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Abstract: Let {Z,,n > 1} be sequence of Widely Orthant Dependent random variables (WOD). The goal of this paper is to
obtain some concentration inequalities for unbounded Widely Orthant Dependent (WOD) random variables. Then we will use
this inequality for establishing the almost complete convergence for a sequence of widely dependent random variables (WOD).
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1. Introduction

The topic of this article is the study of random variables of widely orthant dependent. Concentration
inequalities quantify such statements, typically by bounding the probability that such a variable differs from its
expected value (or from its median) by more than a certain amount. Concentration inequalities has been a topic of
intensive research in the last decades in a variety of areas because of their importance in numerous applications.
Among the areas of applications, without trying to be exhaustive, we mention statistics, learning theory, discrete
mathematics, statistical mechanics, random matrix theory, information theory, and high-dimensional geometry.
The concentration inequality plays an important role in various proofs of limit theorems. In particular, it provides
a measure of the complete convergence for partial sums. Firstly, we will recall the definitions of widely upper
orthant dependent and widely lower orthant dependent. For the random variables {Z,,n > 1}, if there exists a
finite real sequence {gy(n),n =1} satisfying for each n>1, P(Z; > 21,2, > 23,..,2, > z,) <

gy I, P(Z; > z) ... (1.1), then we say that the {Z,,n > 1} are widely upper orthant dependent (WUOD,

in short). If there exists a finite real sequence {g; (n),n > 1} satisfying for each n > 1 and for all z; €] —
o;+00f, 1<i <n, P(Z; < 2,2, < 75,..,2, < z,) < gL, P(Z; < z)..(1.2), then we say that
the {Z,,n = 1} are widely lower orthant dependent (WLOD, in short) .

Further, a sequence of random variables {Z,,n > 1} is said to be widely orthant dependent (WOD) if it is both
WUOD and WLOD. The sequences {gy(n),n > 1} and {g,(n),n =1} are said dominating coefficients
of {Z,,n > 1}. Denote g(n) = max(gy (n), g (n)).

Clearly, we have gy(n) = 1,g,(n) = 1,n>2andgy(1) = g, (1) = 1. (Wang & Wang & Gao 2013) and
(Wang & Li & Gao 2011) give some examples of WNOD random variables with various dominating
coefficients. These examples show that WNOD random variables contain some common negatively dependent
random variables, some positively dependent random variables and some others.

In the case g, (n) = gy(n) =M for some constant M, we say that {Z,,n > 1} are negatively extended-
dependent (END). The concept of general extended negative dependence (END, in short) random variables was
proposed by (Liu 2009).

Clearly, in the case M = 1 the notion of END random variables reduces to the notion of NOD random
variables. As mentioned in (Liu 2009), the END structure is substantially more comprehensive than the NOD
structure in that it can reflect not only a negative dependence structure but also a positive one, to some extent.
(Liu 2009) also provided some interesting examples to illustrate that the END indeed allows a wide range of
dependence structures. (Joag-Dev & Proschan 1983) pointed out that negatively associated (NA) random
variables must be NOD and NOD is not necessarily NA, thus NA random variables are END. So it is very
significant to study convergence properties of this wider END class.

Since the paper of (Ebrahimi & Ghosh 1981) appeared, the convergence properties of NOD random
sequences were studied in different aspects.
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A sequence of random variables {U,,n > 1} is said to converge completely to a constant a if for any ¢ > 0

Z]P’(IUn—a|>e)< 0
n=1

By the Borel-Cantelli lemma, this implies that U, — a almost surly. And so complete convergence is a
stronger concept than almost surly convergence. The concept of complete convergence was given first by

(Robbins & Hsu 1947). In generally we can refer to (Baum &Katz 1965), (Chow 1988), (Wang et al 2011),
(Qiu et al 2014), (Wang et al 2014) and (Wang & Wu & Rosalsky 2017).

2. Preliminary Lemmas
Lemma2.1 {Z,,n = 1} are nonnegative and WUOD with dominating coefficient
{gy(m),n = 1}, then foreachn > 1
EIlLiZ < gu() [T E(Z).

In particular, if {Z,,n > 1} are WUOD with dominating coefficients (gy(n),n = 1) then for each
n>1 ands >0,

Eexpils ) 7,} < go() | [Ee™)
i=1 i=1
By lemma 2.1 we can get the following corollary immediately.
Corollary 2.1 (Berkane & Benaissa 2019)

Let {Z,,n = 1} be sequence of WOD random variables. Then for eachn > 1 ands € R
E expi?{‘sz 7} < g nm(eszi)
i=1 i=1

Lemma 2.2 (Azzedine, Zeblah & Benaissa.S 2021)
Forallz € R

exp{z} < 1+z+ |z|'*P expifR|z|}
Where0 < g <1

Lemma 2.3 LetZ,,...,Z, be Widely Orthant Dependent random variables with E(Z;) =0for1 <i <n, If
there exists a sequence of positive numbers ¢ such that P(|Z;| <c)=1, SetS,= X.,Z and Kz =
" E|Z|**P. Then for any t > 0 and for any & > 0,

n

P(|S, | > né) < 2g(n)el [KB(HB%@] )

Proof For t> 0and E(Z;) = 0,i > 1 and the fact that 1 + z < e?, therefore, by Markov's inequality and
Lemma 2.1 it follows that

P(S, >né) = P(tS, > tnf) = P(en > )

< e MEE(en)

< g(n)e 1_[ E(et%)
i=1

< g(n)e~m¢ [ [1+t1+BIE(|Zi|1+Be2t|Zi|)]

< g(n)e ¢ | [1 + 1+ (E(lzi|1+BEZtc))]

< g(n)e ™t '[1 4 et(1+B+2C)]E(|Zi|1+B)]
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< g(n)e mE [, e e PEIE(ZITP) (Byl+z < €?)

< g(n)e_tm;Jret(1+ﬁ+2c)KB @)

T né
B ]

. - - 1
The right term is optimal for t = RIS Og"l'i(ﬁ(1+s+zc)

We obtain

né [ né

IA

né né
P(S, > n) < g(n)e Trpwzal s larszo) o8 (ko) 1]

Using 1 — % < log(u) foru > 0, we obtain

1+ jog i _ &
P(S, > né) = g(n)e @208 &p) _ g(n)e! [KB(1+B+ZC)]

And we have
P(IS, | >ng) = P(S, >nf) + P(=S, <nf) 3)
Since {—Z,,n = 1}, isalso WOD we obtain by (1.2) that

n

P(S, >né) = P(=S, <né) < g(n)el [Kﬁm] 4)

By (2) and (3) the result (1) follows
3. Main Results and Proofs

Theorem 3.1 letZ,,...,Z, be Widely Orthant Dependent random variables such that E(Z;) = 0 if for1 <
i <n, If there exists a sequence of positive numbers ¢ such that P(|Z;| <c)=1, Set S, = XL, Z;, there
exists a finite sequence g(n) such that

t(1+p+2¢)

E(e®n) < g(n)ekse (5)
Proof From condition E(Z;) = 0 and using the Lemma2.2and 1+ z < e?, we have
E(e) <1 +t1+BE(|Zi|l+Be2t|Zi|)
< 1+ P E(|Z] +Pe?)
< 14 et@+p+20) IE(|Z1|1+B)
< et MHPH2OE(1z;|11P) (Byl+x < e (6)
For any t> 0. by Corollary 2.1 and (6)
Eexpfit¥iL,Z; } < gm) [, E(e™)
< g(n)ekpe T 7)

Theorem 3.2 LetZ,,...,Z, be Widely Orthant Dependent random variables with E(Z;) = 0 and ]E(Ziz) < oo,
if there exists a positive constant c ,such that P(|Z;| <c¢)=1,i =1 and Kz = X, E|Z;|'*? and for any
E>el(1+P+ 2c)andn =1,

KB§
Kp? (1 +B+ ZC)m

P ’Sn/KB > & | < gn)e sz (8)

Proof For t > 0, then from Markov's inequality it follows that
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n
P Sn/Kﬁ >& = P(en > ) < e—ti"ﬁlEG_[etZi),

i=1

_ t(14B+2¢)
< g(n)e tEKg+Kp e

)

i =_1 7 :
By taking t = RETIER! log"“f1+ﬁ+2c] we obtain (8) from (9)

Theorem 3.3 Let Z;,...,Z, be Widely Orthant Dependent random variables with E(Z;*) < oo .If there exists
a positive constant, such that P(|Z;| <c¢)=1for i >1andK; = X, E|Z|**# and W = XL, |EZ|**# then
for any & > 0 we have

n

P(IS, — ES, | >n¢) < 2g(n)e’ [[ZB(KB +WB)]1+;+4C

(10)
Proof By Markov's inequality and Corollary 2.1 and Lemma 2.2
]P(Sn - IESH > nf) < e—tnélE(et(Sn —ES, ))
< g(n)e™™% 1_[ IE(et(Zi— ]Ezi)) (a1
i=1

On the other hand we have

E(et®~F20) < [1+ tE(Z — EZ) + t"PE(|Z; — EZ|!+Pe?tl%i—Fzil)]

[1 + tl+Bgdte (IE(|Zl _ IEZi|1+B) )]
1+ 2Pti+Bette(E|Z, |14 + |EZ,|1*P)

IA

IA

S ezﬁt1+ﬁe4tC(]E|Zi|1+B+ |]EZi|1+ﬁ) (By 1 + 7 S eZ)
We compensate for this result in the right-hand side of (11) we get

n
P(S, — ES, >né) < g(n)e—tninezﬁt”f‘e‘m(m|zi|l+ﬁ+|[Ezi|1+ﬁ)
i=1

IA

g(n)e—tng+2ﬁt1+ﬁe4tc(2{;1 ElZ;|7*P + XM, |EZ;] 1Py

< g(n)e—tng+zﬁet(1+ﬁ+4c)( Kp +Wp)

. _ 1 it né .
by taking t = e log"(zﬁ Ko Wp) (1+[3+4c)> we obtain

ng log( né >+ né
P(S, — ES, >n&) < gln)e T \2P(kprwp)arprae ) b

ne [ ng ~
g(n)e 1+B+4C[log<zﬁ(KB+wB)(1+ﬁ+4c)> 1}

IA

né_f L < ! )—1]
< g(ne ”B“C[Og((”‘”“)) B\ grwp)
1- i < log(u) , foru > 0, we obtain

ng [l—(1+ﬁ+4c)+log< 1 )_1]
P(S, — ES, >né) < gn)e L M 2P(ky+wp)

n§ log( 1 )
P(S, — ES, >né) < gn)ele P \2P(eprwy)
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i o
P(S, — ES, >né) < g(n)e! [ZB(KB +WB)]1+B+4C

And

] o
P(|S, — ES, | >né) < 2g(n)e! [ZB(KB + WB)]1+B+4C

Corollary 3.1 Let{Z,,n = 1} be a sequence of identically distributed WOD random variables. Assume that
there exists a positive integer n, for each n > n, .If there exists a positive constant ¢, such that P(|Z;| <c¢) =
1,for i >1and0 < B <1, Then foranyt > 0 and then for any & > 0 such that & > 0 we have

n

P(IS, — ES, | >n&) <2gn)e! [[2°(Kg +WB)]1+;+4C (12)

Theorem 3.4 let{Z,,n = 1} be a sequence WOD random variables with E(Z;) = 0, and P(|Z;| <c¢) =1,
for i =1 where cis positive constantand 0 < < 1. ThenforanyA > 0

D R, 1> D < o (13)
i=1

Proof LetKg < 1.Forany§ > 0, from Lemma 2.3 we have

Z P(IS, | > n?8) < 2g(n)e’ Z [ KB(1+B+ZC)]
i=1

i=1
=2 g(n)e! Z:[Kl]“A < oo, (14)
i=1

Where K, is a positive number not depending on n. by suppose that 0 < K; <1 Hence the proof is
complete.

Theorem 3.5 Let{Z,,n > 1} be a sequence of identically distributed WOD random variables. Assume that
there exists a positive integer n, such that, P(|Z;| <c) =1, for i =1, for each n = n,, where c is positive
constantand0 < 8 < 1. Thenforany A > 0

Z[{»qsn ~ES,|>ntE) < oo (15)
=1

Proof We have from Theorem 3.3, for any § > 0, there exists

(o]

D B(Is, — ES, | >n'E) < 2g(e’ ). [[ZB(KB W)
i=1 e

i=1
= 2g(me’ ) [K,]" < o
i=1

Where K, is a positive number not depending on n. By suppose that 0 <K, <1 Hence the proof is
complete. After this result we get (15)

4.Conclusion

In this work we study the complete convergence of the WOD random variables, using the exponential
inequalities and some concentration inequalities for probability of orthant dependent variables.
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