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ABSTRACT

The paper illustrates algebraic representation of the friendship Graph F,and corona of Gand K;called the Perfect
dominating polynomial. The Perfect dominating polynomial is constructed by using Perfect dominating set. At
first we find the family Perfect dominating set with the given cardinality. The collection of families of sets
become the coefficient of novel Perfect dominating polynomial . The relations which gets identified with this on
coefficients helps to develop the Perfect dominating polynomial of F,and G o K thus we find the rootsof this
polynomial.
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1. Introduction

Let G = (V,E) be a simple graph of order || = n. For any vertex u € V, the open neighborhood of u is the set
N)={veV|uveE}. A set SCV is a dominating set of G, if every vertex u € V is a element ofS or is
adjacent to an element of S [7].The dominating set S is a perfect dominating set if [N(u) NS| = 1 for each
u € V — S[7], or equivalently, if every vertex u in V — S is adjacent to exactly one vertex in S. The Perfect
domination number Yy is the minimum cardinality of a Perfect dominating set in G.The Friendship Graph F, is

constructed by joining n copies of the cycle C3 with a common vertex [4]. The corona G; o G, is obtained by
taking one copy of G; and |G, | copies of G,, and by joining each vertex of the i"™ copy of G, to the i” vertex of
Gi,i = 1,2,...,]G{|[8].Let Dps(G,i) be the family of all Perfect dominating sets of G with cardinality i, and

let dpf (G, i) = |Dpr(G, i) |then
Dpr(G,x) = Zlyl;(fﬁ?()é) dps(G, i) x'is called the Perfect dominating polynomial of G.The roots of the polynomialis

obtained byequate the given polynomial to zero and the roots are called the solutions for the given polynomial.
2.Perfect Dominating Polynomial of a Friendship Graph F,,

We denote the family of Perfect dominating sets of the Friendship Graph F, with cardinality iby Dy (Fy, ).
Then the Perfect dominating sets of the Friendship Graph F, is investigated as follows;

Definition 2.1

Let F, be a Friendship Graph with 2n + 1 vertices and D, s(F,,i)be the family of Perfect dominating sets of the
Friendship Graph F, with cardinality i then, d,;(F,, i) = |Dps(F,,0)|-

Example 2.2
Consider the following Friendship Graph F5 in Figurel

vl Uz
Us
U7

Ve
Figure:1

Here, the Perfect dominating set of cardinality one is {v;}
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The Perfect dominating set of cardinality two is { }

The Perfect dominating set of cardinality three is {{vl, 2,07}, {v3, V4, v}, {Vs, V6, V7 }}

The Perfect dominating set of cardinality four is { }

The Perfect dominating set of cardinality five is {{vl, Vg, V3, Vs, V7 }, {01, V2, Vs, Vg, V7 },{V3, Vs, Us, Vs, v7}}
The Perfect dominating set of cardinality six is { }

The Perfect dominating set of cardinality seven is {vq, vy, V3, Uy, Vs, Vg, V7 }

Therefore, dpf(F3, 1) = 1, dpf(F3,2) = 0, dpf(F3,3) = 3, dpf(F3,4) = 0, dpf(F3, 5) = 3, dpf(Fg, 6) =
0,dpr(F3,7) = 1.

Lemma 2.3

dpf(Fli 1) = 3

Proof

By the definition a friendship graph F; has 3 vertices and 3 edges.We know that, F, is constructed by joining n
copies of the cycle C3 with a common vertex.Thus, we conclude that F; is a cycle with 3 vertices. Therefore
every vertex inF; Perfectly dominates all the other two vertices in F; and we get |Dpf(F1,1))| = 3. Hence,
dpf(Fli 1) = 3.

Theorem 2.4

Let F, be a Friendship Graph with 2n + 1 vertices then,d,f(F,,1) = 1 forn > 2

Proof

As the Graph F,can be constructed by joining n copies of the cycle C; with a common vertex, which is the only
vertex that Perfectly dominates all other vertex of F,, for n = 2.Therefore, dp 7 (E,1)=1forn =2

Lemma 2.5
Yor(F) =1
Lemma 2.6
Let F, be the Friendship graph with 2n+1 vertices and for all
n
12 2dyp (Fy i) = ((?)) fori=1357,..,2n+1
0 otherwise
Proof

Let F, be the Friendship graph with 2n +1 vertices and 3n edges.Since the Perfect dominating Set of the

Friendship Graph FE,with cardinality iis obtained by choosing ? copies of the cycle C3 that joins with a
n

common vertex from n copies of the cycle C3 joining with a common vertex, which is ((i—_l)>Possible
2
n

g)) fori=1,357,..2n+1
2
0 otherwise

ways. Therefore, dy, ¢ (F,,i) = <(

Definition 2.7 ]
If F, be a Friendship Graph with 2n + 1 vertices then D,¢(F,,x) = ot Y, (Fy,i)x* is called the Perfect

Dominating Polynomial of E,

Theorem 2.8

Let F; be a Friendship Graph with 3 vertices then the Perfect dominating Polynomial of F; is given by
Dpr(Fy,x) = 3x + x3

Proof

Since, F; is a complete graph with 3 vertices then we have, Dy (F,x)=3x+ x3

Theorem 2.9

Let F, be a Friendship Graph with 2n + 1 vertices then the Perfect dominating Polynomial Dy f(F,, x) =
x(1+x?)"forn > 2

Proof

Given F, be a Friendship Graph with 2n + 1 vertices .We have D, ¢(F,, x) = yamtl dpy(Fn, i) xt
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Then by lemma 2.6 we get Dy, (F,,x) = (3) x+ GL) x3 4+ (Z) x?"l = x (1 + (rll)x2 + (721) 2%+ -+
(7)adm) =x1+x)n

Example 2.10

We find the Perfect dominating polynomial F3, From Example 2.2 we haved,((F3,1) = 1,d,f(F3,2) =
0,dys(F5,3) = 3,dyr (F3,4) = 0,dpf(F3,5) = 3,dpr (F5,6) = 0,dp (F5,7) = 1.

Then by definition 2.7D,¢(F3,x) = x + 3x3 + 3x° + x”

By Theorem 2.9we have, Dp¢(F3,x) = x(1 + x3)* = x(1 + 3x% + 3x* + x®) = x + 3x3 + 3x> + x”
Theorem 2.11

The Perfect dominating roots of the friendship Graph F, are given by Oand +i (n times).

Proof

The Perfect dominating Polynomial of a Friendship graph with n vertices is given by D¢ (Fy, x) = x(1 + x2)"
To find the roots of this polynomial put D, ¢(Fy,x) = 0.

ie)x(1+x3)"=0=x=0 or (1+x?)"=0

= x =0 or = +i (ntimes)

3. Perfect Dominating Polynomial of G o K
Definition 3.1

Let G be a Simple graphof order n and D,¢(G o K;,1) is a family of perfect dominating set with cardinality i and
dpr(G o Ky,i) = |Dpf(G ° Kl,i)|then Dps(G o Ky,x) = l-zfndpf(G oKy,i)x' is a perfect dominating
polynomial of G o Kj.

Theorem 3.2
Let G be a Simple graph of order n then, dpf(G ° K;,i) = 0ifi <n
Theorem 3.3

Let G be a Graph with n vertices then y,¢(G o K;) = n
Proof

Let V(G) = {uy,uy, ..., U, } be the vertices of G and we add n new vertices {vq, V5, ..., .} to G and join v; to u;
foralli,1 <i < nto obtain G o Ky.Let D be a Perfect dominating set of G then |D| < n here we have two cases
if |ID|<nthen [IN(v;) ND|# 1 for somei,1 <i < n, therefore D is not a perfect dominating set of G o K,.If
|[D|=n then D =V(G) and
IN(w)ND|=1 foreveryi,1 <i < n. therefore, V(G) = {uy,uy,...,u,} is a Perfect dominating set of G o
Ky.Hence, ypr(GoKy)=n

Theorem 3.4
Let G be a graph of order n then, d,¢(G o K1,n) = 2
Proof

We take V(G) = {uq,uy, ..., up} and V'(G) = {v4,v,,..., v} be the set of n vertices and join v; to wu; for all
i,1<i<ntoobtain G o K;.Let D be a family of perfect dominating set cardinality n of G o K;First we claim
there is no perfect dominating sets belongs to D with the combination of vertices V(G) and V'(G). If not
Suppose V; € D and vertices of V; belongs to V(G) and V'(G) then, [IN(u;)) N D|# 1 for somei,1 <i <
n.Which contradicts to the definition of perfect dominating Set. Hence, there is no perfect dominating sets
belongs to D with the combination of vertices V(G) and V'(G).But, for the set V(G) which is a dominating set
also INw)NV(G)|=1forallii1<i<n and V'(G) is also a dominating set and |N(w;)NV'(G)| =
1 foralli,1 <i < n.Therefore, V(G),V'(G) € D.Hence, d,f(G o K;,n) = |D| = 2.

Theorem 3.5

Let G be a graph of order n and for every m where n <m < 2n we have d,,; (G ° K;,m) = (mri n)'

Proof

Let G be a graph of order n and D is a Perfect dominating Set of G o K; with size m where n < m < 2n then
[DNV(G)| =iforl < i<n.Without loss of generality Suppose that V(G) N D = {uq,u,, ..., u,}. Since, D is a
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Perfect dominating set with size m then, D contains some v;,V;.q ...,V Vvertices. Hence, for finding the

dominating set D we have to extend {u;,us,.., Uy} to {Uuy, Uy, ..., Un, Vi, Vigq -, U }.Which is of (rll)
possibilities therefore dp, (G © K;,m) = (mri n)for n<m<2n.

Theorem 3.6

Let G be a graph of order n then Dp,r(G o Kq,x) = x"[1+ (1+ x™)"]

Proof

We have Dpr(GoKy,x) = fondpf(G o Ky,i)x! that isDpr(G o Ky, x) = dps(G o Ky,m)x™ + dpr(G o Kyyn +
D™ 44 dpr(Go K;,2n)x**. By using Theorem 3.4& Theorem 3.5we get Dpr(GoKy,x) =2x™+

(711) x4 (721) X2 4t (nf 1)x”+(”_1) + (Z) X2 =2x"+ xM(1+ )" —x™=x"[1+ (1+ x)"]
Example 3.7
Consider a graph G of order 4 then the corona of two graphs G and K; is G o K, has 8 vertices
Hence, by a Theorem 3.6 we have D¢ (G o K1,x) = x*[1+ (1+ x)*]
=x*[14+ (1+ 4x+ 6x% + 4x3 + x*)]
=x*[2+ 4x + 6x% + 4x3 + x*]
=2x*+4x5+ 6x°+ 4x7 + x8
Theorem 3.8

(2k+Dm

(2k:1)11:]

The Perfect dominating roots of G o K; are Oand [cos + isin -1,k=0,1,2,..,n—1.

Proof

The Perfect dominating Polynomial of a G o K; with 2n vertices is given by D,r(Go K;,x) = x"[1+ (1 +
x)™].To find the roots of this polynomial put Dp,¢(G © Kq,x) = 0 therefore, x"[1 + (1 +x)"] = 0= x" =0or

1 1
1+(1+x)"=0Now, (Q1+x)"=-1=1+x)"=1(cosn + isinn) = 1+ x = 1n(cosn + isinm)n =

(k+1)m + isin (k+1)m

x = [cos ] —1,k=0,1,2,...,n — 1. Therefore, the Perfect dominating roots of G o K; are

n
2k+1D)m

0(n times)and [cos( + isin (Zkzl)n] -1,k=0,1,2,..,n—1.

Example 3.9

Let G be a graph of order 2 we have to find the Perfect dominating roots of G o K;.By the previous theorem if G
(Zk:—ll)n + isin (2k+1)n:| - 1lk = 0i1;2; Y (e 1 are the PerfeCt
GEEDT 4 isin EEEDT) _ 1, = 0,1

that is0(2 times) and [cos% + isin%] — 1,[cos37n + isin%n] — 1,therefore 0(2 times) and —1, —i — 1 are the
required Perfect dominating roots of the Graph.

is a graph of order n then 0(n times) and [cos

dominating roots of the polynomial. Put n = 2 we get 0(2 times) and [COS

4. Conclusions
The paper sums up the findings of how perfect dominating polynomial of a Friendship Graph and G o K; is
structured up by Perfect dominating set and also how this polynomialsobtain its roots.
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