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Abstract:

We studied a é-conformally flat trans-Sasakian manifold admitting a semi-symmetric non-
metric connection. Some interesting results on a S-Kenmotsu manifold admitting the semi-
symmetric non-metric connection concluded as well.
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1. Introduction

The study of semi-symmetric connection in a Riemannian manifold was introduced by Yano
[16]. Agashe and Chafle [1] introduced the notion of semi-symmetric non-metric connection.
Later on it was studied by several geometers (see [5, 2, 15] and their references).

On the other, a class of almost contact metric manifold namely trans-Sasakian manifold [11]
established as a generalization of a-Sasakian [14] and -Kenmotsu [10] manifold. A trans-
Sasakian structure of type (0, 0), («, 0) and (0, B) are cosymplectic, a-Sasakian and S-
Kenmotsu respectively. For detail study of trans-Sasakian manifold, we refer to [6, 9, 12]. In
this paper, we study some properties of conformal curvature tensor on a trans-Sasakian
manifold admitting the semi-symmetric non-metric connection. The conformal curvature
tensor C on a (2n+1)-dimensional Riemannian manifold is defined as under [7].

C(X,Y)Z =R(X, Y)Z — ﬁ [S(Y, 2)X — S(X, 2)Y + {g(Y,Z)QX — g(X,Z)QY]

[9(Y,2)X — g(X,2)Y], (1.1)

T
2n(2n-1)

where S and Q are Ricci-tensor and Ricci-operator respectively.

The paper is organized as under. Section-2 contains some preliminaries. In Section-3, it is
proved that a B-Kenmotsu manifold is -conformally flat with respect to semi-symmetric
non-metric connection if and only if it is é-conformally flat with respect to the Levi-civita
connection. We also found the Ricci tensor with respect to the Levi-civita connectionin a é-
conformally flat trans-Sasakian manifold admitting semi-symmetric non-metric connection.
Here we deduce that a é-conformally flat £-Kenmotsu manifold admitting semi-symmetric
non-metric connection is an n—Einstein manifold. It is proved that in a &-conformally flat
trans-Sasakian manifold admitting semi-symmetric non-metric connection, ¢8=0.

2. Preliminaries
Let M be a (2n+1)-dimensional almost contact metric manifold (see [3, 4, 7, 8]) equipped
with almost contact metric structure ¢, &, n, g, where @ is (1,1) tensor field, ¢ is a vector field,
n is 1-form and g is Riemannian metric such that
p*=—I+nQy, n(§)=1 ¢&=0, nop=0 (2.1)
9(@X, Y)=g(X,Y)—nX)n(Y), (2.2)
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g(@pX, Y)=—g(X,pY), gX,8)=n(X), (2.3)

for all X, YeTM.An almost contact metric manifold M is called trans-Sasakian manifold if

(Vxp)Y=a{g(X,Y)E—n(Y)X}+B{g(pX,Y)E—n(Y)pX} (2.4)

where V is Levi-civita connection of Riemannian metric g and a and g are smooth functions
on M.The equation (2.4) together with equations (2.1), (2.2) and (2.3), we have

Vx§=—apX+B[X—n(X)S], (2.5)
(Vxm)Y=—ag(pX,Y)+Bg(pX.¢Y) (2.6)

In a trans-Sasakian manifold, we also have [9, 12]
R(X, V)é=(a*=F) (VXX +2ap (V) pX—n(X)pY)+ (Ya)pX
—(XD)pY+ (YB)p2X—(XB)p*Y (2.7)

R V)X= (@*=FH)(gX, V)E—nOY)+2aB(g(9X, V)E+n(X)pY)+ (Xa) ¢Y

+8(9X, Y) (grad a)+XB(Y-n(Y)E)—g(pX.0Y)(gradp), (2.8)
R(&, X)é=(a*=p*=¢L)(nXE—X) (2.9)
and 2af+&a=0, (2.10)
where R is the curvature tensor.
S(X, &) =2n(a* —BH—ERNX)—(2n—DXB—(pX)a, (2.11)
Q&= 2n(a® —=B*)—¢B)é—(2n—1) gradf+e(grada), (2.12)

Where S is the Ricci-curvature and Q is the Ricci-operator of trans-Sasakian manifold of type
(a, B). S and Q are related to each other by

SX,Y)=g(QX)Y).

Under the condition ¢(grada)=(2n—1)(gradf),we have

$B=0. (2.13)

Hence
S(X, & = (2n(a® —B*)—EPInX, (2.14)
Qé= (2n(a® —pH—¢)¢. (2.15)

In an almost contact metric manifold M, n—Einstein characterized as under:
SX,Y)=ag(X,Y)+bn(X)n(Y),

where a and b are smooth functions on M. A n—Einstein manifold becomes Einstein if b=0.
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Let {es, e, ....... , en =&} is a local orthonormal basis of vector fields in an n-dimensional almost
contact manifold M. Definitely, then {pe1, gex, .......... , pen—1, £} is also a local orthonormal
basis. Hence, we have

n—1

zg(ei. e) = Z g(pe;, pe) + 9, &) =n
i=1 i=1

A linear connection V in an almost contact metric manifold M is said to be

e semi-symmetric connection [16] if its torsion tensor satisfies
TX, Y) =n(¥)X —nX)Y

e non-metric connection [1] if
(V)g # 0.

A semi-symmetric non-metric connection ¥ [1] in an almost contact metric manifold M is
defined as

VY = VY +n(Y)X. (2.16)

Let R and R be the curvature tensors of the semi-symmetric non-metric connection V and the
Levi-civita connection V respectively. Then it is well known that

R(X, V)Z =R(X, V)Z + A(X, 2)Y — A(Y, 2)X, (2.17)

where A is a tensor field of type (0,2) given by

AX, Y) = (Vyn)Y = (Vxm)Y — n(X)n(Y) (2.18)

From (2.17), we deduce that
S(X, V) =S(X,Y)—2nA(X, Y), (2.19)
F=r—2ntraceA, (2.20)

where S and S are Ricci-tensors and ¥ and r are scalar curvatures of the semi-symmetric non-

metric connection V and the Levi-civita connection V respectively.
On a trans-Sasakian manifold with respect to semi symmetric non-metric connection, we
have [13]

Lemma 2.1 Let M be a trans-Sasakian manifold with respect to semi-symmetric non-metric
connection, then

(Fxp) () = afg(X, VIE—n(V)X} + Blg(eX. E—n(V)pX} —n(V)eX,  (2.21)
Vy$§ =X — apX + B{X - n(X)S} (2.22)

(Vxn)Y = —ag(X,Y) + Bg(pX,pY) — n(X)n(Y), (2.23)
R(X,Y)Z =R(X, Y)Z + a{g(oY,Z)X — g(pX, Z)Y} — B{g(Y, 2)X — g(X, Z)Y}
+(B + Dn(2{n(M)X —nX)Y} (2.24)

We also have the following theorem [13].

Theorem 2.2 In an (2n+1)-dimensional trans-Sasakian manifold, the Ricci-tensor S and the
scalar curvature ¥ with respect to semi-symmetric non-metric connection V are given by
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SX,Y)=SX,Y)+2n[ag (pX,Y)] — Bg (X, Y) + (B + D)n(X) n(Y)], (2.25)
Ff=r—2n2ng — 1). (2.26)

3. E—conformally flat trans-Sasakian manifolds admitting semi-symmetric non-metric
connection

The relation between the conformal curvature tensor with respect to semi-symmetric non-
metric connection and the conformal curvature tensor with respect to Levi-civita connection
on a trans-Sasakian manifold is as follows[13]

CXYZ=CXZ -7 —[{9(eY, 2)X — g(¢X, 2)Y}

1+p)
+2n{g(Y,Z)pX — g(X,Z)pY}] +m[{g(Y,Z)X —g(X,2)Y}

@Y =X} + 2n{n(V)g (X, 2) —nX)g (Y, 2)}E], (3.1)
where C and C are the conformal curvature tensor admitting semi-symmetric non-metric
connection and the conformal curvature tensor admitting Levi-civita connection respectively.
Taking Z=¢& in the equation (5.3.1),we get

2na

CAYE=CXY)E— == [n(¥) oX —n(X) ¢Y]. (3.2)
On taking a=0in the equatlon (5.3.2), we have
CX,Y)e=CX,Y)E, (3.3

which leads to the following theorem:

Theorem 3.1 A B-kenmotsu manifold is &-conformally flat admitting semi-symmetric non-
metric connection if and only if it is &-conformally flat with respect to the Levi-civita
connection.

On taking Z=§ in the equation (1.1),we get

C(X, Y)§ = R(X, Y) SIS, ) X =S&, Y +n(¥) QX —n(X) QY]

PRYeimrs [n(Y) X - n(x) Y], (34)
and taking account of equations (2.7) and (2.11),we get

CXY)E = (a®? = B> M) X —n(X) Y) 4+ 2aB(m(Y) oX — n(X) ¢Y)
+ (Ya) X — (Xa) oY + (YB)p?X — (XB) ¢*Y

T . S (2@ = )~ §) n(Y) - (@n = DY + (pN)X
= (2n (@ = £ = ) n(X) — (@0~ DXB + (@)Y
+ (INQX = nOOQVY] + 5 (VX = (O]

On simplifying, we get

1
cx, Y)€=ﬁ(——((a —B%) = &B)) X = n(OY)
F2ap@WPX ~n(Y) + (DX ~ (Xa)pY)
+((Yﬁ)n(X
~ o 1)(n(Y)QX n(X)QY) (3.5)

Putting the value of C(X,Y)¢ in the equation (3.2), we get
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COYIE = (5= = (@ = B2 = §)) (1NX = nCOY)
X, (2n—1) \2n 7 7

+(20p - Z55) (X = n(XN)eY)
+H((Ya)pX — (Xa)oY) + (YBINX) — (XBn(Y))E

+ G ((@NaX = (@X)aY) — = @(1QX —1()QY).  (36)

Since the manifold under consideration is &-conformally flat with respect to semi-symmetric
non-metric connection, hence equation (3.6) yields.

()X = (= = ((a? = f2) = €B)) (X = n(X)Y)
+(2@2n - Dap - 2na)(n(V)eX —nX)eY)
+(2n - 1D (Ya)pX — (Xa)pY)
+(2n = D(BINX) — XBIN(Y))E
+((@eYV)aX — (pX)aY) + n(X)QY
On taking Y=¢ in the above equation, we get

0X = (3= (@ = ) =) X + {(2n + D(@® — ) + (2n — ¥ -

—2na(pX) — 2n— DXP)E — (pX)ag — 2n — D)n(X)grad p +
nX)e(grada).

r
2n

g

Taking account of S(X,Y) = g(QX,Y) in the above equation, we get
S, Y) = (£ — ((@® = ) = §8)) g(X, 1)

+{@n+ 1)@ - %) + @n — DEB — =} nCOn(Y) — 2nag(pX,v)

—{@2n = DEXB) + (pX)ajn(¥) —{(2n — D(YB) + (V)ain(¥). 3.7)

Hence we have

Theorem 3.2 In a &-conformally flat trans-Sasakian manifold admitting semi-symmetric non-
metric connection, Ricci tensor with respect to Levi-civita connection is given by the equation
(3.7).

It is known that a trans-Sasakian manifold of kind (0, ) is a f-Kenmotsu manifold and in a 3-
Kenmotsu manifold, {8 is constant. Hence in a $-Kenmotsu manifold equation (3.7) reduces to

S, Y) = (= +52) g, 1) — {@n + DB + L} nOn(). (3.8)
This leads to the following corollary:

Corollary 3.3 A &-conformally flat 3-Kenmotsu manifold admitting semi-symmetric non-metric
connection is an n-Einstein manifold.

Let {e1, €2,.cuvcereen. ezn, e2n+1=E} IS a local orthonormal basis of vector fields in an n-dimensional
almost contact manifold M. Contracting equation (3.7) and using
2n+1

Z S(ei' ei) =T,
i=1
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2n+1
Z gle, e)=2n+1
i=1
and n(e) =0,
we get E4=0.

Hence, we have

Corollary 3.4 In a &-conformally flat trans-Sasakian manifold admitting semi-symmetric
non-metric connection, £3=0.
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