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Abstract: If P(z) = Zjnzo cjzj is a polynomial of degree n not vanishingin |z| < K,K <1,
then Govil [ Proc. Natl. Acad. Sci., 50(1980), pp 50-52] proved
max|,=1|P (2)| < max|z|=1|P(2)]

1+K™
provided |P/(Z)| and |Q'(Z)| attain their maximum at the same pointon |z| = 1, where

Q(2) = Z"P(1 / Z—) . In this paper an improvement of above inequality is obtained and an
extension to the s derivative for polynomials of degree n > 2 is proved.

Keywords: Polynomials, inequalities in the complex domain.

1. Introduction

Let P(z)be a polynomial of degree 17 and P’(z) its derivative. According to a well known result
due to S. Bernstein [1], we have

max|P'(z)| < nmax|P(2)|. (1.1)
|z]|=1 |z|=1

The result is best possible and equality holds for (z) = az™ , where |a| = 1.

If we restrict to the class of polynomials having no zero in |z| < 1, then the bound in inequality
(1.1) can be improved. In this direction, P. Erdos [2] conjectured and later Lax [6] verified that
if p(z) # 0in |z| < 1, then

rglla)1(|P (z)| rnaX|P(z)| (1.2)

The above result is best possible and equality holds for P(z) = a+Bz", where |a| = |B].

While seeking for generalization of inequality (1.2), Malik [7] considered the polynomial
p(z) # 0in |z| < K,K > 1, and proved

max|P(z)|. (1.3)

max|P (z)| TR DX

|z|=1
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The above result is best possible and equality holds for the polynomial P(z) = (z + K)™.

For polynomials not vanishing in |z| < K, K < 1, Govil [4] proved the following result
analogous to (1.3).

Theorem A Let P(z) = 7, cjzj is a polynomial of degree 17, having no zero in |z| < K,

K<1landQ(z) = Z”P(l/z—) If |P'(2)| and |Q'(2)| become maximum at the same point on
|z| = 1, then

n (1.4)
Tr R pIP@l

max|P'(2)| <

2. Main Results

In this paper, we first obtain an improvement of the bound in Theorem A by involving some
coefficients of P(z).

Theorem 1. Let P(z) = )7, ¢;jz/ be a polynomial of degree n > 2, having no zero in

|z]| <K, K<1landlet Q(z) = Z”P(l/z—) f |P'(z)| and |Q'(Z)| attain the maximum at the
same point on |z| = 1, then

, n - K* (2.5)
and
, 2 — K? (2.6)
gllzi)ﬂP (Z)| < e lr?lzi>1<|P(z)| 17 R2 lci]  for n=2.

It is clearly of interest to obtain a generalization of Theorem 1 for the s* derivative of P(z). In
this direction, we prove

Theorem 2. Let P(2) = }7_; ¢jz’ be a polynomial of degree n > 2, having no zero in
|z]| <K, K <1andlet Q(2) = an(l/z—). If |P®(z)| and |Q®(2)| attain the maximum at
the same point on |z| = 1, then

nn—1)..(n—s+ 1) 2.7
Q) <
palP @l < ——— e paP @)
_
— {1 = K"} lcn_s| for n—s>2,

and
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nn—1)..(n—s+ 1) (2.8)
() <
max|PO(@)] < 1+K" Pl
1—K?
- m |Cn—s| fOT' n—s=1.

Remark 1. Theorem 2 reduces to Theorem 1 if we take s=7 in Theorem 2.
3. Lemmas

For the proof of the theorems, we need the following lemmas.
Lemma 1. If P(z)is a polynomial of degree 17, then for |z| = 1

PO@|+]eV@)| <ntr—1)..(n— s+ 1) max|P(2)], G.1)

where Q(z) = Z"P(l/z—).
The above lemma is due to Govil and Rahman [5]. The next lemma is due to Frappier et al.[3].
Lemma 2. If P(z) = ¥, ¢jz/ is a polynomial of degree 72, then for R>1

max|P(2)| < R"max|P(2)| — (R" = R"3)|P(0)] for n>2, (32)

and

m%lp(z)l < Rglfi)flp(z)l — (R—=1I|P)| for n=1. (3.3)

The coefficient of |P(0)] is best possible for each R.

Lemma 3.1f P(z) = }7,; cjzj is a polynomial of degree 77 having all its zeros in the disk
|z| <K,K <1,thenfor 1<s<n

|mla)§|Q(5)(z)| < K" Irnla)1<|P(5)(z)| — (K= K" |cg| for n—s>2 (3.4)
zZ|= Z|l=

and

|rnla)f|(\2(5)(z)| < K”lmla>§|P(s)(z)| —(K"—K"?)|cs| for n—s=1, (3.5
Z|= Z|=

where (2) = z"P(1/).

Proof of lemma 3. Since all the zeros of the polynomial P(z) lie in |z| < K,K < 1, therefore
the polynomial G(z) = P(Kz) has all its zeros in the disk |z| < 1. Let H(z) = Z”G(l/Z—),
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then H(z) = an(K/E) = K“Q(Z/K) has all its zeros in |z| > 1. Therefore, G(z)/H(z) is
analytic in |z| < 1 and |G(2)| = |H(2)| for |z| = 1. It follows by maximum modulus
principle that |G (z)| < |H(z)| for |z| < 1. Replacing z by 1/z, we get |H(2)| < |G(z)| for
|z| = 1. For every real or complex number A with |A| > 1, we get |H(z)| < |AG(2)| for
|z] = 1. It follows by Rouche's theorem that the polynomial H(z) — AG (z) has all its zeros in
|z| < 1. Hence by Gauss-Lucas theorem, the polynomial

H®(2) — 169 (2) (3.6)
has all its (n — s) zeros in |z| < 1, which implies

|[HO(2)| < |69 (2)| for |z] = 1. (3.7)
If inequality (3.7) is not true , then there must be a point z = z, with |z;| = 1 such that
|H(s)(zo)| > |G(s)(Zo)|-

We take

_ HY(zp)

"~ 6O)(z0)
so that |A| > 1 and from (3.6) , with this choice of 1, we get H®)(z,) — AG®)(z,) = 0 for
|zo| = 1, which contradicts the fact that all the zeros of the polynomial H® (z) — 16 ®)(2) lie
in |z| < 1. Hence for |z| > 1, the inequality (3.7) is true. Substituting G(z) = P(Kz) and
H(z) = K"Q (Z/K) in inequality (3.7), we get

K™s|QO(2/ )| < K5[PO(K2)| |z = 1. (3.8)

Putting Kz in place of zin inequality (3.8), we get

Kn—Zle(S)(Z)l < |P(S)(KZZ)| |Z| > 1. (3.9

In particular, from inequality (3.9), we have
K" 2 max|Q®(2)| < max |P©)(K?2)|. (3.10)
lz|=1 |z|=K?

For the case n— s > 2.

Using inequality (3.2) of Lemma 2 to the polynomial P®)(z) of degree n —s > 2 with
= K? > 1, we obtain

|n|131)<(2|P(S)(Z)| < (KHns lrgllzi>§|P(s)(Kzz)| (3.11)
_ ((KZ)n—s _ (KZ)n—s—Z)lp(s)(O)l )

Combing the inequalities (3.10) and (3.11), we get

K28 gllaz)ﬂQ(s)l < K2n-2s mi)ilp(S)l _ (KZn—Zs _ KZn—25—4)|CS|,

from which follows inequality (3.4).

6893



Susheel Kumar

For the casen — s = 1.
Inequality (3.10), becomes

K?"max|Q®(2)| < max |P©(K22)|. (3.12)
[z]=1 |z|=K?2

Using inequality (3.3) of Lemma 2 to the polynomial P)(z) of degree n —s = 1 for
R =K?>1, we get

max [PO(2)] < K2 max| PO (k)| — (K2 = D[PO(0)] . (3.13)
z|= z|=
On combining inequality (3.12) and (3.13), we get
K™% max|Q®| < K2 max|P®| — (K2 — 1)|P®)(0)],
lz|=1 lz]=1
from which inequality (3.5) follows.

Lemma41If P(z) = }i, Cij is a polynomial of degree n having no zero in the disk |z| <
K,K<1,thenforl<s<n,

K" maxPO()] < max Q@) = (1 = Klews| for n—s=2, (.14
Z|= Z|=
and

K" |mla){|P(5)(z)| < Imlaqu(S)(z) —(1-K?|cy—s| for n—s=1, (3.15)
Z|= Z|l=

where Q(2) = znP(l/Z—).

Proof of lemma 4 Since P(2) = )7 ¢ 2J has no zero in |z| < K,K < 1, then the polynomial
= 1 . . 11
Q(z) = z"P( /Z—) has all its zeros in |z < —,— = 1.

For the casen — s > 2.
Applying (3.4) of Lemma 3 to the polynomial Q(z), we get

o1 < () e @l - {(%) - (%)} fensl

from which inequality (3.14) follows.

For the case n — s = 1. Applying inequality (3.5) of Lemma 3 to the polynomial Q(z), we
get

malr ool = (7) peiev ol -{(7) - (%)n_z} en-sl

from which follows the inequality (3.15).
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4. Proof of the theorems

As Theorem 2 is a generalization of Theorem 1, therefore here we give the proof of Theorem 2
only.

Proof of Theorem 2. Since by hypothesis, |P(S) (z)| and |Q(s) (Z)| attain the maximum at the
same point on unit circle, we choose a point z, on the unit circle such that |P(S) (Z0)| =
maX|Z|=1|P(S)(Z)| and |Q(5)(ZO)| = maX|Z|=1|Q(S)(z)|, then by inequality (3.1) of Lemma 1,
we have

|P(S)(ZO)| + |Q(S)(ZO)| <nn-1).(n—s+1) |r£1|i)§|P(z)| ,

ie.
max|P©(2)| + max|Q® (2)| < n(n — 1) ...(n — s + 1) max|P(2)| . “4.1)
[z]=1 |z|=1 1z|=1

Case n-s>2.
On combining inequality (3.14) of Lemma 4 with (4.1), we get

ma>1<|P(s)(z)| + K" |mla>§|P(5)(z)| +(1=KYcps|<nn—1)..(n—s+1) |mla)f|P(z)| ,
Z|= Z|= Z|=

which is equivalent to

n
o) <

m-1)..(n—s+1) 1-—K*
14 Kn |z[=1 { }ln‘

and the inequality (2.7) follows.

Case n-s=1. In this case, combining inequality (3.15) of Lemma 4 with inequality (4.1), we
get

ma>1(|P(5)(z)| + K" Irr1|a>§|P(5)(z)| +(1-K)|cps|<n(n—1)..(n—s+1) Irr1|a)§|P(z)| ,
zZ|= Z|=

|z|=
which gives

nmn-1)..(n—-s+1
1+K™

max|P®)(2)| < z

lz|=1 1+ K"

1—-K?
max|P(2)| =y n (|6n-s]
and this follows the inequality (2.8).
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