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Abstract: The classes of H-supplemented sub modules are a very nice generalization of lifting modules which have been 
studied approximately recently. In this paper, we would like to address some general and specific characterizations and 
properties of 𝐻-supplemented and  𝛾-𝐻-supplemented sub modules. Suppose 𝑀 be a module over a commutative ring 𝑅, then 𝑀 
is called 𝛾-𝐻-supplemented if and only if for every sub-module 𝑁 of 𝑀 there is a direct summand 𝐷 of 𝑀 such that 𝑀 = 𝑁 +𝐹 implies 𝑀 = 𝐷 + 𝐹 for every submodule  𝐹 of 𝑀 with 𝑀 𝐹⁄ non-cosingular. Also we demonstrate that 𝑀  is 𝛾 - 𝐻 -
supplemented if and only if for every submodule 𝑁 of 𝑀 there exists a direct summand  𝐷 of 𝑀 such that (𝑁 + 𝐷) 𝑁⁄ ≪𝛾 𝑀 𝑁⁄  

and(𝑁 + 𝐷) 𝐷⁄ ≪𝛾 𝑀 𝐷⁄ . In addition, we prove that if every δ-cosingular 𝑅-module is semisimple, then 𝑍(𝑀) is a direct 

summand of 𝑀 for every R-module M if and only if 𝑍𝛿(𝑀) is a direct summand of 𝑀 for every 𝑅-module 𝑀. 
Keywords: -Supplemented submodule;𝛾-Small submodule; 𝛾-𝐻-Supplemented module; Lifting submodule 

___________________________________________________________________________ 
 

1. Introduction and Preliminaries 

Let 𝑅 be a commutative ring,and let 𝑀and 𝑁be an 𝑅-modules, then 𝑁 is said to be submodule of 𝑀, if 𝑁 ≤𝑀. A submodule 𝑁 of 𝑀 is said to be small in 𝑀if 𝑁 + 𝐾 ≠ 𝑀 for every proper submodule 𝐾of𝑀, and denoted 
by𝑁 ≪ 𝑀 , as given in [1],[2],[7], [10], [16], and [19].  Also as generalized by Zhou in [19] a sub-module 𝑁of 𝑀is said to be δ-small in 𝑀 (denoted by𝑁 ≪𝛿 𝑀) provided 𝑀 ≠ 𝑁 + 𝐾 for any proper submodule 𝐾of 𝑀with 𝑀 𝐾⁄ singular. In his manuscript, Zhou presented the general properties and a certain useful properties of 𝛿-small 
submodules of a module. A module 𝑀 is called small if it is a small submodule of some module, equivalently,𝑀 
is a small submodule of its injective hull. A submodule 𝑁 of 𝑀 is called coclosed if 𝑁 𝐾⁄  is small in𝑀 𝐾⁄ , 
then 𝑁 = 𝐾. The important concept in module theory which is closely associated to smallness is lifting modules. 
A module 𝑀is said to be lifting, if every submodule 𝑁of 𝑀contains a direct summand 𝐷of 𝑀such that𝑁 𝐷⁄ ≪𝑀 𝐷⁄ . A numeral of consequences regarding to lifting modules have been performed in the literature of recent 
years and many generalizations of the theories of lifting modules have been introduced and studied by several 
authors.  

In [14], the authors established that a module 𝑀 is called 𝐻-supplemented in case for every submodule 𝑁 of𝑀, 
there exists a direct summand 𝐷 of 𝑀 such that 𝑀 = 𝑁 + 𝐹 if and only if 𝑀 = 𝐷 + 𝐹  for every sub module 𝐹 
of M. In [14] different definitions, unusual properties and being a generalization of lifting modules, all directed 
many researchers to study and investigate 𝐻-supplemented modules were demonstrated. Then several authors had 
tried to consider the 𝐻-supplemented. Also in [11], for a ring R and an R-module M such that every (simple) 
cosingular 𝑅-module is 𝑀-projective. In addition, the authors proved that every simple cosingular module is 𝑀-
projective if and only if for 𝑁 ≤  𝑇 ≤ 𝑀, at any time 𝑇 𝑁⁄  is simple cosingular, and then 𝑁 is a direct summand 
of 𝑇.Again in [11], they proved that every simple cosingular right R-module is projective if and only if R is a right 
GV -ring. In their manuscript it is also shown that for a perfect ring  𝑅, every cosingular 𝑅-module is projective if 
and only if R is a right GV -ring.In [4] the authors demonstrated the conceptions of  𝐸 − 𝐻  -supplemented 
characterizations of modules and a similar property for a module 𝑀 by bearing in mind Hom𝑅(𝑁, 𝑀) instead of 𝑆 
where 𝑁 is several module. 

In [10], the authors deliberated several general properties of 𝐻-supplemented modules such as homomorphic 
images and direct summands of these modules. Then [7], the authors presented various equivalent conditions for a 
module to be 𝐻-supplemented that shows that this class of modules is closely related to the concept of small 
submodules. In fact in , the authors demonstrated that a module 𝑀 is 𝐻-supplemented if and only if for every 
submodule 𝑁 of 𝑀 there is a direct summand 𝐷 of 𝑀 such that((𝑁 + 𝐷) 𝑁⁄ ) ≪ 𝑀 𝑁⁄ and ((𝑁 + 𝐷) 𝐷⁄ ) ≪  𝑀 𝐷⁄ . 
In addition the author refer the readers to [8],[9],[10],[11],[14],[15],and [19]. 
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In [13], the authors considered the concepts of 𝐻-supplemented modules via preradicals. If 𝜏  specifies a 
preradical, a module 𝑀, τ-𝐻-supplemented provided for every submodule 𝑁 of 𝑀, there is a direct summand 𝐷 of 𝑀 such that ((𝑁 + 𝐷) 𝑁⁄ ) ⊆ 𝜏(𝑀 𝑁⁄ )and((𝑁 + 𝐷) 𝐷⁄ ) ⊆ 𝜏 (𝑀 𝐷⁄ .Also, in they demonstrated that, if 𝑍(𝑀) = 0 or𝑍(𝑀) =  𝑀), then 𝑀 is called a cosingular (non-cosingular) module. For more discussion, the author referee 
the readers to [15], [17], and [18]. Let 𝑀 be a module over a commutative ring 𝑅. According to [16], 𝑀 is called 

non cosingular provided that 𝑍(𝑀) = 𝑀 or 𝑍(𝑀) = 0 , where 𝑍(𝑀) = {𝐾𝑒𝑟𝑓 | 𝑓 ∶ 𝑀 → 𝑈}  in which 𝑈  is an 
arbitrary small right 𝑅-module (see also [3], and [4]). Let 𝑅 be a ring. By [13], 𝑅 is said to be generalized 𝑉-ring 
(just 𝐺𝑉-ring) provided every simple singular right 𝑅-module is injective. Also, 𝑅 is right 𝐺𝑉 if and only if every 
simple cosingular right 𝑅-module is projective. Let 𝑀 be an 𝑅-module where R is a ring. Let  𝐾 ≤  𝑀, then we say 𝐾 is 𝑡-small in 𝑀, denoted by 𝐾 ≪𝑡 𝑀, if the inclusion 𝑍2(𝑀) ⊆ 𝐾 + 𝑁 implies that𝑍2(𝑀) ⊆ 𝑁. We call 𝑀, 𝑡-
small; provided 𝑀 is a 𝑡-small submodule of a module 𝐿 (see [4] and [6] ). 

This paper is structured as follows; In Section 2, the author presents a new generalization of the perception of 
small submodules γ-small submodules. In this part various general properties of 𝛾 -small submodules are 
established. Also, their relation between 𝛾-small submodules and small submodules are considered. In Section 3, 
the author shall introduce a generalization of 𝐻-supplemented modules. A module 𝑀 is 𝛾-𝐻-supplemented for 
every submodule 𝑁 of 𝑀 there is a direct summand 𝐷 of 𝑀 such that 𝑀 = 𝑁 + 𝐹 if and only if 𝑀 = 𝐷 + 𝐹, for 
every submodule 𝐹 of 𝑀 with 𝑀 𝐹⁄  non cosingular. In addition, the author delivers an equivalent condition for 
this definition influencing the close relation of 𝛾 - 𝐻 -supplemented modules to the concept of 𝛾 − small 
submodules. 

 

2. Properties of 𝜸-Small Sub modules 

In this section, the author delivered the definition of a new generalization of smallsubmodules.  

Definition 2.1.[3] Let 𝑁 be a submodule of 𝑀. Then 𝑁 is said to be 𝛾-small in 𝑀, denoted by 𝑁 ≪𝛾 𝑀 if 𝑀 =𝑁 + 𝐹 with 𝑀 𝐹⁄  is non cosingular implies 𝑀 = 𝐹. 

That means 𝑀 ≠ 𝑁 + 𝐹 for every proper submodule 𝐹 of 𝑀 with 𝑀 𝐹⁄  non cosingular. Every small submodule of 
a module is γ-small in that module. 

Proposition 2.2. [3]  Let 𝑀  be an 𝑅 -module. Let  𝐴 ≤ 𝐵 ≤ 𝑀 . Then 𝐵 ≪𝛾 𝑀  if and only if 𝐴 ≪𝛾 𝑀 
and𝐵 𝐴⁄ ≪𝛾 𝑀 𝐴⁄ . 

Proof: Suppose that 𝐵 ≪𝛾 𝑀 and let 𝑈 be a submodule of 𝑀 such that 𝑀 = 𝐴 + 𝑈 with 𝑀 𝑈⁄  non cosingular. 

Since 𝐴 ≤ 𝐵, then 𝑀 = 𝐵 + 𝑈. Being 𝐵a 𝛾-small submodule of 𝑀 implies 𝑀 = 𝑈. Thus 𝐴 ≪𝛾 𝑀. Let us assume 

that 𝑀 𝐴⁄ = 𝐵 𝐴⁄ + 𝐿 𝐴⁄ , for some submodule 𝐿  of 𝑀 and 
(𝑀 𝐴⁄ )(𝐿 𝐴⁄ ) ≅ 𝑀 𝐿⁄  is non cosingular. Then 𝑀 = 𝐵 + 𝐿 

combining with 𝐵 ≪𝛾 𝑀 yields that 𝑀 = 𝐿. 

Conversely, suppose that 𝐴 ≪𝛾 𝑀  and
𝐵𝐴 ≪𝛾 𝑀𝐴 . To prove that 𝐵 ≪𝛾 𝑀,  suppose 𝑀 = 𝐵 + 𝑈  with 𝑀 𝑈⁄ non 

cosingular. Therefore
𝑀𝐴 = 𝐵𝐴 + 𝑈 + 𝐴𝐴 .  

Note that 
𝑀 𝐴⁄(𝑈+𝐴) 𝐴⁄ ≅ 𝑀 𝑈 + 𝐴⁄  is non cosingular. Since  𝐵 𝐴⁄ ≪𝛾 𝑀 𝐴⁄ , then 𝑀 𝐴⁄ = (𝑈 + 𝐴) 𝐴⁄  this implies 

that 𝑀 = 𝑈 + 𝐴. Since 𝐴 ≪𝛾 𝑀 and 𝑀 𝑈⁄  is noncosingular we conclude that 𝑀 = 𝑈.  

Therefore, it follows that 𝐵 ≪𝛾 𝑀. 

Theorem 2.2.[6]Let 𝑀 be an 𝑅-module. Let 𝐴, 𝐵 be submodules of 𝑀 with 𝐴 ≤ 𝐵. If 𝐴 ≪𝛾 𝑀, then 𝐴 ≪𝛾 𝑀. 

Proof:Suppose that 𝐴 ≪𝛾 𝐵. Let 𝑀 = 𝐴 + 𝑈,  such that 𝑀 𝑈⁄  is non cosingular. Since 𝐵 = 𝐵 ∩ 𝑀 =  𝐵 ∩ (𝐴 +𝑈) = 𝐴 + (𝐵 ∩ 𝑈), we have 𝐵 𝐵 ∩ 𝑈⁄ ≅ ((𝐵 + 𝑈)) 𝑈⁄ = 𝑀 𝑈⁄ which implies 𝐵 𝐵 ∩ 𝑈⁄  is non cosingular. By 𝐴 ≪𝛾 𝐵 we conclude that 𝐵 = 𝐵 ∩ 𝑈.  

Therefore 𝑀 = 𝑈. Hence the result. 

Theorem 2.3.[5]Let 𝑀 be an 𝑅-module. Let 𝑓: 𝑀 → 𝑀′be an epimorphism such that  𝐴 ≪𝛾 𝑀, then 𝐴 ≪𝛾  𝑀′. 
Proof:Suppose that 𝐴 ≪𝛾 𝑀  and 𝑓(𝐴) + 𝑌 = 𝑀′  for a submodule 𝑌  of 𝑀′  such that 𝑀′ 𝑌⁄  is non cosingular. 𝑀 𝑓 −1(𝑌)⁄ a homomorphic image of 𝑀 𝑌⁄ implies𝑀 𝑓 −1(𝑌)⁄ is non cosingular.  

Hence 𝑀 = 𝑓 −1(𝑌). It is easy to verify that𝑀′ = 𝑌. 
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Theorem 2.4. [5]Let 𝑀 be an 𝑅-module. Let 𝑀 = 𝑀1 ⊕ 𝑀2 be an 𝑅-module and let 𝐴1 ≤ 𝑀1 and 𝐴2 ≤ 𝑀2. Then 𝐴1 ⊕ 𝐴2 ≪𝛾 𝑀1 ⊕ 𝑀2if and only if 𝐴1 ≪𝛾 𝑀1 and 𝐴2 ≪𝛾 𝑀2. 

Proof: Suppose that  𝐴1 ⊕ 𝐴2 ≪𝛾 𝑀1 ⊕ 𝑀2 . Let 𝑓: 𝑀1 ⊕ 𝑀2 → 𝑀1 be the projection on  𝑀1 . Since,  𝐴1 ⊕𝐴2 ≪𝛾 𝑀1 ⊕ 𝑀2, then 𝑓(𝐴1 ⊕ 𝐴2) ≪𝛾 𝑓(𝑀1 ⊕ 𝑀2) ⟹ 𝐴1 ≪𝛾 𝑀1. Similarly 𝐴2 ≪𝛾 𝑀2. 

Conversely, suppose that  𝐴1 ≪𝛾 𝑀1  and 𝐴2 ≪𝛾 𝑀2 . Let 𝐴1 + 𝐴2 + 𝐹 = 𝑀1 + 𝑀2  with (𝑀1 + 𝑀2) 𝐹⁄  non 
cosingular.  

Therefore(𝑀1 + 𝑀2) 𝐴2 + 𝐹⁄  as a homomorphic image of(𝑀1 + 𝑀2) 𝐹⁄ , is non cosingular. Since 𝐴1 ≪𝛾 𝑀1 +𝑀2by (2), we determine that  𝐴2 + 𝐹 = 𝑀1 + 𝑀2. Now 𝐴2 ≪𝛾 𝑀1 + 𝑀2 ⟹ 𝐹 = 𝑀1 + 𝑀2 as required. 

Proposition 2.5.[4]Let 𝑀 be a module such that for every 𝑁 ≤  𝑀, there exists a direct summand 𝐾 of 𝑀 such 
that 𝑀 =  𝑁 + 𝐾 and 𝑁 ∩ 𝐾 is cosingular. If 𝑀 is projective, then 𝑀 satisfies H.  

Proof: Suppose that 𝑁 ≤  𝑀. By hypothesis, there exists a direct summand 𝑀2 of 𝑀 such that 𝑀 =  𝑁 + 𝑀2 
and 𝑁 ∩ 𝑀2 is cosingular. Let 𝑀 = 𝑀1 ⊕ 𝑀2. Since 𝑀1 is 𝑀2-projective, there exists a submodule A of 𝑁 such 
that  𝑀 = 𝐴 ⊕ 𝑀2 . Then by modular low,  𝑁 = 𝐴 ⊕ (𝑁 ∩ 𝑀2) . Then, it is vibrant that (𝑁 +  𝐴) 𝐴⁄  and (𝑁 + 𝐴) 𝑁⁄  are cosingular. Hence 𝑀 satisfies 𝐻. 

Theorem 2.6.[5]Let 𝑀 be an 𝑅 -module and  𝐴 ≤ 𝐵 . If 𝐵  is a supplement submodule in 𝑀  and  𝐴 ≪𝛾 𝑀 , 
then 𝐴 ≪𝛾 𝐵. 

Proof:Suppose that, 𝐴 ≪𝛾 𝑀 and 𝐵 be a supplement sub modules of 𝐵′ in 𝑀. Then 𝑀 = 𝐵 + 𝐵′and 𝐵 ∩ 𝐵′ ≪ 𝐵. 
To show that  𝐴 ≪𝛾 𝐵 , let 𝐵 = 𝐴 + 𝑈  such that 𝐵 𝑈⁄ is non cosingular. Then  𝑀 = 𝐵 + 𝐵′ =  𝐴 + 𝑈 + 𝐵′ . 

Since 𝑀 (𝑈 +  𝐵′)⁄ = (𝐴 + 𝑈 +  𝐵′) (𝑈 +  𝐵)⁄  ≅ 𝐴 (𝐴 ∩ (𝑈 + 𝐵′))⁄ and 𝐴 (𝐴 ∩ (𝑈 + 𝐵′))⁄ is a homomorphic 
image of𝐴 (𝐴 ∩ 𝑈)⁄ ≅ 𝐵 𝑈⁄ , then it will be non cosingular. Since𝐴 ≪𝛾  𝑀, 𝑀 = 𝑈 + 𝐵′ . Now being 𝐵 ∩ 𝐵′a 
small submodule of 𝐵  implies  𝐵 = 𝐵 ∩ 𝑀 = 𝐵 ∩ (𝑈 + 𝐵) = 𝑈 + (𝐵 ∩ 𝐵′) = 𝑈 .It follows that  𝐴 ≪𝛾 𝐵 . The 
following delivers a characterization of a module 𝑀 such that every submodule of 𝑀 is 𝛾 -small in 𝑀. 

Proposition 2.7. Let 𝑀 be a simple supplemented module. The following are equivalent:  

(1) Every submodule of 𝑀 is 𝛾-small in 𝑀; 
(2) None of nonzero homomorphic images of 𝑀 is non cosingular; 
(3) 𝑍(𝑀) ≪  𝑀. 

Proof: (1) ⇒ (2): Suppose that every submodule of 𝑀 is 𝛾 -small in 𝑀. Consider a submodule 𝐹 of 𝑀 such that 𝑀 𝐹⁄  is noncosingular. Since 𝑀 = 𝑀 + 𝐹 and 𝑀 ≪𝛾 𝑀, then 𝑀 = 𝐹. 

(2)⇒ (3): Suppose that 𝐹is a proper sub module of 𝑀. Then𝑍(𝑀 𝐹⁄ ) ≠ 𝑀 𝐹⁄ . Therefore, 𝑍(𝑀) + 𝐹 ≠  𝑀 and 

which implies that𝑍(𝑀) ≪  𝑀. 

(3)⇒ (2): Suppose 𝑀  be amply supplemented and 𝑍(𝑀)  ≪ 𝑀 . Suppose that 𝑀 𝐹⁄  be a non cosingular 

homomorphic image of 𝑀. Then𝑀 𝐹⁄ =  𝑍(𝑀 𝐹⁄ ) =  𝑍2(𝑀 𝐹⁄ ) =  𝑍2  (𝑀)+𝐹𝐹 . Since 𝑍(𝑀) is a cosingular module, 

then𝑍2(𝑀) = 0. Therefore𝑀 𝐹⁄ =  0. 

Proposition 2.8. Suppose  𝑀  be a module and  𝑁 ≤ 𝑀 . Let  𝑁  is non cosingular, then 𝑁 ≪ 𝑀  if and only 
if 𝑁 ≪𝛾 𝑀: 

Proof: Let 𝑁 ≪𝛾 𝑀 and 𝑁 be non cosingular. Let  𝑁 + 𝐹 = 𝑀. Then, we have𝑁 𝑁 ∩ 𝐹⁄ ≅ 𝑀 𝐹⁄ is non cosingular. 
Hence 𝑀 = 𝐹. It follows that 𝑁 ≪ 𝑀. Hence the result. 

Lemma 2.9. Let 𝑁 be a proper submodule of 𝑀 with𝑀 𝑁⁄ be a non cosingular. Let 𝑥 ∈ 𝑀 𝑁⁄ such that 𝑅𝑥 + 𝑁 =𝑀. Then there is a maximal submodule 𝐾 of 𝑀 with 𝑀 𝐾⁄  non cosingular and 𝑥 ∉ 𝐾. 

Proof: Set 𝐴 = {𝐿 ≤ 𝑀 𝑁⁄ ⊆  𝐿, 𝑀 𝐿⁄ is non cosingular, 𝑥 ∉ 𝐿}. Then 𝐴 = ∅  since  𝑁 ∈ 𝐴. Suppose {𝐿𝛼} is a 
chain in 𝐴. Then we prove that 𝐴 has a maximal element. Obviously, ∪ 𝐿𝛼 is a submodule of 𝑀 and 𝑁 ⊆∪ 𝐿𝛼 . It is 
clear that 𝑥 ∉ ∪ 𝐿𝛼.  

Note that𝑀 ∪ 𝐿𝛼⁄ is non cosingular as well as 𝑀 𝐿𝛼⁄  for each 𝛼. Hence 𝐴 has a maximal element say𝐾.  

Now, Let 𝐾 ⊂ 𝑇 ⊆ 𝑀  for a submodule 𝑇 which properly contains  𝐾 . Then, since 𝐾  is the maximal element 
of 𝐴, 𝑇 ∉ 𝐴. Hence 𝑥 ∈ 𝑇. Thus, 𝑀 = 𝑅𝑥 + 𝑁 ⊆ 𝑇.Therefore, it shows that 𝐾 is a maximal submodule of 𝑀.  
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Theorem 2.10. Suppose 𝑀 be a module. Then 𝛾(𝑀) = ⋂{𝑁 ≤𝑚𝑎𝑥  𝑀 ∶  𝑀 𝑁⁄ is non cosingular}. 
Proof: Let 𝑁 be a maximal submodule of 𝑀 with𝑀 𝑁⁄ non cosingular. Let  𝐾 ≪𝛾 𝑀. Consider the submodule 𝑁 + 𝐾 of 𝑀. Suppose that 𝑁 + 𝐾 = 𝑀, then 𝑀 = 𝑁 as 𝐾 ≪𝛾 𝑀, which is a contradiction. Hence 𝑁 + 𝐾 = 𝑁 ⇒ 𝐾 ⊆ 𝑁. Therefore∑ 𝐾𝐾≪𝛾𝑀 ⊆ 𝑁.Then∑ K𝐾≪𝛾𝑀 ⊆ ⋂{𝑁|𝑁 ≤𝑚𝑎𝑥  𝑀 𝑎𝑛𝑑 𝑀 𝑁⁄  𝑖s non cosingular}.  

For the other side of presence, let 𝑥 ∈ {𝑁: 𝑁 ≤𝑚𝑎𝑥 𝑀 𝑎𝑛𝑑 𝑀 𝑁⁄ is non cosingular} = 𝑃.  

Suppose that 𝑥𝑅 + 𝐿 = 𝑀 with 𝑀 𝐿⁄ be a non cosingular. If  𝐿 ≠ 𝑀 , then by lemma 2.9, there is a maximal 

submodule 𝐾′of 𝑀 with 𝑀 𝐾′⁄  non cosingular and𝑥 ∉ 𝐾. But 𝑥 ∈ 𝑃 ⇒ 𝑥 ∈ 𝐾, a contraction.  

Therefore 𝐿 = 𝑀. So  𝑥𝑅 ≪𝛾 𝑀 ⇒ 𝑥 ∈ ∑ 𝐾𝐾≪𝛾𝑀 . Therefore, it follows that 𝑃 ⊆ ∑ 𝐾𝐾≪𝛾𝑀 .  

Remark 2.11. Let 𝑅 be a ring and 𝑀 be a right 𝑅-module. If 𝑆𝑁 denotes the class of simple non-cosingular right 𝑅-modules, then 𝛾(𝑀) =  𝑅𝑒𝑗𝑀(𝑆𝑁)  = ⋂{𝐼 ∶  𝑅 𝐼⁄ is simple injective}.   

Proposition 2.12. Let 𝑅 be a ring. Then 𝛾(𝑅𝑅) is the largest 𝛾 -small right ideal of 𝑅. 

Proof: Let 𝛾(𝑅𝑅) + 𝐼 = 𝑅 where 𝑅 𝐼⁄ , is non cosingular. Then there is a maximal right ideal 𝐼0 of 𝑅 such that 𝐼 ⊆𝐼0. Note that 𝑅 𝐼0⁄ is noncosingular as well as 𝑅 𝐼⁄ . Then we conclude that 𝛾(𝑅𝑅) ⊆ 𝐼0 ⟹ 𝐼0 = 𝑅, a contradiction. 

Therefore 𝐼 = 𝑅, as required.  
A ring 𝑅 is said to be a right V-ring (GV -ring), in case every simple (singular) right 𝑅-module is injective. It 
follows from ([15], Proposition 2.5) that R is a right V -ring if and only if every right R-module is noncosingular.  

Proposition 2.13. [13] Let 𝑅 be a ring. Then every simple right 𝑅-module is small (cosingular) if and only 
if 𝛾(𝑅𝑅) = 𝑅. In particular, if 𝑅 is a right 𝐺𝑉-ring and 𝛾(𝑅𝑅) = 𝑅, then 𝑅 is a semisimple ring. 

Proof: Let 𝑅 be a ring such that all simple right 𝑅-modules are small. It follows that there does not exist a simple 
injective right 𝑅-module combining with the definition of 𝛾(𝑅𝑅) imply𝛾(𝑅𝑅) = 𝑅.  

Conversely, let  𝛾(𝑅𝑅) = 𝑅. Then we will demonstrate that every simple right 𝑅-module is small. Let 𝑀 be a 
simple right 𝑅-module which is not small. Then, 𝑀 is injective. Since 𝑀 is simple, there is a maximal right ideal 𝐼 
of 𝑅  such that  𝑀 ≅ 𝑅 𝐼⁄ . Since𝑅 𝐼⁄ is simple injective, we conclude that  𝛾(𝑅𝑅 ⊈ 𝑅  that is a contradiction. It 
follows that every simple right 𝑅-module is small (cosingular).  

For the concluding, if 𝑅  is a right 𝐺𝑉 -ring and  𝛾(𝑅𝑅) = 𝑅 , then each simple right 𝑅 -module is projective. 
Therefore, 𝑅 is semisimple. Let 𝑅 be a commutative domain which is not a field. Then every finitely generated 𝑅-
module is small and hence cosingular. Therefore, every simple 𝑅-module is small showing that  𝛾(𝑅) = 𝑅. 

 

3. 𝜸-𝑯-Supplemented Modules 

In this section, the author present recollect that a module 𝑀 is called 𝐻-supplemented in case for every submodule 𝑁 of 𝑀, there is a direct summand 𝐷 of 𝑀 such that 𝑀 = 𝑁 + 𝐹 if and only if 𝑀 = 𝐷 + 𝐹 for every submodule 𝐹 
of 𝑀. Let us present a generalization of 𝐻-supplemented modules where we deliberate the class of non cosingular 
modules instead of the class of all modules. 

Definition 3.1.[3] Let 𝑀 be a module. Then 𝑀 is said to be 𝛾-𝐻-supplemented, delivered for every submodule 𝑁 
of 𝑀 there is a direct summand 𝐷 of 𝑀 such that 𝑀 = 𝑁 + 𝐹 if and only if 𝑀 = 𝐷 + 𝐹 for every submodule 𝐹 of 𝑀 with 𝑀 𝐹⁄  non cosingular. 

Note that for a non cosingular module, two notions 𝐻-supplemented and 𝛾-𝐻-supplemented coincide. 

The following provides an equivalent condition for a module to be 𝛾-𝐻-supplemented. 

Lemma 3.2. Let 𝑀 be a module. Then 𝑀 is 𝛾 -𝐻-supplemented if and only if for every sub-module 𝑁 of 𝑀 there 
exists a direct summand 𝐷 of 𝑀 such that (𝑁 + 𝐷) 𝑁 ≪𝛾 𝑀 𝑁⁄⁄  and(𝑁 + 𝐷) 𝐷 ≪𝛾 𝑀 𝐷⁄⁄  

Proof: Suppose that 𝑀 be 𝛾-𝐻-supplemented and  𝑁 ≤ 𝑀 . Then there is a direct summand 𝐷 of 𝑀  such that 𝑀 = 𝑁 + 𝐹 if and only if 𝑀 = 𝐷 + 𝐹, for every submodule 𝐹 of 𝑀 such that 𝑀 𝐹⁄  is non cosingular. Suppose 
that(𝑁 + 𝐷) 𝑁 + 𝐹 𝑁⁄⁄ = 𝑀 𝑁⁄  for a submodule 𝐹  of 𝑀 containing 𝑁  with 𝑀 𝐹⁄ non cosingular. Then  𝐷 + 𝐹 =𝑀. Then by hypothesis 𝑁 + 𝐹 = 𝑀 ⟹ 𝐹 = 𝑀. Hence the result.  

To verify the second 𝛾 -small case, let(𝑁 + 𝐷) 𝐷 + 𝑌 𝐷⁄⁄ = 𝑀 𝐷⁄ , where𝑀 𝑌⁄ is non-cosingular. Then 𝑁 + 𝑌 =𝑀 . Being  𝑀 a 𝛾 -𝐻 -supplemented module implies  𝐷 + 𝑌 = 𝑀 . Therefore,  𝑌 = 𝑀 . Conversely, suppose that 
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𝑁 + 𝐹 = 𝑀 with 𝑀 𝐹⁄  non cosingular. Then((𝑁 + 𝐷)) 𝐷⁄ + ((𝐹 + 𝐷)) 𝐷⁄ =  𝑀 𝐷⁄ . Note that 𝑀 (𝐹 + 𝐷)⁄ is non 
cosingular as well as 𝑀 𝐹⁄  is non cosingular. Hence 𝐹 + 𝐷 = 𝑀, since(𝑁 + 𝐷) 𝐷 ≪𝛾 𝑀 𝐷⁄⁄ .  

Suppose that 𝐷 + 𝑌 = 𝑀  for a submodule 𝑌  of 𝑀  such that 𝑀 𝑌⁄   is non cosingular. Then (𝑁 + 𝐷) 𝑁⁄ +(𝑁 + 𝑌) 𝑁⁄ = 𝑀 𝑁⁄ and𝑀 (𝑁 + 𝑌)⁄  as a homomorphic image of 𝑀 𝑌⁄  is non cosingular. Being (𝑁 + 𝐷) 𝑁⁄  a 𝛾-
small submodule of 𝑀 𝑁 ⁄ linking with last equality implies 𝑁 + 𝑌 = 𝑀.  
Theorem 3.3. Let 𝑀 be an indecomposable module. Then 𝑀 is 𝛾-𝐻-supplemented if and only if for every proper 
sub module 𝑁 of 𝑀, we have 𝑁 ≪𝛾 𝑀 or𝑀 𝑁⁄ ≪𝛾 𝑀 𝑁⁄ . 

Proof. Let 𝑀 be indecomposable and 𝛾 -𝐻-supplemented. Consider an arbitrary proper submodule 𝑁 of 𝑀. Then 
there is a direct summand 𝐷 of 𝑀 such that (𝑁 + 𝐷) 𝑁 ≪𝛾 𝑀 𝑁⁄⁄  and(𝑁 + 𝐷) 𝐷 ≪𝛾 𝑀 𝐷⁄⁄ . Suppose  𝐷 = 0. 
Then clearly𝑁 ≪𝛾 𝑀. Then, 𝐷 = 𝑀 implies𝑀 𝑁⁄ ≪𝛾 𝑀 𝑁⁄ .  

Conversely, suppose that   𝑁 < 𝑀 . If  𝑁 ≪𝛾 𝑀 , then (𝑁 + 0) 𝑁 ≪𝛾 𝑀 𝑁⁄⁄ and (𝑁 + 0) 0 ≪𝛾 𝑀 0⁄⁄ . 
Otherwise,(𝑁 + 𝑀) 𝑀 ≪𝛾 𝑀 𝑀⁄⁄  and(𝑁 + 𝑀) 𝑁 ≪𝛾 𝑀 𝑁⁄⁄ . If 𝑀 is amply supplemented and indecomposable, 

then 𝑀 is 𝛾 -𝐻-supplemented if and only if for every submodule 𝑁 of 𝑀 we have 𝑁 ≪𝛾 𝑀 or𝑍 (𝑀 𝑁⁄ ) ≪ 𝑀 𝑁⁄ . 

Next the author present an example of 𝛾-𝐻-supplemented and non-𝛾 -𝐻-supplemented modules. 

Example 3.4. Let 𝑀 = 𝑄 as an 𝑍-module. If 𝑀 is 𝛾-𝐻-supplemented, then for every proper submodule 𝑁 of 𝑀, 
we conclude that 𝑁 ≪𝛾 𝑀 or 𝑀 𝑁⁄ ≪𝛾 𝑀 𝑁⁄  by Proposition 3.3 𝑀 is non cosingular.  

So that 𝑁 ≪ 𝑀 or𝑀 𝑁⁄ ≪𝛾 𝑀 𝑁⁄ . Second case will not happen. It follows that every submodule of 𝑀 must be 
small in 𝑀, that is a contradiction. Therefore, 𝑀 is not 𝛾-𝐻-supplemented. 

Proposition 3.5. Let 𝑀 be a module and 𝑁 a projection invariant submodule of 𝑀. If 𝑀 is 𝛾 -𝐻-supplemented, 
then 𝑀 𝑁⁄  is also 𝛾-𝐻-supplemented.  

Proof. Suppose that𝐾 𝑁⁄  be an arbitrary submodule of𝑀 𝑁⁄ . Then there exists a direct summand 𝐷 of 𝑀 such that 𝑀 = 𝐾 + 𝐹 if and only if 𝑀 = 𝐷 + 𝐹 for every submodule 𝐹 of 𝑀 such that𝑀 𝐹⁄ is non-cosingular.  

Now, put  𝑀 = 𝐷 ⊕ 𝐷′ . Since 𝑁  is a projection invariant sub module of  𝑀 , we accomplished 
that(𝑁 + 𝐷) 𝑁 ⊕ (𝑁 + 𝐷) 𝑁⁄⁄ = 𝑀 𝑁⁄ . Now, suppose that 𝐾 𝑁⁄ + 𝑌 𝑁⁄ = 𝑀 𝑁⁄  for a submodule 𝑌 𝑁⁄  of 𝑀 𝑁⁄  
with 𝑀 𝑌⁄ noncosingular. Then  𝐾 + 𝑌 = 𝑀  and by hypothesis  𝑀 = 𝐷 + 𝑌 . Undoubtedly now 𝑀 𝑁⁄ =(𝐷 + 𝑁) 𝑁 + 𝑌 𝑁⁄⁄ .  

Now for the other implication, let 𝑀 𝑁⁄ = (𝐷 + 𝑁) 𝑁 + 𝑇 𝑁⁄⁄ with𝑀 𝑇⁄ non cosingular. Hence 𝑀 = 𝐷 + 𝑇and 
again by assumption  𝑀 = 𝐾 + 𝑇. Obviously 𝑀 𝑁⁄ = 𝐾 𝑁⁄ + 𝑇 𝑁⁄ . It is known that a module 𝑀is said to be 
distributive in case the lattice of submodules of 𝑀 is distributive, i.e. for each submodules 𝑁, 𝐾, 𝐿of 𝑀 the 
equalities (𝑁 ∩ 𝐿) + (𝑁 ∩ 𝐾) = 𝑁 ∩ (𝐿 + 𝐾)and 𝑁 + (𝐾 ∩ 𝐿) = (𝑁 + 𝐾) ∩ (𝑁 + 𝐿)hold. 

Definition 3.6.[4] Let 𝑀 and 𝑁 be modules. Let 𝑓 ∈ 𝐻𝑜𝑚𝑅(𝑁, 𝑀). Then 𝑀 is called 𝑓 − 𝐻 -supplemented (or 𝐻 
-supplemented relative to 𝑓 ) if there exists a direct summand 𝐷 of 𝑀 such that (𝐼𝑚𝑓 + 𝐷) 𝐼𝑚𝑓⁄  is small in 𝑀 𝐼𝑚𝑓⁄  and (𝐼𝑚𝑓 + 𝐷) 𝐷⁄  is small in 𝑀 𝐷⁄ . This is equivalent to saying that 𝐼𝑚𝑓𝛽𝐷 in 𝑀.  

Corollary 3.7. Every homomorphic image of a distributive 𝛾-𝐻-supplemented module is 𝛾-𝐻-supplemented. 

Corollary 3.8. Every direct summand of a weak duo 𝛾 -𝐻-supplemented module is 𝛾-Hsupplemented. 

Following these corollaries, the author presents the following theorem; 

Theorem 3.9. Let 𝑀 = 𝑀1 ⊕ 𝑀2be a distributive module. Then 𝑀 is 𝛾 -𝐻-supplemented module if and only if 𝑀1and 𝑀2are 𝛾 -𝐻-supplemented. 

Proof Suppose that 𝑀1 and 𝑀2 be 𝛾-𝐻-supplemented and 𝑁 ≤ 𝑀. Set 𝑁1 = 𝑁 ∩ 𝑀1 and𝑁2 = 𝑁 ∩ 𝑀2. Then 𝑁 =𝑁1 + 𝑁2 . Now, there are direct summands 𝐷𝑖 of 𝑀𝑖 for  𝑖 = 1, 2 , such that (𝑁𝑖 + 𝐷𝑖) 𝑁𝑖 ≪𝛾 𝑀𝑖 𝑁𝑖⁄⁄ and (𝑁𝑖 + 𝐷) 𝐷𝑖 ≪𝛾 𝑀𝑖 𝐷𝑖⁄⁄ .  

Now we will show that (𝑁 + 𝐷) 𝑁 ≪𝛾 𝑀 𝑁⁄⁄ and(𝑁 + 𝐷) 𝐷 ≪𝛾 𝑀 𝐷⁄  ,⁄ where 𝐷 = 𝐷1 ⊕ 𝐷2 which is a direct 
summand of 𝑀. Suppose that(𝑁 + 𝐷) 𝑁 ≪𝛾 𝐹 𝑁⁄⁄ = 𝑀 𝑁⁄ for a submodule 𝐹 of 𝑀containing 𝑁with 𝑀 𝐹⁄ non 

cosingular.  

Then  𝐷 + 𝐹 = 𝑀 . This follows that  𝐷1 + (𝐹 ∩ 𝑀1) = 𝑀1 . Now  (𝑁1 + 𝐷1) 𝑁1 ≪𝛾 (𝐹 ∩ 𝑀1 𝑁1⁄⁄ = 𝑀1 𝑁1⁄  
and𝑀1 𝐹 ∩ 𝑀1⁄ ≅ 𝐷1 𝐹 ∩ 𝐷1⁄ as a direct summand of 𝐷 (𝐹 ∩ 𝐷)⁄ ≅ 𝑀 𝐹⁄ is anon cosingular module.  

Therefore, 𝐹 ∩  𝑀1 = 𝑀1 this implies that 𝑀 is contained in 𝐹.  
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Now consider again the equality 𝐷 + 𝐹 = 𝑀. Therefore𝐷1 + (𝐹 ∩ 𝑀2) = 𝑀2. Since (𝑁2 + 𝐷2) +  𝐹 ∩ 𝑀2 𝑁2⁄ =𝑀2 𝑁2⁄ and(𝑁2 + 𝐷2) 𝑁2 ≪𝛾 𝑀2 𝑁2⁄⁄ and also𝑀2 𝐹 ∩ 𝑀2⁄ ≅ 𝐷2 𝐹 ∩ 𝐷2⁄ , since a direct summand of 𝐹 𝐹 ∩ 𝐷⁄ ≅𝑀 𝐹⁄ is non cosingular, we determine that  𝐹 ∩ 𝑀2 = 𝑀2.  

So that 𝑀2 is contained in 𝐹which indicates that  𝐹 = 𝑀. For the other 𝛾-small case, let (𝑁 + 𝐷) 𝐷⁄ + 𝑇 𝐷⁄ =𝑀 𝐷⁄ , provided that 𝑇 𝐷⁄ ≤ 𝑀 𝐷⁄ and𝑀 𝑇⁄ is non cosingular.  

Now 𝑁 + 𝑇 = 𝑀 and hence𝑁1 + (𝑇 ∩ 𝑀1) = 𝑀1. Being (𝑀1 + 𝐷1) 𝐷1⁄ a 𝛾-small submodule of𝑀1 𝐷1⁄ combining 
with the fact that𝑀1 (𝑇 ∩ 𝑀1)⁄ ≅  𝑁1 (𝑇 ∩ 𝑁1)⁄ as a direct summand of𝑁 𝑁 ∩ 𝑇⁄ ≅ 𝑀 𝑇⁄ is non cosingular and the 
latest impartiality imply that 𝑇 ∩ 𝑀1 = 𝑀1 and therefore𝑀1 ⊆ 𝑇. By the equivalent procedure, 𝑇 will contain 𝑀2. 
Hence 𝑇 = 𝑀 as required. Now that 𝑀is 𝛾-𝐻-supplemented.  

 

4. Conclusions 

In general, in the classes of H-supplemented sub modules, we would addressed some general and specific 
characterizations and properties of  𝑯-supplemented and 𝜸-𝑯-supplemented sub modules. Suppose 𝑴 be a module 
over a commutative ring 𝑹, then 𝑴 is called 𝜸-𝑯-supplemented if and only if for every sub-module 𝑵 of 𝑴 there 
is a direct summand 𝑫 of 𝑴 such that 𝑴 = 𝑵 + 𝑭 implies 𝑴 = 𝑫 + 𝑭 for every submodule 𝑭 of 𝑴 with 𝑴 𝑭⁄ non-cosingular. Also we demonstrate that 𝑴 is 𝜸-𝑯-supplemented if and only if for every 
submodule 𝑵 of 𝑴 there exists a direct summand 𝑫 of 𝑴 such that (𝑵 + 𝑫) 𝑵⁄ ≪𝜸 𝑴 𝑵⁄  

and(𝑵 + 𝑫) 𝑫⁄ ≪𝜸 𝑴 𝑫⁄ . In addition, we prove that if every δ-cosingular 𝑹-module is semisimple, then 𝒁(𝑴) is 

a direct summand of 𝑴 for every R-module M if and only if 𝒁𝜹(𝑴) is a direct summand of 𝑴 for every 𝑹-
module 𝑴. 
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