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Abstract

The aim of this paper is to analyzing exponential stability of non-linear partial differential
equation using Lyapunov second method. We consider different models from heat and wave
non-linear equations in addition to 2X2 hyperbolic system with balance laws. We show the
effectiveness of the proposed methodology using some examples of different types of
nonlinear PDEs.
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Introduction
Lyapunov’s second method, also sometimes called Lyapunov’s direct method, is one of the
effective and powerful classical methods for studying asymptotic behavior and stability of the
dynamical systems by ordinary differential equations. In the classical Lyapunov stability
theory, we will start by defining the exponential stability in ordinary differential equations.
The system
X =AX

Where X € R™ is called exponentially stable at the equilibrium X = 0 if there exist positive
constantsM and «, such that

Xl < Me~|IX ()|
Where ||. ||is a vector norm[1].
It should be noted, however, that the vector norms are equivalent in a finite dimension,
unfortunately, this is not true in infinite dimension systems like PDEstherefore, we miss
generalizing the results of stability. Lyapunov's work in 1892 had a lasting influence on
stability studies not only for ordinary differential equations but also for general dynamical
systems, especially for partial differential equations [2]. In fact, Lyapunov stability theorem
was applied to linear partial equations and remarkable results were obtained [3]. Vast parts of
real-world physical systems are described by nonlinear partial differential equations. Such
equations arise in various fields of applications, for example, fluid mechanics, gas dynamics,
combustion theory, relativity, elasticity, thermodynamics, biology, ecology, neuroscience and
many others. In this paper, we apply the second Lyapunovmethod to some models of
nonlinear partial differential equations in one dimension in L?-norm. It should be noted that it
is not always easy to find a way to apply this method to nonlinear PDEs [4] we have been
benefitedthe results of nonlinear energy stability obtained in convective problems, which are
very similar to Lyapunov method [5].
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Preliminaries
First of all, let us define some important concepts that we will use in this paper
1. Some functional spaces

L2(Q) = {f )| of?(x) dx < oo} (1)
All of functions in space L?(Q) have bounded energy
HY'(Q) = (f()If € L%, f" € L?} (2)

2. Recall some useful inequalities
a) Young's inequality:
€

1
Sa? +5-b? 3)

ab <

b) Cauchy —Schwarz inequality:

1 1 1/2 1 1/2
dx < 2d 2d 4
s (o) (s

¢) Poincare inequality:
f01 u?dx < 2u*(1) + 4 fol uZ dx
fol u?dx < 2u?(0) + 4 fol uZ dx
For any u continuously differentiable on [0,1]
d) Sobolev inequality:

Let Q be a bounded domain in R® with boundaryd(). Then for function u with u = 0
on 00}

(f ubav)'”® < ¢ |Vul? av ©6)
3. LetD,, denoted the set of diagonal m X m real matrices with strictly positive diagonal

entries. We introduce the following norm for the matrix K
p(K) 2 inf(lAKA™]|, A € D,y @

®)

NonlinearPDE
Example.1:Consider the Burger equationwhich is more easily accessible to reader who has
background in Lyapunov exponential stability of linear PDE. (Burgers' equation is a nonlinear
PDE in progress in different fields of mathematics, such as fluid mechanics, nonlinear
acoustics, traffic flow and gas dynamic)

Up = UUyy + ULy 3)

u(0,t) =u(1,t) =0
Consider Lyapunov function

V= [ u?dx (9)

Taking time derivative along the trajectory of (8), we get

1 1 1
V=J. uutdx=yf uuxxdx+f u?u, dx
0 0

0
1 u3
et~ [ ] -5
o 3

1
= —yf uldx (11)
0

1
(10)
0
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By using (5), we get
1
. U U
Vs——| u?dx<-%ZV 12
4.[)11 X 5 (12)

Proving exponential stability of the system (8) in L?-norm
Exact solution for Burger equation
u(x,t) =2tanh(t+x—1)+1

Figure 1: The 3D and 2D graphics for the Burger equation

Example 2: consider Burger equation in another boundary condition [3]
Up = UlUyy + Ully (13)
u(0,t) =0

1
Ur(L,6) = == (u() + u3(1))

Let we recall the equation (10), and use the boundary condition given in this example, then

we have
) 1 u3
ot ] 2
0 3

1
0

1 1 1 1
= —guz(l) —gu“ —§u3(1) —L uldx
. 1
V<oV (14)

Then the system (13) is exponentially stable in L?-norm

Example 3:Let we consider the following diffusion equation, but here with additional term
i.e. quadratic nonlinear term. [5]
Up = Uy, — ULy + fu? (15)
u(0,t) =u(1,t) =0
By using Lyapunov function (9), and taking time derivative, we get

1 1 1
V=f uuxxdx—f uzuxdx+ﬁf ud dx
0 0 0

1 1
+,8f ud dx
0 0

1 3
u
=uuxlé—f u,zcdx—?
0
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1 1
=—fu,zcdx+ﬁfu3dx (16)
0 0

From Cauchy-Schwarz inequality (4), we get

1 1 1 1/2 1 1/2
fu3dx:f uludx S<f u‘*dx) (f uzdx>
0 0 0 0

Sobelov inequality (6) give us
1 1/ rt 2
utdx <-( | u2dx
4
0 0

1 1/ (1 1 1/2
fu3de2—<f u,%dx)(f uzdx> (17)
0 0 0

By putting (17) in (16), we get

. 1 B/ (1 1 1/2
VS—fu,zcdx+—(f u,%dx)(f uzdx>
0 2 \Jo 0

! B
< —f U2 dx (1 _r ||u||> (18)
0 2
By Poincare inequality (5), we have
v<—2v (15 i) 19
=-3 5 Il (19)
If we want to prove exponential stability condition, we shall assume that
lluoll < 2871

ThenV < — %V, and the system (15) is exponentially stable in L?-norm.

Then

Example 4:consider the fisher equation [6], (Fisher's equation is a nonlinear parabolic
equation firstly proposed by fisher to model the progression gene in an infinite-dimensional
homeland [7]. Moreover, Fisher's equation has been used as a basis for a wide variety of
models for the spatial diffusion of gene in population, chemical wave diffusion, flame
diffusion, ramifying Brownian motion process and even nuclear reactor theory.

Up = Uy + au — fu? (20)

u(0) =0,u(1) =U(t)
Where a, [ are positive constant and U (t) is control
By using Lyapunov (9) and taking time derivative of it along the trajectory of (20), we get

1 1 1
V=fuuxxdx+afu2dx—ﬁfu3dx
0 0 0

1 1 1

=uux|%,—fu§dx+af uzdx—ﬁfu3dx
0 0 0

1

—u(u ) -

0
If U(t) = 0, and by using Sobolev inequality (6), we get

. 1 1 ﬂ 1 1 1/2
VS—fu,zcdx+af uzdx——<f u,%dx)(f uzdx>
0 0 2 \Jo 0

1

1
S—f u,zcdx<1+£||u||)+af u? dx
0 2 0

1
u,zcdx+dx—ﬁf uddx (21)
0
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Now using Poincar'e inequality (5)
1

o1t B
VS——f uzdx(1+—||u||>+af u?dx
4Jo 2 0

< —foluz dx (%(1 +2£||u||> — a)

< —2v (G + Bl
= Z gu a

i

So,thesystem (20) is exponentially stable in L?-norm if @ <

Exact solution for Fisher's equation

2

t —1t h(5t+1\/€ +1) +1t h(5t+1\/€ +1> 3
u(x,t) = gtanh (5 €+ 5 v6x 2 12V 4

12

Figure 2: The 3D and 2D graphics for the Fisher's equation
Example S:consider MKdV-Burgersequation [7]
Up = —Uypy T EUyxy — OUU, (22)
u(0) =u,(1) =0
U (1) = kqu® (1) + kou(1)
Where ¢, kyand k, are positive constants
By using Lyapunov (9) and taking time derivative of it along the trajectoryof (22), we get

. 1 1 1
V=—f uuxxxdx+£f
0 0
211

Ully, dx — 6f u?u, dx (23)
0
1 1 ux
f Ullyyy dX = uuxxltl) - f Uy Uy dX = _u(l)uxx(l) + 7
0 0

0

1 2
0
f Ulyyy dX = — k1u4(1) - kzuz(l) - uxz( )(24)
Y 1
f Ully, dx = —j u?dx (25)
0 0
1 3
0
f ulu, dx = v (26)
0 3

By putting (24), (25) and (26) in (23), we get

) 1 1
V =—u?(k, — ku*(1) — Eu,zc(O) — ef uz —2u3(1)
0
By using Poincar'e inequality (5), we have
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V< gflzd— £y
< 4Ou x=-5

Then the system (22) is exponentially stable in L?-norm.
2x2 Hyperbolic System with balance laws

Example 6: double-pipe heat exchanger is governed, based on the thermal energy balance
equations by the following PDE system [8]

U +uu, = a(w —u)
{wt +ww, = a,(u—w) 27)
Letay(w —u) = 5(u,w) and a; (u —w) = y(u,w)
We can write the system (27) in matrix form
Ul [u O7[Ux] _[d
[Wt] + [o w [Wx] B [y] (28)
Let we define the vector T £ (u, w)™ then system (28) can be written in
T; + F(T)T, = E(T) (29)
Where
~u 0 _[6(u,w)
Felp )] ET) = |, w

A constant state T* which is satisfies the condition E(T*) = 0 is an equilibrium state (or
steady state) for the system (29)

Now it is well known that for any system in the form (27), there exists change of coordinates
(Riemann coordinates) Z = p(T) which enable us to rewrite the system (1) in the
characteristic form [9]

2]+ [°0 Gl =re (30)
Where
c(2) 2 L(B1@) and Y (2) 2 G2 (B @)Y (B(2))

Let we put Y(Z) = HZ then the system (30) can be written as
Zi+LZ,=HZ (31)
Where
Z £ (Z,Z,)",L = dig{cy, c;}
With boundary condition
NoZ(0,1) + N, Z(1,t) =0 (32)
The system (31) is the linear approximation of the system (30) around the origin

Consider the Lyapunov function[10]
1

4 =f ZT P(x)Z dx (33)
0

Where the matrix P(x) is defined as

P(x) £ diag{p;je™%**,i = 1,2,...,2n}, With € > 0,p; > 0 are positive real numbers and
o; = sign(c;).

Taking time derivative of function V' along the solutions of (31)

1
V= j (0. ZTP(x)Z + ZTP(x)0,Z) dx
0
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1
=— f (0,ZTLP(x)Z + ZTP(x)L8,Z — ZTHTP(x)Z — ZTP(x)HZ)dx
0

1 1
=— f 0,(ZTG(x)Z) dx + f ZT(HTP(x) + P(x)H)Z dx
0 0

Where
G(x) = diag{p;|cile %**,i = 1, ...,2n}, is positive diagonal matrix.

Using integration by parts, we have
1

V=- f 077G (07] dx — f Z7 (G (x) — H™P(x) — PCOH)Z dx
0 0

1
=-ZTG(x)Z|} — f ZT(uG(x) — HTP(x) — P(x)H)Z dx
0

1

=—[ZT(1,)G(1)Z(1,t) — ZT(0,t)G(0)Z(0,t)] — f ZT(uR(x) — HTP(x) — P(x)H)Z dx
0

The system (31)-(32) is exponentially stable if there exist 4 > 0 and p; > 0,i = 1, ...,2n

satisfy the following two conditions:
1. ZT(0,£)G(0)Z(0,t) — ZT(1,t)G(1)Z(1,t) is positive definite according to linear
boundary condition NyZ(0,t) + N;Z(1,t) =0
2. Vx € (0,1) the matrix uM (x) — HT P(x) — P(x)H is positive definite
The boundary condition which satisfy the condition (1) is [11]
N(Z*(0,6),Z*(1,1),Z7(0,£),Z7(1,£)) = 0 (34)
Assume that the map N, is differentiable in a neighborhood of the orgin
The linearization of the boundary condition (34) about the origin is
[Z+(0, t)] _ [Koo KOl] [Z+(1, t)] (35)
z=(1,1) Ko Ki11lZ7(0,t)
Again, the linear approximation of system (31) around the origin
0.Z* + L0,z
0.2~ —L70,Z~
Consider the following Lyapunov function

] = MZ (36)

1
V= f [(Z+Tpoz+)e-#x + (27 Pz )| dx (37)
0
Where Py € D,,, P, € D,, and p > 0. Taking the time derivative of I/ we have

1 1
V= f —0,(Z¥ PyL*Z)e H¥ dx + f —0,(Z” P,L"Z7)e ¥ dx
0 0

1
+ f ZT(MTP(x) + P(x)M)Z dx
0

By using integration by parts we have

V = Vl + VZ
Where
. 1 1
v, 2 —[Z+TP0L+Z+e‘“x] + [Z‘TPlL‘Z‘e“x]
0 0
1
v, 2 f ZT(—puP(x)L + MTP(x) + P(x)M)Z dx
0
Where

P(x) £ diag{Pye ", Pie"**}and L £ diag{L*, L™}
LetZy 2 Z(0,t),Z{ 2 Z*(1,t)
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1) Analysis of V; terms:
By using boundary condition (35), we have

) 1 1
v, = —[Z+TP0L+Z+e‘“x] + [Z‘TPlL_Z_e“"]
0 0
= —(Z+TP0L+Z+e‘”" + Z‘TPlL‘Z‘e”x) + (Z;TKOTO + ZO‘TKOTl) PoL* (Koo Zi + Ko1Z3)
+ (21" Ko + 25" K3, ) PoL* (KooZi + Ko Z5)e*
Theorem (1):if p(K) < 1, there exist 4 > 0 such that, if || M|| < &, then the linear hyperbolic
system (35)-(36) is exponentially stable.[12]
Now since p(K) < 1, there exist Ly € D, L; € D,, and A2 diag{Ly, L}, such that
lAKAY < 1 (38)
We selected the matrices Py and P; such that PyL* = D3 and P, L~ = D?
Let o 2 DoZy , q1 2 Dy Ziand q7 2 (ql, qT) Then, by using the inequality (38), we get
T _T —
(2" KS + 25" K3, PoL* (KooZi + K01 Z5)
+ (ZlJrTKgo + ZO_TKOT1) PoL* (Koo Z{ + Ko1Zg et
= [|AKA™ ql|? < llqlI?
= 7 P Lt ZF + 25 PL7Z5
By selecting u small enough such that V; is negative definite.
2) Analysis of V, term:

It is clear that for any p > 0 there exist € and a are two positive constants such that [|M|| < €
= V, < —aV =V =V, + V, < —aVthen the linear system (35)-(36) is exponentially stable
inL?-norm.

Conclusion

In this paper, stability analysis for non-linear partial differential equation scrutinized by
Lyapunov direct method. We have introduced affair of locating sufficient boundary condition
for exponential stability of some models of PDE inL?-norm. We also consider the system of
balance laws as example of hyperbolic systems and deduced the exponential stability of the
steady-state in the linear case for the given example, but the same Lyapunov function cannot
be used directly to analyze the stability of the nonlinear case in L?-norm( as shown in detail in

[13D) .
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