#}

(n+1)*

6. Applications

These approximations have wide applications in signal analysis [12] and digital signal processing [13].
Engineers and scientists use the properties of the Fourier approximation to design digital filters. In particular and
Moustakides [13] presented a new L, based method for designing finite impulse response digital filters and

obtained corresponding optimal estimates with improved performance.
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