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ABSTRACT 

The paper illustrates algebraic representation of the friendship Graph 𝐹𝑛and corona of 𝐺and 𝐾1called the Perfect 

dominating polynomial. The Perfect dominating polynomial is constructed by using Perfect dominating set. At 

first we find the family Perfect dominating set with the given cardinality. The collection of families of sets 
become the coefficient of  novel Perfect dominating polynomial . The relations which gets identified with this on 

coefficients helps to develop the Perfect dominating polynomial of 𝐹𝑛and 𝐺 ∘ 𝐾1thus we find the rootsof this 

polynomial. 
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1. Introduction 

Let  𝐺 = (𝑉, 𝐸) be a simple graph of order |𝑉| = 𝑛. For any vertex  𝑢 ∈ 𝑉, the open neighborhood of 𝑢 is the set 𝑁(𝑢) = {𝑣 ∈ 𝑉|𝑢𝑣 ∈ 𝐸}. A set 𝑆 ⊆ 𝑉 is a dominating set of 𝐺, if every vertex 𝑢 ∈ 𝑉 is a element of𝑆 or is 

adjacent to an element of 𝑆 [7].The dominating set S is a perfect dominating set if |𝑁(𝑢) ∩ 𝑆| = 1 for each 𝑢 ∈ 𝑉 − 𝑆[7], or equivalently, if every vertex 𝑢 in 𝑉 − 𝑆 is adjacent to exactly one vertex in S. The Perfect 
domination number 𝛾𝑝𝑓 is the minimum cardinality of a Perfect dominating set in 𝐺.The Friendship Graph 𝐹𝑛 is 

constructed by joining 𝑛 copies of the cycle 𝐶3 with a common vertex [4]. The corona 𝐺1 ∘ 𝐺2 is obtained by 

taking one copy of 𝐺1 and |𝐺1| copies of 𝐺2, and by joining each vertex of the ith copy of 𝐺2 to the ith vertex of 𝐺𝑖 , 𝑖 =  1,2 , . . . , |𝐺1|[8].Let 𝐷𝑝𝑓(𝐺, 𝑖) be the family of all Perfect dominating sets of 𝐺  with cardinality 𝑖, and 

let 𝑑𝑝𝑓(𝐺, 𝑖) = |𝐷𝑝𝑓(𝐺, 𝑖)|then 𝐷𝑝𝑓(𝐺, 𝑥) = ∑ 𝑑𝑝𝑓(𝐺, 𝑖)|𝑉(𝐺)|𝛾𝑝𝑓(𝐺) 𝑥 𝑖is called the Perfect dominating polynomial of 𝐺.The roots of the polynomialis 

obtained byequate the given polynomial to zero and the roots are called the solutions for the given polynomial. 

 

2.Perfect Dominating Polynomial of a Friendship Graph  𝑭𝒏 

We denote the family of Perfect dominating sets of the Friendship Graph  𝐹𝑛 with cardinality 𝑖by 𝐷𝑝𝑓(𝐹𝑛, 𝑖). 

Then the Perfect dominating sets of the Friendship Graph  𝐹𝑛 is investigated as follows; 
Definition 2.1 

Let 𝐹𝑛 be a Friendship Graph with 2𝑛 + 1 vertices and 𝐷𝑝𝑓(𝐹𝑛, 𝑖)be the family of Perfect dominating sets of the 

Friendship Graph  𝐹𝑛 with cardinality 𝑖 then, 𝑑𝑝𝑓(𝐹𝑛, 𝑖) = |𝐷𝑝𝑓(𝐹𝑛, 𝑖)|. 
 

Example 2.2 

Consider the following Friendship Graph 𝐹3 in Figure1 
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Here, the Perfect dominating set of cardinality one is {𝑣7} 
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The Perfect dominating set of cardinality two is { } 

The Perfect dominating set of cardinality three is {{𝑣1 , 𝑣2 , 𝑣7}, {𝑣3 , 𝑣4 , 𝑣7}, {𝑣5 , 𝑣6 , 𝑣7}} 
The Perfect dominating set of cardinality four is { } 

The Perfect dominating set of cardinality five is {{𝑣1 , 𝑣2 , 𝑣3 , 𝑣4 , 𝑣7}, {𝑣1 ,𝑣2 , 𝑣5 , 𝑣6 , 𝑣7}, {𝑣3 , 𝑣4 , 𝑣5 , 𝑣6 , 𝑣7}} 

The Perfect dominating set of cardinality six is { } 

The Perfect dominating set of cardinality seven is {𝑣1 , 𝑣2 , 𝑣3 , 𝑣4 , 𝑣5 , 𝑣6 , 𝑣7} 
Therefore, 𝑑𝑝𝑓(𝐹3, 1) = 1, 𝑑𝑝𝑓(𝐹3, 2) = 0, 𝑑𝑝𝑓(𝐹3, 3) = 3, 𝑑𝑝𝑓(𝐹3, 4) = 0, 𝑑𝑝𝑓(𝐹3, 5) = 3, 𝑑𝑝𝑓(𝐹3, 6) =0, 𝑑𝑝𝑓 (𝐹3, 7) = 1. 

Lemma 2.3 𝑑𝑝𝑓(𝐹1, 1) = 3 

Proof 

By the definition a friendship graph 𝐹1 has 3 vertices and 3 edges.We know that, 𝐹𝑛 is constructed by joining 𝑛 

copies of the cycle 𝐶3 with a common vertex.Thus, we conclude that 𝐹1 is a cycle with 3 vertices. Therefore 

every vertex  in𝐹1 Perfectly dominates all the other two vertices in 𝐹1 and we get |𝐷𝑝𝑓(𝐹1, 1))| = 3. Hence, 𝑑𝑝𝑓(𝐹1, 1) = 3. 

Theorem 2.4 

Let 𝐹𝑛 be a Friendship Graph with 2𝑛 + 1 vertices then,𝑑𝑝𝑓(𝐹𝑛, 1) = 1 for 𝑛 ≥ 2 

Proof 

As the Graph 𝐹𝑛can be constructed by joining 𝑛 copies of the cycle 𝐶3 with a common vertex, which is the only 
vertex that Perfectly dominates all other vertex of𝐹𝑛  𝑓𝑜𝑟 𝑛 ≥ 2.Therefore, 𝑑𝑝𝑓(𝐹𝑛, 1) = 1 for 𝑛 ≥ 2 

 

 

Lemma 2.5 𝛾𝑝𝑓(𝐹𝑛) = 1 

Lemma 2.6 

Let 𝐹𝑛 be the Friendship graph with 2𝑛 + 1 vertices and for all 𝑛 ≥ 2𝑑𝑝𝑓(𝐹𝑛, 𝑖) = {( 𝑛(𝑖−12 ))      𝑓𝑜𝑟 𝑖 = 1,3,5,7,… ,2𝑛 + 10                            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  

Proof 

Let 𝐹𝑛 be the Friendship graph with 2𝑛 + 1 vertices and 3𝑛 edges.Since the Perfect dominating Set of the 

Friendship Graph 𝐹𝑛with cardinality 𝑖is obtained by choosing 
𝑖−12  copies of the cycle 𝐶3  that joins with a 

common vertex from 𝑛 copies of the cycle 𝐶3  joining with a common vertex, which is ( 𝑛(𝑖−12 ))Possible 

ways.Therefore, 𝑑𝑝𝑓(𝐹𝑛 , 𝑖) = {( 𝑛(𝑖−12 ))     𝑓𝑜𝑟 𝑖 = 1,3,5,7, … ,2𝑛 + 10                            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  

Definition 2.7 

If 𝐹𝑛 be a Friendship Graph with 2𝑛 + 1 vertices then 𝐷𝑝𝑓(𝐹𝑛, 𝑥) = ∑ 𝑑𝑝𝑓(𝐹𝑛, 𝑖)2𝑛+1𝑖=1 𝑥 𝑖 is called the Perfect 

Dominating Polynomial of 𝐹𝑛 
 

 

 

Theorem 2.8 

Let 𝐹1 be a Friendship Graph with 3 vertices then the Perfect dominating Polynomial of 𝐹1 is given by 𝐷𝑝𝑓(𝐹1, 𝑥) = 3𝑥 + 𝑥3 

Proof 

Since, 𝐹1 is a complete graph with 3 vertices then we have, 𝐷𝑝𝑓(𝐹1 ,𝑥) = 3𝑥 + 𝑥3 

Theorem 2.9 

Let 𝐹𝑛 be a Friendship Graph with 2𝑛 + 1 vertices then the Perfect dominating Polynomial 𝐷𝑝𝑓(𝐹𝑛, 𝑥) =𝑥(1 + 𝑥2)𝑛 for 𝑛 ≥ 2 

Proof 

Given 𝐹𝑛 be a Friendship Graph with 2𝑛 + 1 vertices .We have 𝐷𝑝𝑓(𝐹𝑛, 𝑥) = ∑ 𝑑𝑝𝑓(𝐹𝑛, 𝑖)2𝑛+1𝑖=1 𝑥 𝑖 
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Then by lemma 2.6 we get 𝐷𝑝𝑓(𝐹𝑛,𝑥) = (𝑛0) 𝑥 + (𝑛1) 𝑥3 + ⋯ + (𝑛𝑛) 𝑥2𝑛+1 = 𝑥 (1 + (𝑛1) 𝑥2 + (𝑛2) (𝑥2)2 + ⋯ +(𝑛𝑛) (𝑥2)𝑛) = 𝑥(1 + 𝑥2)𝑛 

 

Example 2.10 

We find the Perfect dominating polynomial 𝐹3, From Example 2.2 we have𝑑𝑝𝑓(𝐹3, 1) = 1, 𝑑𝑝𝑓(𝐹3, 2) =0, 𝑑𝑝𝑓 (𝐹3, 3) = 3, 𝑑𝑝𝑓 (𝐹3, 4) = 0, 𝑑𝑝𝑓 (𝐹3, 5) = 3, 𝑑𝑝𝑓 (𝐹3, 6) = 0, 𝑑𝑝𝑓 (𝐹3, 7) = 1. 

Then by definition 2.7𝐷𝑝𝑓(𝐹3, 𝑥) = 𝑥 + 3𝑥3 + 3𝑥5 + 𝑥7 

By Theorem 2.9we have, 𝐷𝑝𝑓(𝐹3, 𝑥) = 𝑥(1 + 𝑥2)3 = 𝑥(1 + 3𝑥2 + 3𝑥4 + 𝑥6) = 𝑥 + 3𝑥3 + 3𝑥5 + 𝑥7 

Theorem 2.11 

The Perfect dominating roots of the friendship Graph 𝐹𝑛 are given by 0and ±𝑖 (𝑛 𝑡𝑖𝑚𝑒𝑠). 
Proof 

The Perfect dominating Polynomial of a Friendship graph with 𝑛 vertices is given by 𝐷𝑝𝑓(𝐹𝑛, 𝑥) = 𝑥(1 + 𝑥2)𝑛 

To find the roots of this polynomial put 𝐷𝑝𝑓(𝐹𝑛,𝑥) = 0. 

ie)𝑥(1 + 𝑥2)𝑛 = 0 ⟹ 𝑥 = 0  𝑜𝑟 (1 + 𝑥2)𝑛 = 0 ⟹ 𝑥 = 0  𝑜𝑟 = ±𝑖 (𝑛 𝑡𝑖𝑚𝑒𝑠) 
 

 

3. Perfect Dominating Polynomial of  𝑮 ∘ 𝑲𝟏 

Definition 3.1 

Let 𝐺 be a Simple graphof order 𝑛 and 𝐷𝑝𝑓(𝐺 ∘ 𝐾1 , 𝑖) is a family of perfect dominating set with cardinality 𝑖 and 𝑑𝑝𝑓(𝐺 ∘ 𝐾1 , 𝑖) = |𝐷𝑝𝑓(𝐺 ∘ 𝐾1 , 𝑖)|then 𝐷𝑝𝑓(𝐺 ∘ 𝐾1, 𝑥) = ∑ 𝑑𝑝𝑓(𝐺 ∘ 𝐾1 , 𝑖)2𝑛𝑖=𝑛 𝑥 𝑖 is a perfect dominating 

polynomial of 𝐺 ∘ 𝐾1 . 
Theorem 3.2 

Let 𝐺 be a Simple graph of order 𝑛 then, 𝑑𝑝𝑓(𝐺 ∘ 𝐾1 , 𝑖) = 0 if 𝑖 < 𝑛 

Theorem 3.3 

Let 𝐺 be a Graph with 𝑛 vertices then 𝛾𝑝𝑓(𝐺 ∘ 𝐾1) = 𝑛 

Proof  

Let 𝑉(𝐺) = {𝑢1 , 𝑢2 , … , 𝑢𝑛} be the vertices of 𝐺 and we add 𝑛 new vertices {𝑣1 , 𝑣2 , … , 𝑣𝑛} to 𝐺 and join 𝑣𝑖  to  𝑢𝑖 
for all 𝑖, 1 ≤ 𝑖 ≤ 𝑛 to obtain 𝐺 ∘ 𝐾1.Let 𝐷 be a Perfect dominating set of 𝐺  then |𝐷| ≤ 𝑛 here we have two cases 

if |𝐷| < 𝑛 then |𝑁(𝑣𝑖) ∩ 𝐷| ≠ 1 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑖, 1 ≤ 𝑖 ≤ 𝑛 , therefore 𝐷 is not a perfect dominating set of  𝐺 ∘ 𝐾1.If |𝐷| = 𝑛 then 𝐷 = 𝑉(𝐺) and |𝑁(𝑣𝑖) ∩ 𝐷| = 1 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑖, 1 ≤ 𝑖 ≤ 𝑛. therefore, 𝑉(𝐺) = {𝑢1 , 𝑢2 , … , 𝑢𝑛}  is a Perfect dominating set of 𝐺 ∘𝐾1.Hence, 𝛾𝑝𝑓(𝐺 ∘ 𝐾1) = 𝑛 

Theorem 3.4 

Let 𝐺 be a graph of order 𝑛 then, 𝑑𝑝𝑓(𝐺 ∘ 𝐾1 , 𝑛) = 2 

Proof 

We take 𝑉(𝐺) = {𝑢1 , 𝑢2 , … , 𝑢𝑛} and 𝑉′(𝐺) = {𝑣1 ,𝑣2 , … , 𝑣𝑛} be the set of 𝑛 vertices and join 𝑣𝑖  to  𝑢𝑖 for all 𝑖, 1 ≤ 𝑖 ≤ 𝑛 to obtain 𝐺 ∘ 𝐾1.Let 𝐷 be a family of perfect dominating set cardinality 𝑛 of  𝐺 ∘ 𝐾1First we claim 

there is no perfect dominating sets belongs to D with the combination of  vertices 𝑉(𝐺) and 𝑉′(𝐺). If not 

Suppose 𝑉1 ∈ 𝐷 and vertices of  𝑉1 belongs to 𝑉(𝐺) and 𝑉′(𝐺) then, |𝑁(𝑢𝑖) ∩ 𝐷| ≠ 1 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑖, 1 ≤ 𝑖 ≤𝑛.Which contradicts to the definition of  perfect dominating Set. Hence, there is no perfect dominating sets 

belongs to D with the combination of  vertices 𝑉(𝐺) and 𝑉′(𝐺).But, for the set 𝑉(𝐺) which is a dominating set 

also |𝑁(𝑣𝑖) ∩ 𝑉(𝐺)| = 1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖, 1 ≤ 𝑖 ≤ 𝑛 and 𝑉′(𝐺) is also a dominating set and |𝑁(𝑢𝑖) ∩ 𝑉′(𝐺)| =1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖, 1 ≤ 𝑖 ≤ 𝑛.Therefore, 𝑉(𝐺), 𝑉′(𝐺) ∈ 𝐷.Hence, 𝑑𝑝𝑓(𝐺 ∘ 𝐾1 , 𝑛) = |𝐷| = 2. 

Theorem 3.5 

Let 𝐺 be a graph of order 𝑛 and for every 𝑚 where 𝑛 < 𝑚 ≤ 2𝑛 we have 𝑑𝑝𝑓 (𝐺 ∘ 𝐾1 ,𝑚) = ( 𝑛𝑚 − 𝑛). 
Proof 

Let 𝐺 be a graph of order 𝑛 and 𝐷 is a Perfect dominating Set of 𝐺 ∘ 𝐾1 with size 𝑚 where 𝑛 < 𝑚 ≤ 2𝑛 then |𝐷 ∩ 𝑉(𝐺)| = 𝑖 for 1 ≤ 𝑖 ≤ 𝑛.With out loss of generality Suppose that 𝑉(𝐺) ∩ 𝐷 = {𝑢1 ,𝑢2 , … , 𝑢𝑛}. Since, 𝐷 is a 
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Perfect dominating set with size 𝑚 then, 𝐷 contains some 𝑣𝑖 , 𝑣𝑖+1 … , 𝑣𝑛 vertices. Hence, for finding the 

dominating set 𝐷 we have to extend {𝑢1 ,𝑢2 , … , 𝑢𝑛} to {𝑢1, 𝑢2 , … , 𝑢𝑛, 𝑣𝑖 , 𝑣𝑖+1 … , 𝑣𝑛}.Which is of  (𝑛𝑖 ) 

possibilities therefore 𝑑𝑝𝑓(𝐺 ∘ 𝐾1, 𝑚) = ( 𝑛𝑚 − 𝑛)for 𝑛 < 𝑚 ≤ 2𝑛. 

Theorem 3.6 

Let 𝐺 be a graph of order 𝑛 then 𝐷𝑝𝑓(𝐺 ∘ 𝐾1 , 𝑥) = 𝑥𝑛[1 + (1 + 𝑥𝑛)𝑛] 
Proof 

We have 𝐷𝑝𝑓(𝐺 ∘ 𝐾1 , 𝑥) = ∑ 𝑑𝑝𝑓 (𝐺 ∘ 𝐾1 , 𝑖)2𝑛𝑖=𝑛 𝑥 𝑖 that is𝐷𝑝𝑓(𝐺 ∘ 𝐾1 , 𝑥) = 𝑑𝑝𝑓 (𝐺 ∘ 𝐾1 ,𝑛)𝑥𝑛 + 𝑑𝑝𝑓(𝐺 ∘ 𝐾1 , 𝑛 +1)𝑥𝑛+1 + ⋯ + 𝑑𝑝𝑓 (𝐺 ∘ 𝐾1 ,2𝑛)𝑥2𝑛. By using Theorem 3.4& Theorem 3.5we get 𝐷𝑝𝑓(𝐺 ∘ 𝐾1 , 𝑥) = 2𝑥𝑛 +(𝑛1) 𝑥𝑛+1 + (𝑛2) 𝑥𝑛+2 + ⋯ + ( 𝑛𝑛 − 1) 𝑥𝑛+(𝑛−1) + (𝑛𝑛) 𝑥2𝑛.= 2𝑥𝑛 + 𝑥𝑛(1 + 𝑥)𝑛 − 𝑥𝑛.= 𝑥𝑛[1 + (1 + 𝑥)𝑛] 
Example 3.7 

Consider a graph 𝐺 of order 4 then the corona of two graphs 𝐺 and 𝐾1 is 𝐺 ∘ 𝐾1 has 8 vertices 

Hence, by a Theorem 3.6 we have 𝐷𝑝𝑓(𝐺 ∘ 𝐾1 , 𝑥) = 𝑥4[1 + (1 + 𝑥)4] 
    = 𝑥4[1 + (1 + 4𝑥 + 6𝑥2 + 4𝑥3 + 𝑥4)] 
    = 𝑥4[2 + 4𝑥 + 6𝑥2 + 4𝑥3 + 𝑥4] 
    = 2𝑥4 + 4𝑥5 + 6𝑥6 + 4𝑥7 + 𝑥8 

Theorem 3.8 

The Perfect dominating roots of 𝐺 ∘ 𝐾1   are 0and [𝑐𝑜𝑠 (2𝑘+1)𝜋𝑛 + 𝑖𝑠𝑖𝑛 (2𝑘+1)𝜋𝑛 ] − 1, 𝑘 = 0,1,2, … , 𝑛 − 1. 

Proof 

The Perfect dominating Polynomial of a 𝐺 ∘ 𝐾1 with 2𝑛 vertices is given by 𝐷𝑝𝑓(𝐺 ∘ 𝐾1 , 𝑥) = 𝑥𝑛[1 + (1 +𝑥)𝑛].To find the roots of this polynomial put 𝐷𝑝𝑓(𝐺 ∘ 𝐾1 , 𝑥) = 0 therefore, 𝑥𝑛[1 + (1 + 𝑥)𝑛] = 0 ⟹ 𝑥𝑛 = 0 or 1 + (1 + 𝑥)𝑛 = 0.Now, (1 + 𝑥)𝑛 = −1 ⟹ (1 + 𝑥)𝑛 = 1(𝑐𝑜𝑠𝜋 + 𝑖𝑠𝑖𝑛𝜋) ⟹ 1 + 𝑥 = 11𝑛(𝑐𝑜𝑠𝜋 + 𝑖𝑠𝑖𝑛𝜋)1𝑛 ⟹𝑥 = [𝑐𝑜𝑠 (2𝑘+1)𝜋𝑛 + 𝑖𝑠𝑖𝑛 (2𝑘+1)𝜋𝑛 ] − 1, 𝑘 = 0,1,2, … , 𝑛 − 1. Therefore, the Perfect dominating roots of 𝐺 ∘ 𝐾1   are 0(𝑛 𝑡𝑖𝑚𝑒𝑠)and [𝑐𝑜𝑠 (2𝑘+1)𝜋𝑛 + 𝑖𝑠𝑖𝑛 (2𝑘+1)𝜋𝑛 ] − 1, 𝑘 = 0,1,2, … , 𝑛 − 1. 

Example 3.9 

Let 𝐺 be a graph of order 2 we have to find the Perfect dominating roots of  𝐺 ∘ 𝐾1.By the previous theorem if 𝐺 

is a graph of order 𝑛 then  0(𝑛 𝑡𝑖𝑚𝑒𝑠) and [𝑐𝑜𝑠 (2𝑘+1)𝜋𝑛 + 𝑖𝑠𝑖𝑛 (2𝑘+1)𝜋𝑛 ] − 1, 𝑘 = 0,1,2, … , 𝑛 − 1 are the Perfect 

dominating roots of the polynomial. Put 𝑛 = 2 we get 0(2 𝑡𝑖𝑚𝑒𝑠) and [𝑐𝑜𝑠 (2𝑘+1)𝜋2 + 𝑖𝑠𝑖𝑛 (2𝑘+1)𝜋2 ] − 1, 𝑘 = 0,1 

that is0(2 𝑡𝑖𝑚𝑒𝑠) and [𝑐𝑜𝑠 𝜋2 + 𝑖𝑠𝑖𝑛 𝜋2] − 1,[𝑐𝑜𝑠 3𝜋2 + 𝑖𝑠𝑖𝑛 3𝜋2 ] − 1,therefore 0(2 𝑡𝑖𝑚𝑒𝑠) and −1 , −𝑖 − 1 are the 

required Perfect dominating roots of the Graph. 

4. Conclusions 

The paper sums up the findings of how perfect dominating polynomial of a Friendship Graph and 𝐺 ∘ 𝐾1 is 

structured up by Perfect dominating set and also how this polynomialsobtain its roots. 
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