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1.0 Introduction:

In 2011, Azam, Fisher and Khan [1] introduced the notion of complex valued metric space,
which is a generalization of the classical metric space and established sufficient conditions for
the existence of a common fixed points for a pair of mappings satisfying a contractive condition.
A complex number z€ T is an ordered pair of real numbers, whose first co-ordinate is called
Re(z) and second co-ordinate is called Im(z).

In 1968, Kannan [3, 4] introduced a contraction mapping which is non-continuous and gave a

fixed point. Such as if X is a complete metric space and T: X2 X is a mapping satisfying
d(Tx,Ty) < ald(x,Tx)+d(v.Ty)], V¥Vx,yEXanda €[0,1).

Then T has a unique fixed point.

Many authors generalized the contractive condition of Kannan in different types of metric

spaces. Recently in 2018, one of the generalization done by Karapinar [S] and Noorwali [6]

introduced a kannan-type contraction called interpolative Kannan types contraction.

In our main result we have generalized the above author’s contraction mapping in complex

valued metric space.

It is helpful to recall some definitions in the context of a complex valued metric space.

2.0 Preliminaries:
First we recall some notations and definitions that will be utilized in our subsequent discussion.
Definition 2.1 Let C be the set of Complex numbers and z;, zZ,EC. Define a partial order = on
C as follows:

z1% 7 if and only if Re(z;) < Re(z;) and Im(z) < Im(zy).
Consequently, we can infer that z;= z, if one of the following conditions is satisfied:

(1) Re(z;) =Re(z,) and Im(z;) <Im(z,),
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(i1)) Re(z;) <Re(zy) and Im(z;) = Im(z,),
(ii1) Re(z1) < Re(zp) and Im(z;) <Im(z,),
(iv) Re(z1) = Re(z,) and Im(z;) = Im(z,).
In particular, we write z; = z; if z;# 7z, and one of (i), (ii), and (iii) is satisfied and we write z;<
7, if only (iii) is satisfied.
We Note that 0 = 2,5 7,2 |21 < |z2|, and 21 = 20, 22< 732 71< 73.
The following definition is recently introduced by Azam et al. [1].
Definition 2.2[2] Let X be a nonempty set whereas C be the set of complex numbers. Suppose
that the mapping d : X x X — €, satisfies the following conditions:
(d)): 0=d(x,y), forall x,y € Xand d(x, y) =0 if and only if x = y;
(dy):  d(x,y)=d(y, x) forall x,y € X;
(d3):  d(x,y) =d(x,z)+d(z,y), forall x,y,z € X.
Then d is called a complex valued metric on X, and (X, d) is called a complex valued metric
space.

Note that d(x,y) < 1+ d(x,y) and so ‘ d (xy) ‘ <

1+ d(=y)

Example 2.3 Let X = [0,1] Define the mapping d: X x X — € by d(z, z) = ei§| z1 - 73|, .Then
(X, d) is a complex valued metric space.

Lemma 2.4 Let (X, d) be a complex valued metric space and let {x,} be a sequence in X. Then
{xn} converges to x if and only if |d(x,, X)| — 0 as n — oo.

Lemma 2.5 Let (X, d) be a complex valued metric space and let {x,} be a sequence in X. Then
{xn} is a cauchy sequence iff |d(X, Xp+m)| — 0 as n — co. Where m in X.

Definition 2.6 Let (X, d) be a complex valued metric space. Then X is said to be complete if
every cauchy sequence in X is convergent in X.

Definition 2.7 A point x € X is said to be a fixed point of T if Tx= x.

Definition 2.8 A point x € X is said to be a common fixed point of T and S if Tx = Sx =X.

3.0 Main Result:
Theorem: Let A and B be two maps on a complete complex valued metric space (X, d) into
itself satisfying:
1- 1-

d(Ax,By) < ald(x, A)]"[d(y, By)]"" + Bld(x, y)1V[d(Ay, By)]
for all x,y in X , x # y,forsome &, § € [0,1) andy € (0,1) with

a+pf <1.
then A and B have a unique common fixed point in X.
Proof: for any arbitrary point Xg € X, {x,,} be a sequence defined as
Xo; X1 = AXq; Xz = BXy; X3 = AXpj vty Xon—1 = AXop—2; X2n = BXop—
Then,
d(Xop-1,X27,) = d(AX2p—3,BX25—1)
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< ald (X33, Axg, )1V [d(Xgn—1, BX2p-1)]H Y
+B[d (X3p—2, Xon—1)1* 7V [d(Axpp—3, Bxyp—1)]"
= a[d(Xgn—2,X2n-1)1"[d (X2p—1, X2,)]1" Y
+B[d (Xpn-2, X2n-1)1" Y [d (xgn—1, X20)1"
or, [dyn—1] < a[dyn 3]V [d2p—1]1"77 + Bldan—2]" 7 [dp1]"
where dyp—1 = d(X2p-1,X2p)

dyp—p = d(X95-2,%X2,—1) And so on.

Further,

d(Xgn, Xons1) = d(BXgy_q1,AXyy)
= d(Axyp, Bxy,-1)
< ald (xgn, Axy,)1Y [d(x9p—1, Bxgn 1)1

+B[d (X2, X20—1) 1" Y [d(Axgp, BxXgp—1)]"

= a[d(Xgn, X2n+1)17 [d (X291, X2) 1Y

+B1d (X200, X211 7V [d (X2p41, X217

or, [dy,] < aldy,]" [dyn—1]"7 + Bldyy—1]" 7 [d2,]"

or, [dy,] < (a + B)[dy, )" [dap—1]" 7

or, [dyn]' ™7 < (a + B)[dyp—1]""

ldpn]l < (@ + B gyl

1
or,|[d, ]| = h?™ |[d,]], where (@ + B)1v = h < 1.
Asgivena@ + f < 1.

Aswe have, |dy,| = hldyp—1| = R?|dyp—p| = - = h2"|d,|

Now we have require to show Cauchy sequence, then

|d (xps Xpag)| = |d(xp, Xpaa) + d(Xpa1, Xpaz) + -+ + d(Xprg-1,Xp+g) |-
< [hP + P 4t hp+q_1]|d(x0,x1}|

RP
= — |d(xq,x1)|-
" |d(x,x,)|
-0 asp,q— co.
Hence, {X,,} is a cauchy sequence. As the X is complete. Let it converges to some u in X. now
we shall prove that u is a unique common fixed point of A and B. for this first we

prove that u=Au=Bu.
d(u, Au) < d(u, x,,,) + d(x5,, A)
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< d(u,xp0) + ald(u, AW)]"[d (Xap -1, BXpr-1)]' Y
+B[d (u, x3,—1)]* ¥ [d(Au, Bxyp,_1)]"
= d(u, xp,) + a[d(w, Aw)]¥[d (xpn-1, %2,)]1" "
+B1d (x2n-1, 0] 7V [d (AU, x2,)]7 .
Letting 1 — ©0 we have,
d(u, Au) = 0. Which implies that d (i, Au) = 0 i.e. Au=u.
Similarly Bu=u. therefore, u is the common fixed point of both A and B.
To show that u is unique. If possible let v be another common fixed point of A and B. so
Av=Bv=v.
Thus by given condition
d(u,v) = d(Au, Bv)
< ald(u, Aw)]Y[d(v, Bv)]* Y
+B[d(u, v)]* 7" [d(Au, Bv)]
= a[d(u,w)]"[d(v,v)]'Y
+Bld(w, )] [d(wv)] .
ie.d(u,v) < Bd(u, v), which is a contradiction since § < 1 and hence our supposition was

wrong so u=v. Proved.

Remarks: In theorem

1. By putting f = 0, we get Noorwali [6] and

2. By putting f = 0 and a=b we get Karapinar(5].
Corollary: Let X be a complex valued metric space and S and T be self-mappings on X. if S and

T satisfy:
d(5x,Ty) < Ald(x,sx)]1[d(y, Ty)]"® (3.1)

forall x, y € X. Such that 5x += x, Ty # y, where 4 € [0,1)and « € (0,1).
Then S and T have a unique common fixed point.
Proof: Let x, € X, we define sequence {x,} in X as follows:
and x5, = Tx,. ., for n= 0,1,2,...if there exists n € {0,1,2,3..} such that

X, = X,:1 = X,4- then x, is a common fixed point of S and T. so we assume that there does not

Xons1 = SXons
exist three consecutive identical terms in the sequence {x_} and that x, # x,.
Now using (3.1), we have
A(Xaps10 Xonsa) = d(Sxop, Txagsy)

= M d (30, 5%, ) 1% [A(Xpp41, TRz 40 )]

= Md(%2n, X204 )] % [d (X1, X202 F

Or, [d[xznﬂ,x:n_l_:]]“ = l[d[x2n1x2n+1]]a
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Or,d(Xs,41, Xops2) = Axd (X, Xs,49)

Or, d(*sp+1:Xans2) = Ad(Xan, X5024)

Hence,

|d(xfn+1’xfn+3)| = Md(xznrx:nﬂ]' +?L:|d(x:n—1xx:n)| + -+ }’L:”+1|d(xu,x1j|

Or, |d(%p+ 1, Xap42) | = }":n+1|d(xD!x1)| (3.2)
Similarly,

d(Xap, Xon+1) = d(Txp,_y, 5%a,)
= d(Sx;5, Txpn_y)
= A[d(%00, 8%, )]¥[A(%pp—y, TXpp -y )15
= Ad(x,,, %0p4 )15 [A (o1, %55 )]
Or, [d(%,,, %2541 )]77% = Ald(x0-y. %5, ]

Or, d(Xan, X2 41) %}Lid(xfn—lrxfn)'

Or, |d(xfn’xfn+1j| = }L;_Tlxld(xfn—lrxfn) | < }le(xfn—i’xfnjl'

Hence,

ld (%00, Xop+1) | = Ald(xop—y, x5, ) | < }led(xfn—f’xﬂn—ljl =t lg”ld(xﬁ,xljl (3.3)
From (3.2) and (3.3) we get,

1A (%0501 = A7 1d(xg, %) | (3.4)

Now we shall prove that the sequence {x,} is a Cauchy sequence.
Let p,q from the set {0,1,,2,...}.
|d[:xp’xp+q]| = |d[xp’xp+l) + d(_xp+1’xp+3) +oet d[:xp+q—l’xp+q)|'
< [AF + AT 4 AT d (2, x )
< [AP + 24P e qPFe L g ] d (2, x)
= 2 1d(xg,x,) |
—+ 0 gsp— 0o,
Hence {x,} is a Cauchy sequence. As X is complete, so there exists u in X such that
lim, . x, = u. Now we shall show that Su=u. if possible let Su= u. Then we have
|d(Sw,u)| = 0. Then we get
d(Su,1u) < d(Su, x5,4,) +d(Xa,50, 1)
= d(xg,50,u) + d(Su,Tx,.q)
< d(xgpe01) + Ad(w, S1u)]*[d (%4 1) THopsy )T
Letting n—> oo we get |d(Su,u)| = 0i.e. Su=u.
Similarly,
duw, Tu) < d(w,x5,29) + d(x5,50, Tu)
= d(w,x5,4,) +d(Sx,
< d(u, x,,) + Ald(x,

o T1E)
5x5,)]%[d(u, Tw) ]~

nt
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Letting n>co we get |d(Tu, u)| = 0i.e. Tu=u.

To prove that u is unique common fixed point of S and T. if possible suppose that v is the
another common fixed point of S and T. then

d(u,v) = d(Su, Tv) < Ald(w, Su)]*[d(v, Tv)]* =

which gives |d(u, u)| = 0i.e. u=v.

Thus u is unique common fixed point of S and T. Proved.

Remarks:-This theorem is free from the condition of different types of contraction. Authors
suggest to the readers to extend the mappings as well as in generalized contractive condition.
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