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Abstract: The regular number of subdivision of line graph is the minimum number of subsets in to which the set of edges of
L[S(G)] are partitioned such that subgraph induced by all the subset is regular and is denoted as 7;5(G). Here we introduced
few results on r;5(G) expressed in terms of components of G.
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1. Introduction

Here we take into account a simple, finite, non-trivial graphs. Usually p and q gives the count of vertices and
edges of a G and the maximum degree of a vertex in G is written as A(G).For any real number x, [x] denotes the
smaller integer not less than x and |x| denotes the greatest integer not greater than x .A vertex v is called
cutvertex if removing it from G increases the number of components *A graph G is called trivial if it has no
edges. The maximum distance between any two vertices in G is called the diameter, denoted by diam(G).
Moreover a connected acyclic graph is said to be tree. A leaf of an unrooted tree is a node of vertex with
degree 1.A vertex of a graph is said to be pendantif its neighborhood contains exactly one vertex. The
parameters which are not defined in this paper possibly found in [3]. The concept of Regular Number of a Graph
was studied Ashwini Ganesan and Radha R lyer in [1]. The concept of Line graphs of Subdivision Graphs was
studied by Sunilkumar M Hosmani in [11].

2. MAIN RESULTS:

Theorem 1: For any Wheel W, for p > 4
1s(W,) =2 forp =4
rs(W,) =3 forp > 4
Proof: For any wheel W, p = 4, we discuss with below two cases for p = 4 and p > 4
Casel: For a wheel W, if p = 4, Then we have the edge set of subdivision of I, as
S[W,] =E; UE, where E; = {e,65,€3, ...cvv...... , €6} the set of edges lies in the interior on embedding in
any plane (see fig 1(a)) In L[S(W,)], E; U E, = VIL(S(w,))].
Now we have minimum edge partition of
L[S(w,)], isF, = {(e1e], €6 e5€1), (fe‘zeé,eéeé,e‘é,e,‘z): (eye3,e3€},e,e,), (ege5,esex, ece,)} and
F, = {(e1e;), (ese4), (eqes5), (e5,€6), (e1€3), (e3ey), (eseq)},

where (F; ) has a 2-regular and (F; ) has 1-regular. Clearly . (w,) = |F, F,| = 2 (see fig 1(b))
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€

Figure 1(a)
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Case 2: For a wheel W, , p > 4, we have the subdivision of w,, as S(W, ) has the edge set such as E[S(W,)] =

Now the edge set E; = {ey, €5, €4, €5, €6, v wve eveee vve veee, €t i )i
E, ={ej, ey e5,€),e5,8p e, € _q, € 1 and
E3={ej,e5,e5,e;,€zL,e;, ... ... , €n_1,8m}

Figure 2 (2)
See fig 2(a). In [S(w, )], V[L(sy, )] = E; U Ey U E;.
Now F, = {e1€5,€3€4,6565,87€g, cuvr vus ver) €y 1€, €1€7,€5€5,€585, e enne.... € _1€m_1}
F, ={ejeje,,,€,6€3,€4€5€5, sev vuv.., 1€, 1€ o }, F3 ={e], €5.e5,........ .en_1} ('see fig 2(b))

where each component of F; is K, and is 1-regular .For the set F,, each component is K5 and is 2-regular For
the set F3, the (F;) is a complete graph K, and is p — 1 regular.

Clearly m4[w,]|,p >4 = |F,,F,, Fy|=3.
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L[S(Wp)]: forp =5

Figure 2 (b)

Theorem 2: For complete graph k,with p > 3 vertices, 7, (k) =2,

Proof: For p = 2, S[K,] = K; , and L[S(K;)] = K, Hence r;5(K;) # 2. For p = 3, S(K3) = Cg and r5(Cy) = 2.
For K,, p =5 we have @ edges. Let V[K,| = {vy,v,,v3 .....,v,} and V[S(k, )] = V[K,] U {p(p_l)}, where

2
degree of each vertex in {”(”2—_1)} € V[S(k,)] is two (see figure 1(a)). Since the number of edges incident to each

vertex of v; € V(K,) € V[S(K,)] isp — 1 Now in L[S(w,)] these edges form an induced sub graph k,_, The
number of complete induced subgraphs K,_; are p suppose H = E [L (S(wp))] - E[p.Kp_l],p > 5, then each
component of H is K, which are edge disjoint subgraphs. Hence F; = {p.k,_} and F, = {p(p — 1)} where each
component of F; is K,,_; also each component of F; is K, (see fig 1 (b)).

Hence ry,(K,) = |Fy Fy| = 2.

v, Vs

Figure 1 (a)
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Figure 1 (b) copies of k,,_;

Theorem 3: For any star K; ,with p > 2 vertices r;5[K; ,] = 2.

Proof: Let G =K;,,p>2 and v =A(G) in K;,, .Now the edge set of K;,, be vvy,vv,,vvs,.......,vv, In
S[KLP] edge set be{vvy, v v}, {v, vy, vav, ), e v {VV,, VL UL )

such that in each set the edges are consecutive edges. Now the E[S(Ky,)| = {vv; = e}, viv;, = e, vy =
e, v v=e3,....,vvm,=em, vin,vin=einl.

In forming L[S(Ky,)], V [L (S(K.,))| = (eier e 02 €565, . e e )

Now in L[S(Ky,), the set S = {e;, €3, €5, ... ..., €, }

gives (S) as K, which is regular. Hence F; = {e;,e3, €3, ....,e,, } and F, = {ej e, eyey, 563, ..., e, 1,

Where eje; = eye, = eje; = K, Hence  15(Ky,,) = |F, F,| = 2.

Theorem 4: For any wheel w,, with p > 4 vertices, r,(W,) < r,(W,).

Proof: Let vy, vy, V3, w.voe o wee v e, 1, b the vertex set of W, in which A(W,) = v, and degv; = 3,
1<i<p—1suppose ey, e;es, ..., €, 1€,€,.....,€,_ be the edges of W, Suchthate; = v;v;,1<i<p-
2, e, = vlvp_land e, =y, fori<i<p-1 inL[Wp], {el,ez,eg, v € _1,€],€5,€3, . -----:%—1} =
V[L(W,)] which corresponds to the E[W, ]. Let Fy = {e; €3, €3, e ccc e, €y_1, €53, €1, 65,5, e o . € 5e )
in whichdeg(e;) = 4 = deg(e; ),V e;;€ F; and (F;) is 4-regular.Similarly for

F, = {e’l,e’3,e’5, e €1, €5, €4, €6, e;,_6,eé,_3,e‘1}; Ve, € F,,deg(e’k) =p—4;

1 <k <p—3then(F,)isp — 4 regular. Hence ,(W,) = |F,, F,| = 2.
For the graph W, and by Theorem 1
rs(W,) = (W,).

Theorem 5: For any non-trivial tree T, 1, (T) < A(T).

Proof: Suppose T be a non ftrivial treeT, then T has maximum degree vertex v such that deg(v) = A(T). Let
A = {v{,V,5,V3, e e e wee o, U, } D the intermediate vertices and v € A.Hence deg(v,) < deg(v) Vv, €A4,1 <
i<nandV(T) =AU {v}. InS[TLE[S(T)] = 2q(T) = V[L(S(T))].Now in L[S(T)], each block is a complete
induced sub graph of L[S(T)]. Since deg(v) = A(T) = A[S(T)].

Now we discuss the following cases:

Casel: Suppose the degree of each vertex in A have similar degree such that deg(v;) < deg(v),V v;eA and
v € A[S(T)], then in L[S(T)] each block is complete .Let {B;, B,, ....., B, } be the block set which are complete r-

regular,1 < r < nand denote it as F; = {B;, By, .. ..... ....., B, }. Now the edges which are incident to v forms a
complete block B,,; with r+ 1 regular.Hence F, ={B,,,}.Since T is a ftree, in L{S(T)}, the set C =
{B;,B;,Bj, ....... ... ..., B;, } where each block is complete and is K,. Thus the minimum regular partition of

L[S(T)] = |F1:F2:F3| =3.

Clearly 11, (T) < A(T).

Case2: Suppose the degree of each vertex in Au {v} is alike then in S(T) they preserve the same degree and
N(v) = v, , Vv € AU {v}; v, € V[S(T)] such that deg(v;,) = 2.In L[S(T)]; F; = {By, By, e. ccc c. ..., By , By}
be the block set and each is r-regular complete disjoint sub graphs of L[S(T)]. Let F, = {B;, B5, B} ... ... ... ,B;} be
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the set of blocks that forms bridges of L[S(T)] or end blocks which are K, of L[S(T)]. Hence the minimal edge
partition of L[S(T)] are F; and F, thus 7,,(T) = |F;, F,| = 2 and gives 1, (T) = A(T).

Case3: Suppose degv; < degv, <, ..........,< degv, for the set A = {v;,v,, ........., v, }and degv = A(T) then
inS(T),Vv,eAU{v},Nw) =v, ,1<j<AU{v}, Thus deg(vj) =2.

In L[S(T)] each block is complete sub graph of L[S(T)] with proper that the set of blocks in L[S(T)] are

N k, |
The minimal edge partition of L[S(T)] is denoted as F; = {K,}, F, = {K3}, ... ..., F, = {k,, } Hence 1, (T) =
|Fi, Fyy oo vve e Ey| = A(T) — 1 Thus 7, (T) < A(T). By considering all the three cases, we have ;,(T) <
A(T).

Theorem 6: For any graph G, forp = 4 1,,(G) <p — 2.

Proof: Suppose p < 3 for G = K,,L[S(G)] = G .Thenr,,(G) =1 > p — 2, a contradiction for p =3, then G is
either K; , or C3Assume G = K, ,.Then L[S(G)] = p,.clearlyr,(G) =2>p—2.For=C; 1,(C3) =2>p—
2 again a contradiction. Hence p > 4 .we consider the following cases:

Casel: Suppose G =T and B = {v;V,, V5 .. ... ..., U,, } bE the set of non-end vertices with deg(v;) = deg(v,) =
 ee e e ., = degify,). Again we have the following sub cases.
Sub case 1.1: Assume deg(v,) = deg(v,) =...... = degifl,) Let C = {vy,v,,v3, ... .....,, Uy, } bE Vertex set with

deg(v,) =2,1<i<min S(G) In L[S(G)] each block is complete with same regularity. Further the edges
incident to the vertices of C are exactly two, thus these edges gives K, as an induced sub graph with mK, copies
in L[S(G)].Hence minimal regular edge partition F; = {B}, F, = {mK,}.

Thusris(G) = |F, Kl <p —2givesris(G) <p—2.

Sub case 1.2: Assume deg(v;) > deg(vy) «.. vev cev v v oo . > deg(w,,) for the set B then in [S(G)] , the edges that
are incident to the corresponding vertices of B gives the different edge disjoint induced regular subgraphs. Hence
the minimal edge regular partitions are as

{F\,F;,F;, ... .. ... ..., E, } with respect to these the set {B}. Further as in sub case 1.1, the remaining edge disjoint
induced subgraphs gives the partition F, = {mK,}

Thus r5(G) = |F, F,| < p —2 gives

TLs (G) =p-— 2.

Case2:Suppose G = T. Then it produces more than one block that does not belongs to any edge .Now for
L[S(G)] , the same argument will exists as in the above cases. Hence the partition {F;, F;, F;, ...., E,, } be the edge
partition of L[S(G)], such that|{F,,F,,F;,.....,E,}| <p —2.

Theorem 7: For every r-regular graph ¢ with r = 2, r;(G) = 1.

Proof: For any graph G, if G is r-regular, then L(G) isr + 1 regular. If G is r-regular and S(G) is not regular, but
edge degree of each isr-regular. Now in L[S(G)], E[S(G)] = V[L(G)],since edge degree of each edge in S(G) is
r, then deg(v;) = r; Vv; € L[S(G)].Hence by theoreml , r;4(G) has exactly one partition of edges .Clearly
1(G) = 1.

Theorem 8: For any graph G = P, with p = 3 vertices,r;, (Pp) = 2.
Proof: Suppose G = P, withp > 3 then E[P,| =p — 1. In S(P,), E[S(B,)| =2(p -1 =V [L[S(Pp)]]. Since
E[L(G)]=2(p—1)—-1=2p—3, we haveE[L(G)] = {e;, e;,€3,€4, e ccc e c... .., €5,_3} WhiCh gives F; =

{61,63,65, war was sms s owws aen ey ezp_3} a.nd F2={€2,€4, 66’ T LI RN ] €2(p_1)}.
Clearly 1,(P,) = |F;, F,| = 2 with p > 3.

Conclusion:

The beginning of the regular number of some families of Line subdivision of graphs was carried out, and few
results and bounds were discussed. we have defined and verified some results of it. Now we conclude that the
above theorems are of some trends in Regular number of line subdivision of a graph are cycle or complete block
graphs and it’s satisfied for isomorphic.
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