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1. Introduction. Works on the absolute sum factorization of infinite series and Fourier series is the absolute
sum factorization of infinite series and Fourier series is done by several reseachers {[1,2,3...15]}.In[9], it

proved the following theorems of which deals by ‘ﬁ &, additive sum of infinite series and factors.

2. Definitions and Notations. A sequence (An) is said to be an almost positive increasing sequence if

there exists a positive increasing sequence (b ) and two positive constants R and S respectvely .

Suchthat Rb, <A, <Sb, by [1]. The sequence (,un ), we write that Ay, = u, — .,
andA?u,, = Au,, — Au,., ,where (,un) is called bounded variation, if Yo 1|Al, | < . Letyo, ay,
with the partial sums (ﬂn ) Here g be the nth order of Cesaro means @, @>—1,w > —1, the

sequence (nen ) ,by [6],

1 & »

4y =— > A ia,, (4t =q,) 2.1)
B, I

where

B? :(a+1)(a+2)...(a+n) ZO(na), B?=0  for n>0. (2.2)

n!
The series Zan is said to be summable |C,w|;, ,k =1,, {see[7]}

<o (23)
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Ifwetake @=1 then |C,a)|k it becomes to the form |C,1

;o which is the form of
summability. Now (gn ) be a sequence of +ve real numbers is such that

Gﬁigﬁ"o as 1 —>o, (G, =g, =0,i>1) (2.4)

—i
i=0

with sequences transformation such that
(8,)> (@,)
and @, =Lig,~ B 2.5)
defines the sequence (a)n ) of Riesz mean or (]V » 8, ) means of the sequence (ﬂn ), and its
generated coefficient of sequence (gn ) { see[8] }.

The series Z «, is said to be summable ‘]\_f g,

k-1
z(Gn] 0, — o, | <.

. k=1, if {see 3]}

n=1 gn
In the special case when g, =1 forall n (respectively. k=1), W 2,

L summability is the same as

C.1

L (resp. ‘]V,gn . {see [10]}) summability. Also if we take g, = and k =1, then we

n+1
obtained |J, logn,1

summability {see [2]}.

Let f be periodic function with period 2 7 and Lebesgue integrable over (— T, 7r) . The

trigonometric Fourier series of [ is

f~% %Tﬂf(x)dx +; %]if(x)dx cosmx-+ %if(x)dx sin mx

3. Known theorem|[9]

Let (An ) be an almost increasing sequence. If the sequence (An ), (:Un ) and (gn ) satisfy the conditions

1,4, =01) , m—oo (3.1)
ZnAn A2,un‘ =0(1) ,m—>ow (3.2)
n=l
ZG” =0(G,) .m—o (3.3)
n=1 n

Enlz [ =0(4,) .m—w (34)
n=1 Gn

k

UL A

Y - =0(4,) .m>» 3.5)

n=l1 n

Then the series Z o, [, issummable W, gl k>1.

4. Main theorem. The main aim of this paper is to improve known theorem result under new condition.
Now we shall prove
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Theorem: Let (An ) be an almost increasing sequence. If the (An) (:un ) and (gn ) satisfy

>

the condition (3.1), (3.2), (3.3) and

Z Akl 0(4,) .m—w (4.1)

ZlnAkF 4,) . m—>o 42)

Hence the summable Zan M, is ‘]V, g, k,kZ 1.

Note: Condition (4.1) is converted to condition (3.4), when k=1, k > 1, condition (4.1),which is weaker

condition of (3.4), but the converse is not true. The fact, if (3.4) is verified, we get

k
8 |E g,
_IG_AT|1 - [Ak 1] Z

When k> 1, the following example is sufficient case but the converse is false.

o) f‘é =0(4)

Let A =n°,0<5<1, and then construct a sequence (hn ) such that

k

_8.
n f— 1 n n—12
G A

n

Hence
- gn Z’l ‘ o )
nZ:; Gn W:;(An _An—l):Am =m,
Therefore

k

= > (An _An—l )AII;TI

n=1

i(ns (- ))na‘(k—l)

n=1

ok
Y

Its Proved that
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—Zg” 0, asm-—>o ,

mnl n

to be provided &k >1 . This shows that (3.4) implies (4.1) but converse is not true. If we putt g,= 1 foralln, we

get the identical results of (4.2) and (3.5). The following lemma is necessary for the proof of our theorem.

Lemma [9]: we have

,under the condition of the theorem 4.3)

=0(1) as n—w (4.4)

5. Proof of the main theorem.

Let (Ln ) be the sequence of (]V g, ) means of thr series Z a, M, . Then we have

=—ngz 4,

nvO

n

= —Z ~g ), 4, (5.1)

nlO

Then, for n>1, we get

I - - g, igm H;

(5.2)

Applying Abel’s transformation to the right hand side of (5.2), we have

L -1L,, =Gg(”; ZA(&IMJ Zra + f”Gﬂ”Zna

n-1 i=0

_(n+l)g, z,u, g, SPPRES

nG, G,G,, i

+— AU zZ.
GG, A % i GG

=Ln,1 + Ln,Z + Ln,3 + Ln,4
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To prove that by Minkowski’s inequality,

» G k=1
(%)

We have by applying Abel’s transforms,

k=1
| 1 |f =oq "
;[g,,j " ();#” alrens

k
L <o ,for r=1,2,3,4.

n,r

k

=0 (l)z

Hy| =~ G _Akl

k

Il

an Akl

zgl‘ | | ()|/um|

l

:0(1)§A

n=1

4,+0()|u, |4

My,

—0(1) . m—om,

By the hypothesis of Lemma and theorem . Similarly Ln,I , we have

m=1 Gn k=1 +1
$(&] bl 00T B Sl llul | 5]

n,2

m+1

00X || wlal X

n=i+l n n—1

k
~ow3: || LEL

=0(l) as m— o,
Next, by using (3.3), we get that

52 s

n=2 n

n,3

O(I)Z e (Zg»lAﬂfllzflj

n n=1 i=1

m+l g n-l1 G k
:0(1)ZG o (ZT‘i|Auv zi|]
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el . f = _k’l
003 (5% a1 | -5

nZ i

m+1
—00)2 Cilaw)) i Al Y

n:i+lGn anl
B C(: |2
=0 (ian) i
m - ”
= O(I)ZA(i|Aﬂi|) . +O(1)m|Aﬂm < 4
i=1 r=1 r

m—1
=0() > Ali|aw) 4, + 0y m|Aw, |4,
i=1

+0(1) m|Au,|A

oS (i ,]) + oS 4 |,
i=1 i=1

=0() ,as m—o0,

By the hypothesis of theorem and Lemma. Lastly, by using (3.3) asin L —(n,l) we have that

k=1
0 Gn k m+1 g,, _ gi . .
;( & ] Ln’4 = ; G Gk [Z i |lui+1| |Z[| j

n—1

m+1 gn n-l1 1 : k=
o0 gt {E 5l o5

1 P m+l g”
—0(1)2 | | D> =2
=7 1

Research Article

k
m z.
=0(1) Z|ﬂi+1| i|,4;/[_1 = 0(l) , m—> o0 .Which is the proof of the theorem.

i

Remarks:

If we put g, =1 for all n, we get a new result with

Al with additive of an infinite series factors.

Furthermore, if we putk =1, we get a new result ‘ﬁ , gn‘ to the additive of an infinite series with factors.

1
Finally, if we put g, =—— , k=
n+1

factorized.

the additive of the infinite series with
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